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1 Mathematical modelingof biological systems

The list of successstoriesof the useof mathematicsand mathematicalsimulation in
physics,chemistryandengineeringis endless. In the biological sciencesthe situation
is different. The training of studentsin biology or medicinetraditionally putslittle em-
phasison mathematicsandphysics,andskepticismtowardsany benefitsof mathematics
in describingliving systemsprevails in thebiologicalandmedicalresearchcommunities.

Neuroscienceis maybethe biological subdisciplinewherethe useof mathematical
techniquesis mostestablishedandrecognized.An importantreasonfor this is the suc-
cessof Hodgkin andHuxley [1] 50 yearsagoof describingsignal transportin a single
neuron(nervecell) asamodifiedelectricalcircuit wherethechargecarriersareNa� , K � ,
Ca��� , Cl � andotherions flowing throughthe neuroncell membrane.This mathemati-
cal formulation,known asHodgkin-Huxley theory, couldnotonly accountfor theresults
from experimentsusedto constructthemodelandfit themodelparameters.Fromtheir
model they could also predict the shapeand velocity of the so called action potential
which is a pulse-like electricaldisturbancewhich travels down thin outgrowths, called
axons, of neurons.Fromtheir modelthey calculatedthepropagationvelocity of theac-
tion potentialdown their experimentalsystem,the squidgiant axon, to be 18.8 m/s (at
18.3� C) which wasroughly10%off theexperimentalvalueof 21.2m/s. Suchquantita-
tively accuratemodelpredictionsarerarein theoreticalbiology. (Thoroughintroductions
to mathematicalmodelingof singleneurons,including Hodgkin-Huxley theory, canbe
foundin Refs.[2, 3, 4]).

Thesuccessstoryof theHodgkin-Huxley modelhasfor two reasonsmadethelife for
theoreticalneuroscientistseasierthanfor modelersin otherbranchesof biology: First,
it hasgiven the modelersa relatively firm startingpoint for mathematicalexplorations
of bothsingleneuronsandneuralnetworks. Secondly, experimentalneuroscientistsmay
have a morepositive view on the potentialbenefitof mathematicalmodelingthantheir
colleaguesworking in other fields of biology wheresuchan exampleof a successful
mathematicaltheoryis still lacking. Moreover, dueto its obvioussuccessin describing
actionpotentials,the Hodgkin-Huxley modelhasopenedup for mathematicalanalysis
of a varietyof cell membranephenomena.Oneexampleis thecompartmentalmodeling
of propagationof synapticsignalsto the somawhich is crucial for understandingthe
informationprocessingpropertiesof a singleneuron[5, 6]. It hasalsoopenedup for
mathematicalanalysisof membranephenomenaoutsidethenervoussystem,e.g.,in the
heart[7].



Since1996a researchprogramin computationalneurosciencehasbeenestablished
at theAgricultural Universityof Norway (NLH) in connectionwith theestablishmentof
siv. ing. andcand.scient.programmesin environmentalphysics. Specificallywe focus
on mathematicalmodeling, including simulation,of biologically realistic networks of
neurons.Sofar, ourresearchhasmainlyfocusedontheearlyvisualpathwayandhasbeen
donein closecollaborationwith theexperimentalgroupof ProfessorPaul Heggelundat
theDepartmentof Physiologyat theUniversityof Oslo.

2 The visual pathway

When light hits the eye, neuronsin the retinaon the backsideof the eye get excited.
Severaltypesof neuronsareinvolvedin thesignalprocessingin theretina,but theoutput
signalwhich is transmittedtowardscortex, leavesfrom socalledretinal ganglioncells.
The ganglioncell axons(long, thin neuronalout-growthswhich propagatethe signalto
otherneurons)constitutetheopticalnervewhich transmitsvisualinformationto apartof
thebraincalleddorsallateral geniculatenucleus(dLGN) whichis apartof thalamus.The
main functionof thalamusis to transmitsensorystimuli from theoutersensorysystems
to cortex. Thesocalledrelaycells in LGN receivevisualsignalsfrom ganglioncellsand
transmitprocessedinformationto theprimaryvisualcortex. Fromprimaryvisualcortex
the signalsarethentransmittedto otherpartsof cortex, andthis eventuallyresultsin a
visualperceptionof thesurroundingworld.

An importantnotion in studiesof the visual system

Figure1: Sketchof the early
visualpathway

is the receptivefield. This termrefersto thelimited area
in the retinaof the eye which whenstimulatedby light
(or darkness)influencesthefiring of actionpotentialsin
aneuron.For retinalganglioncellsanddLGN relaycells
thereceptivefieldsaresmall,roughlycircular, areas,and
they exhibit socalledcenter-surroundantagonism.This
meansthat the cells have highestresponsewhenstimu-
latedby a circular spotof light (on a dark background)
which exactly coversthesocalledreceptive-fieldcenter.
Illuminationof anareaoutsidethis receptive-fieldcenter,
ontheotherhand,will contributeto reducingtheactivity.
Therefore,thereceptivefield canbedescribedasacircu-
larexcitatoryareasurroundedby aring-shapedinhibitory

area.Neuronswhichrespondsto light spotsin thiswayarecalledon-cells.Off -cellshave
oppositeresponse,i.e., they have largestactivity whena dark spotcoversthe receptive
field center. Theantagonisticcenter-surroundorganizationmakesthesystemmoresuited
to detectchangesin thelight intensitythantheabsolutemagnitudeof theintensity.

3 Mathematical modelingof the early visual pathway

Themathematicalmodelsusedin neurosciencecanbecategorizedinto threetypes:De-
scriptive, mechanistic, andinterpretivemodels[4]. Thegoalof descriptive, or statistical,
modelsis to summarizeexperimentaldatacompactlyyet accurately. Even thoughsuch
modelsmaybemotivatedby knowledgeabouttheunderlyingneuronalcircuitry, thegoal



of sucha model is to accountmathematicallyfor a phenomenon,not to explain it. In
mechanisticmodelingoneattemptsto accountfor nervoussystemactivity on the basis
of neuronalmorphology, physiologyandcircuitry. In its approachthis typeof modeling
follows thetraditionalphysicsapproachto mathematicalmodelingof naturalsystems.In
interpretivemodelingthegoal is to modelthefunctionalrolesof neuralsystems,i.e., re-
latingneuronalresponsesto thetaskof processingusefulinformationfor theanimal.This
typeof modelingis uniqueto biologicalsystemswhich have developedunderevolution-
arypressure.While it makessenseto ask,e.g.,whythereceptivefield of retinalganglion
cellsexhibits center-surroundantagonism,thequestionon,e.g.,whyanapplefalls to the
groundis not fruitful.

Mechanisticmodelingin theearlyvisualpathwayhasmainly focusedon(i) modified
electrical-circuitmodels(of the Hodgkin-Huxley type) for singleneuronsor (ii) mod-
elling of subcellularprocessesto accountfor, e.g.,photoreceptoradaptationto changing
light conditions(day vs. night) [8]. To understandthe behavior of neuralsystemsone
mustgenerallyconsidernetworksof neurons,i.e.,neural networks, anduntil now biolog-
ical neuralnetworkshavepredominantlybeenaddressedwith descriptiveandinterpretive
models.

An exampleof a commonlyuseddescriptive modelin theearlyvisual systemis the
difference-of-Gaussians(DOG) model introducedby Rodieck35 yearsago [9] to de-
scribethespatialaspectof thereceptive-fieldstructurein retinalganglioncells. Rodieck
mathematicallydescribedthe small, roughly circular receptive fields of thesecells asa
differenceof two circularly symmetricandconcentricGaussians.This choiceis math-
ematicallyconvenient,andallowed Rodieckto derive an analyticalsolution for the re-
sponseto moving barsfor cellswith this typeof receptivefield. Later, Enroth-Cugelland
Robson[10] calculatedthespatialfrequency responseto sinusoidalstimuli for cellswith
receptive fields desrcibedby the DOG model. This solutionis the basisfor the spatial
frequencyanalysismethodwhich hasbeenwidely appliedin thestudyof receptivefields
during the last decades[11]. Suchfrequency responsemethodshave a long tradition
in engineeringwhereit is a part of what is known assystemstheory, alternatively filter
theoryor cybernetics

The lack of detailedinformation aboutthe neuronalcircuitry hasto a large extent
prohibitedmechanisticmodelingof neuronalcircuits in thevisual pathway. During the
lastdecadesmajorprogresshasbeenmadein mappingout thepropertiesof theneurons
in the dorsallateral geniculatenucleus(dLGN) and their synapticconnections(for an
overview seethe new book by ShermanandGuillery [12]). The dLGN is a, relatively
speaking,simplesystemwith few cell typesand,comparedto cortex, modestdivergence
andconvergenceof synapticconnections(a schematicoverview over theneuronsin the
dLGNcircuit andtheirsynapticconnectionsareshown in Fig.2). Thislimited complexity
makesamathematicalanalysismoretractable.Moreimportantlyit reducesthenumberof
unknownmodelparametersandthuslimits thenumberof mechanisticmodelswhichneed
to beexplored.Further, a lot of bothphysiologicalandanatomicalstudieshavebeendone
on the dLGN circuit, andsuchdataarenecessaryto falsify the suggestedmechanistic
models.



4 Rate-basedmodelingof the lateral geniculatenucleus

At NLH we have focusedon the developmentof mechanistic mathematicalmodelsof
the signalprocessingpropertiesof the dorsallateralgeniculatenucleus(dLGN). In the
initial phasewe have developedrate-basedmodels,i.e., modelsfor thefiring frequency
of neurons,for the receptive-fieldorganizationof relay cells andso-calledinterneurons
in thedLGN [13, 14,15].

In a first project [14] our startingpoint wasdatafrom experimentsfrom dLGN on
catsfrom Heggelund’s laboratoryat Universityof Oslo. Ruksenas,Fjeld andHeggelund
[16] recordedactionpotentialsof a classof dLGN relaycells (X, nonlagged)aswell as
so-calleds-potentialscorrespondingto inputactionpotentialsfrom retinalganglioncells.
Circular light or dark spotsof differentdiameterswereusedasvisual stimuli, and the
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Figure2: Schematicoverview over thedLGN circuit involving feedforward inputsfrom
theretinaandfeedbackinputsfrom thecortex andtheperigeniculatenucleus(PGN).The
neuronsinvolvedareretinalganglioncells(GC),geniculaterelaycells(RC), intragenicu-
late interneurons(IN), perigeniculatecells(PC),andcorticalcells (CC).Excitatorycon-
nections(increasingtheprobability for thereceiving cells to fire anactionpotential)are
shown assolid lines. Inhibitory connections(decreasingtheprobabilityfor thereceiving
cells to fire an actionpotential)areshown with dashedlines. In additionthe geniculate
andperigeniculatecellsreceivemodulatinginputsfrom thebrainstemreticularformation
(BRF).
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Figure3: A: Schematicdrawing of couplingsat thegeniculatelevel assumedin themodel
with asingleexcitatoryinputwith weightand � inputsto asingleinterneuron(IN) for the
specificexample ���
	 . B: Illustrationof square model( ����	 ) for spatialdistribution
of inputsfrom retinalganglioncells to interneuron.Thecirclescorrespondto ganglion-
cell receptive-field centerswhich are set unrealisticallysmall and non-overlappingfor
reasonsof figureclarity. C: Illustrationof alternativehexagonalmodel( �
��� ) for spatial
distributionof inputsfrom retinalganglioncellsto interneuron.

numberof actionpotentialsduring the on-timeof the stimuli (500 ms), wasusedasa
measureof neuronalresponse.

Circularspotstimuli evokeslittle firing activity in thecorticalandperigeniculatecells
feedingbackto relaycellsandinterneurons.Thusdatafrom circularspotexperimentsare
well suitedto studythefeedforwardaspectsof thegeniculatecircuitry (cf. Fig. 2).

In our modelwe madethe following initial assumptionsmotivatedby physiological
andanatomicalobservations[12]: (1) A relaycell receivesa singleexcitatoryinput from
a retinalganglioncell. (2) A relaycell alsoreceivesindirect feedforward inhibition, via
a singleintrageniculateinterneuron,from � retinal ganglioncells of the sameclass(X)
andtype(on/off). Furtherwe hadto specifythenumberandspatialpositionsof thereti-
nal ganglioncellsproviding excitatory input to theinterneuron.Anatomicalstudies[17]
revealeda disorderedgrid of retinal ganglioncells with typically 4-6 nearestneighbors
of thesametype. Physiologicalstudies[18] indicatedthatan interneuronreceivesexci-
tationfrom a similar numberof retinalganglioncells. As a simplechoicefor thespatial
distribution of ganglion-cellinputsto the interneuronwe thusassumedthat (1) the reti-
nal ganglioncell which provides the excitatory input to the relay cell, alsoexcites the
interneuron.(2) theother ����� ganglioncellsarepositionedat ����� nearest-neighbor
positions.Thenearest-neighbordistanceis denoted��� . An illustrationof themodelfor
thechoices����	 (squaremodel)and �
��� (hexagonalmodel)is givenin Fig. 3.

Wewill notgo into thedetailsof (i) themathematicalderivationsof therelay-celland
interneuronresponsewithin afiring-ratebasedformalism,or (ii) thedetailedcomparison
with experimentsfrom Heggelund’s laboratory. A thoroughpresentationof this canbe
foundin Ref. [14]. However, our conclusionscanbesummarizedasfollows: Our simple
feedforwardmodelaccountswell for theresultsfrom the22 recordingsfor nonlaggedX
cellsreportedin theexperimentsof Ruksenaset al. [16] Moreover, predictionsregarding
(1) distancesbetweenneighboringretinalganglioncellsproviding input to interneurons,
(2) receptive-field centersizesof interneurons,and (3) the amountof center-surround
antagonismfor interneuronscomparedto relay cells, were all found to be compatible
with dataavailablein theliterature.

A modelclaiminggeneralvalidity shouldhavea high predictivepower, i.e., it should



beableto predictcorrectlyresultsfrom several typesof experiments.Moreover, correct
predictionsof experimentalresultsfor situationsvery differentfrom theexperimentson
which themodelis based, arethemostconvincing.

To testthemodelpresentedherefurther, onethusshouldlook for othertypesof exper-
imentaltests.In Ref.[15] wedescribedhow datafrom experimentswith drifting (moving)
sinusoidalgratingscanbeusedto testthis andothermechanisticmodelsfor thegenicu-
latecircuitry. A goodapproachfor testingmodelsfor thegeniculatecircuitry would be
to recordtheresponseof singleneuronsto bothcircular-spotanddrifting-gratingstimuli.
Thenamathematicalmodelfittedto experimentalresultsfor, e.g.,circular-spotstimuli for
oneparticularcell pair, wouldproducetestablepredictionsfor theexperimentalresponse
whendrifting-gratingstimuli arepresentedto thesamecell pair. At presentweawait such
“combined”experimentaldatasothatsucha testcanbeperformed.

5 Spike-basedsimulationsof the dLGN

The advantageof rate-basedmodelingcomparedto simulationsof networks of spiking
neurons(i.e., neuronmodelswherethe generationof eachactionpotential,or spike, is
included) is that one can obtain (approximate)analyticalexpressionswhich are more
transparentthannumericaldata.However, therate-basedapproachhaslimitationssince
it is unclearto whatextentall informationin a spike train is carriedby thefiring rate. If
thedetailedtiming betweenconsecutivespikesmatters,aspike-basedmodelis necessary.
Further, the parametersin spike-basedmodelsaregenerallymoreeasilyextractedfrom
physiologicalexperimentsthanthecorrespondingparametersin rate-basedmodels.

Presentlywearethusbuilding asimulationmodelfor apatchof thevisualfield where
the basicsimulationunits arethe known neuronsin the dLGN (andan associatedbrain
areacalledtheperigeniculatenucleus,PGN).Theconstructionof themodelis basedon
theshapeandpropertiesof theindividualneuronstakenfrom anatomicalandphysiolog-
ical studies,andthemodelwill be tested(andmodified)by comparingwith a varietyof
electrophysiologicalstudiesboth on living animals(in vivo) andpreparationsof neural
tissuein aglassdish(in vitro).

For thesimulationof thedLGN network weusetheSYNODsimulator[19] (for more
information,seewww.synod.uni-freiburg.de). This simulatormodelsneuronsaspulse-
emittingpoint neuronsandis thereforewell suitedto thesimulationof neuronalcoding
andsignalprocessingin large neuronalnetworks. In future work we plan to develop a
parallelversionof thesimulatorrelying on themessagepassinginterface(MPI) to allow
for the simulationof large,biological neuronalnetworks. Developmentwill proceedin
closecontactwith theoriginal NESTdevelopmentgroupat Universiẗat Freiburg, Honda
R&D Europe,Offenbach,andMax-Planck-Institutfür Strömungsforschung,Göttingenin
Germany.

5.1 Model design

The goal of our currentmodelingefforts is to explore the functionalsignificanceof
peculiaritiesof thalamicnuclei,namely(i) theability of thalamicneuronsto fire eitherin
a burstor a tonic manner, and(ii) triadic synapsesthatconnectaxonsof retinalganglion
cellswith bothageniculaterelaycell dendriteandaninterneurondendrite,andwhich in-
cludeinhibitory dendro-dendriticsynapses.Interneuronsparticipatingin suchtriadsmay



provide either localizedinhibition at the triads,or globally coupledinhibition via their
axons,or both. The functionalsignificanceof this kind of localizedandnon-localized
inhibition is asyet unclear.

Our network modelcontainscurrentlythree

Figure 4: Network wiring scheme:
retinal ganglioncells (bottom)project
to geniculaterelay cells (top) via tri-
adic synapses(light triangles),which
also connectto interneurondendrites
(thick darklines). Interneuronsareex-
cited by axonalprojectionsfrom gan-
glion cells(thin light lines),andinhibit
relaycellsvia axonalprojections(thin
darklines).

typesof neurons:retinal ganglioncells, which
we take to be placedon a hexagonalgrid; the
samenumberof geniculaterelaycells(X-cells);
onethird asmany geniculateinterneurons,each
centeredbetweenthreeganglion/relaycells. A
ganglioncell makesonetriadic projectiononto
a relaycell, anda normalaxo-dendriticconnec-
tion to its nearestinterneuron.Eachinterneuron
thusreceivesinputvianormalsynapsesfromthree
ganglioncells, and in addition receives triadic
input from the samethree ganglion cells. In
turn, it inhibits via thesetriadsthe threecorre-
spondingrelay cells. The interneuronfurther-
more provides normal axo-dendriticinhibitory
input to its six nearestneighborneurons. The
resultingwiring schemeis shown in Fig. 4. This
wiring schemeattemptsto reflectcurrentknowl-
edgeaboutneuronalconnectivity in theX-path-
way in lateralgeniculatenucleus[20, 12,21].

Thalamicneuronsrespondto tonicinputwith
vigorousburstsof spikesafteraperiodof hyper-
polarization,while firing tonicallywhennothy-
perpolarized.This feature,which is dueto slow,
low-thresholdCa� � currents,is implementedcom-
pactlyin theleaky integrate,fireandburstmodel
(LIFB) dueto Rinzelandcollaborators[22]. Themodelequationsare������! #" �%$ leak

�&�'�( #" � � leak
"*) $,+.-0/21 eff

�! #"3�&���! #" � � + "*)�4 in �( #"
1 eff
�( #" � 5 1 �! #" �76���89 �7:;�<8 �1 �! #" � 5 �=1.>,? �8 �76%��8� �@��1 " >A? �8 �7:;��8

When the potentialacrossthe cell membraneof the neuronreachesthe thresholdfor
firing,

�'�! #" � �
th, an outputspike is recordedandpropagatedto downstreamneurons.

Simultaneously, the membranepotentialis reset,
�B�( #" �DC �

reset, while the slow Ca� � -
dynamicsdescribedby 1 �( #" arenot reset.

4
in
�! #"

includessynapticandexternalcurrent
input. Model parameterswerechosenin accordancewith experimentaldata. A typical
neuronalresponseto a E -spike train input is shown in Fig. 5.

The neuronsareconnectedwith two typesof synapses.Standardsynapsesinject a
PSCcharacterizedby a riseandadecaytimeconstant4

PSC
�! #"GFIHKJ �MLON&P decay � J �MLON&P rise QSR

Thetriadicsynapsesparticularto thedLGNcombineexcitatorysynapsesfromtheganglion-
cell axonto both relay-cellandinterneurondendritewith a dendro-dendriticinhibitory
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Figure5: Left: Responseof theLIFB modelneuronto the50Hz E -spike train indicated
below themembranepotentialtrace.Center:Thethreetypesof synapticinputusedin the
model,triadic excitation to the relay cell, triadic excitation to the interneuronmediated
by metabolicreceptors,andfast,normalsynapses.Right: Close-upof triadic excitatory
input,showing theeffectof shunting.Amplitudesarenormalized.

synapsefrom interneuronto relaycell. The lattereffectively shuntstheexcitatory input
to therelaycell [23]. Thenetinput to therelaycell canthusbemodeledas4

triad
�! #" � 43T.�! #"3� �@��U �! �WV "X"43T<�! #"YF� ZJ �MLON&PU �! #" ��U max

H J �MLON&P decay � J �MLON&P rise Q R
Theeffectof triadicexcitatoryinputontheinterneuronis modeledvia astandardsynapse.
Theimplementationof thetriad is discussedin detailby V. Strengen,seeRef. [24].

5.2 Modeling responsesto spot stimuli

As afirst application,wehaveusedourmodelto simulatetheresponsesto spotstimuli, as
they wereusedby Heggelundin his in vivoexperiments[16]. Thenetwork wasstimulated
with circular spotsof light, concentricto the receptive field of the centralneuronin the
network. Ganglioncell activity wasmodeledasa E -processwith firing ratesestimated
from a rate-based,linear model [14]. Responsesof the centralneuronin the network
werefit to responsesmeasuredin X-on cellsof catdLGN, asshown in Fig 6. Thefit was
obtainedby adaptingonly synapticweightsusingaNelder-Meadminimizationroutine.

6 Perspectives

Our model of the retinogeniculatecircuit presentedhereis currently in an early stage
of developmenttowardsa biologically realisticmodelof the early visual pathway. We
hopeto closemany of the openissuesconcerningconnectivity, especiallyof interneu-
rons,theselectionof realisticparametervalues,interactionbetweenX- andY-pathways,
andfeedbackfrom both theperigeniculatenucleus,andcortex, in the forseeablefuture.
When the modelwill have beensufficiently validatedagainstexperimentalfindings, it
will beanidealsystemfor in silicio experimentsexploring therole of particularproper-
tiesof thalamiccircuitry. A featurewe considerparticularlyintriguing is thefinding that
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Figure6: Firing ratevs. spotdiameterfor a typical geniculaterelaycell (“middle”), the
retinal geniculatecell providing the driving input to the relay cell (“top”, measuredas
s-potentials),andthepertaininginterneuron(sharplypeakedcurve). Circlesindicatesim-
ulation results,crossesexperimentaldata. No experimentaldatais availablefor the in-
terneuron.

cholinergic input to interneurons,arisingfrom the brainstem,canshunttriadic input to
interneurons[25]. ThedLGN maythuswork in a regimeof eitherlocalizedor globally
coupledinhibition to relaycells.Weplanto investigatethefunctionalsignificanceof this
findingoncethemodelis well established.
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