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1 Mathematical modeling of biological systems

The list of successstoriesof the use of mathematicsand mathematicakimulationin
physics,chemistryand engineerings endless. In the biological scienceghe situation
is different. The training of studentdn biology or medicinetraditionally putslittle em-
phasison mathematice&ndphysics,andskepticismtowardsary benefitsof mathematics
in describindiving systemgrevailsin thebiologicalandmedicalresearcltommunities.

Neurosciences maybethe biological subdisciplinewherethe useof mathematical
techniqguess mostestablishecaindrecognized.An importantreasonfor this is the suc-
cessof Hodgkin and Huxley [1] 50 yearsago of describingsignaltransportin a single
neuron(nene cell) asamodifiedelectricalcircuit wherethechage carriersareNat, K+,
Ca"*, CI= andotherions flowing throughthe neuroncell membrane.This mathemati-
cal formulation,known asHodgkin-Huxley theory couldnot only accountfor theresults
from experimentsusedto constructthe modelandfit the modelparametersFrom their
model they could also predictthe shapeand velocity of the so called action potential
which is a pulse-like electricaldisturbancewhich travels down thin outgrawths, called
axons of neurons.Fromtheir modelthey calculatedhe propagatiorvelocity of the ac-
tion potentialdown their experimentalsystem,the squid giant axon, to be 18.8 m/s (at
18.3C) which wasroughly 10% off the experimentalvalueof 21.2m/s. Suchquantita-
tively accuratanodelpredictionsarerarein theoreticabiology. (Thoroughintroductions
to mathematicamodelingof single neurons,ncluding Hodgkin-Huxley theory canbe
foundin Refs.[2, 3, 4]).

Thesuccesstory of the Hodgkin-Huxley modelhasfor two reasonsnadethelife for
theoreticalneuroscientisteasierthanfor modelersin otherbranchef biology: First,
it hasgiventhe modelersa relatively firm startingpoint for mathematicakxplorations
of both singleneuronsandneuralnetworks. Secondly experimentaineuroscientistesnay
have a more positive view on the potentialbenefitof mathematicamodelingthantheir
colleaguesworking in other fields of biology where suchan example of a successful
mathematicatheoryis still lacking. Moreover, dueto its obvious successn describing
action potentials,the Hodgkin-Huxley model hasopenedup for mathematicahnalysis
of avariety of cell membrangghenomenaOneexampleis the compartmentaiodeling
of propagationof synapticsignalsto the somawhich is crucial for understandinghe
information processingpropertiesof a single neuron([5, 6]. It hasalsoopenedup for
mathematicahnalysisof membrangghenomenautsidethe nernwoussystem.e.g.,in the
heart[7].



Since 1996 a researchprogramin computationaheurosciencéasbeenestablished
atthe Agricultural University of Norway (NLH) in connectiorwith the establishmenof
siv. ing. and cand.scient.programmesn ervironmentalphysics. Specificallywe focus
on mathematicaimodeling, including simulation, of biologically realistic networks of
neurons Sofar, ourresearcthasmainly focusedontheearlyvisualpathway andhasbeen
donein closecollaborationwith the experimentalgroupof ProfessoPaul Heggelundat
the Departmentf Physiologyat the University of Oslo.

2 The visual pathway

Whenlight hits the eye, neuronsin the retinaon the back side of the eye get excited.
Severaltypesof neuronsareinvolvedin the signalprocessingn theretina,but the output
signalwhich is transmittectowardscortex, leavesfrom so calledretinal ganglioncells
The ganglioncell axons(long, thin neuronalout-gravths which propagatehe signalto
otherneuronskonstitutethe opticalnerve which transmitsvisualinformationto a partof
thebraincalleddorsallateral geniculatenucleugdLGN) whichis apartof thalamusThe
main function of thalamuss to transmitsensorystimuli from the outersensorysystems
to cortex. Thesocalledrelaycellsin LGN receve visualsignalsfrom ganglioncellsand
transmitprocessedhformationto the primaryvisual cortex. From primary visual cortex
the signalsare thentransmittedto otherpartsof cortex, andthis eventuallyresultsin a
visual perceptiorof the surroundingworld.

An importantnotionin studiesof the visual system
is thereceptivefield. Thistermrefersto thelimited area
in the retina of the eye which when stimulatedby light
(or darkness)nfluenceshefiring of actionpotentialsin
aneuron.For retinalganglioncellsanddLGN relaycells
thereceptve fieldsaresmall,roughlycircular, areasand
they exhibit so called centersurroundantagonism.This
meansthat the cells have highestresponsaevhenstimu-
lated by a circular spotof light (on a dark background)
which exactly coversthe so calledreceptive-fieldtenter
lllumination of anareaoutsidethis receptve-fieldcenter
Figurel: Sketchof theearly ontheotherhandwill contributeto reducingtheactuity.
visualpathway Thereforethereceptve field canbedescribedasa circu-

lar excitatoryareasurroundedby aring-shapednhibitory
area.Neuronswhichrespondso light spotsin thisway arecalledon-cells. Off -cellshave
oppositeresponsei.e., they have largestactivity whena dark spotcoversthe receptve
field center Theantagonisticentersurroundorganizatiormakesthe systemmoresuited
to detectchangesn thelight intensitythanthe absolutemagnitudeof theintensity

3 Mathematical modeling of the early visual pathway

The mathematicamodelsusedin neuroscienceanbe cateyorizedinto threetypes: De-
scriptive medanistig andinterpretivemodels[4]. Thegoalof descriptive or statistical
modelsis to summarizeexperimentaldatacompactlyyet accurately Eventhoughsuch
modelsmaybe motivatedby knowledgeaboutthe underlyingneuronakircuitry, the goal



of sucha modelis to accountmathematicallyfor a phenomenonnot to explain it. In

medanistic modelingone attemptsto accountfor nenous systemactwity on the basis
of neuronalmorphology physiologyandcircuitry. In its approachhis type of modeling
follows thetraditionalphysicsapproachio mathematicamodelingof naturalsystemsin

interpretivemodelingthe goalis to modelthe functionalrolesof neuralsystemsi.e., re-
lating neuronakesponse thetaskof processingisefulinformationfor theanimal. This
type of modelingis uniqueto biological systemavhich have developedunderevolution-
ary pressureWhile it makessenseo ask,e.g.,whythereceptve field of retinalganglion
cellsexhibits centersurroundantagonismthe questionon, e.g.,whyanapplefalls to the
groundis not fruitful.

Mechanistionodelingin the earlyvisual pathway hasmainly focusedon (i) modified
electrical-circuitmodels(of the Hodgkin-Huxley type) for single neuronsor (ii) mod-
elling of subcellulamprocesseso accountfor, e.g.,photoreceptoadaptatiorto changing
light conditions(day vs. night) [8]. To understandhe behaior of neuralsystemsone
mustgenerallyconsidemetworksof neuronsj.e., neural networks anduntil now biolog-
ical neuralnetworkshave predominantlypeenaddressedith descriptve andinterpretve
models.

An exampleof a commonlyuseddescriptve modelin the early visual systemis the
difference-of-Gaussian®0G) model introducedby Rodieck 35 yearsago[9] to de-
scribethe spatialaspecbf the receptve-field structurein retinalganglioncells. Rodieck
mathematicallydescribedhe small, roughly circular receptve fields of thesecellsasa
differenceof two circularly symmetricand concentricGaussians.This choiceis math-
ematicallycorvenient,and allowed Rodieckto derive an analyticalsolutionfor the re-
sponsdo moving barsfor cellswith this type of receptve field. Later, Enroth-Cugelland
Robson10] calculatedhe spatialfrequeng responséo sinusoidalstimuli for cellswith
receptve fields desrcibedoy the DOG model. This solutionis the basisfor the spatial
frequencyanalysismethodwhich hasbeenwidely appliedin the studyof receptve fields
during the last decadeq11]. Suchfrequeng responsemethodshave a long tradition
in engineeringvhereit is a part of whatis known assystemsheory, alternatvely filter
theoryor cybernetics

The lack of detailedinformation aboutthe neuronalcircuitry hasto a large extent
prohibitedmechanistianodelingof neuronalcircuitsin the visual pathway. During the
lastdecadesnajor progresshasbeenmadein mappingout the propertiesof the neurons
in the dorsallateral geniculatenucleus(dLGN) and their synapticconnectiongfor an
overview seethe new book by Shermanand Guillery [12]). The dLGN is a, relatvely
speakingsimplesystemwith few cell typesand,comparedo cortex, modestdivergence
andconvergenceof synapticconnectionga schematimverviev over the neuronsin the
dLGN circuitandtheir synapticconnectiongreshavnin Fig. 2). Thislimited compleity
makesa mathematicahnalysismoretractable . More importantlyit reduceshenumberof
unknavn modelparameterandthuslimits thenumberof mechanistienodelswhichneed
to beexplored.Further alot of bothphysiologicalandanatomicaktudieshave beendone
on the dLGN circuit, and suchdataare necessaryo falsify the suggestedanechanistic
models.



4 Rate-basedmodeling of the lateral geniculatenucleus

At NLH we have focusedon the developmentof medanistic mathematicamodelsof
the signal processingpropertiesof the dorsallateral geniculatenucleus(dLGN). In the
initial phasewe have developedrate-basednodels,i.e., modelsfor the firing frequency
of neuronsfor the receptve-field organizationof relay cells and so-calledinterneuons
in thedLGN [13, 14, 15].

In afirst project[14] our startingpoint was datafrom experimentsfrom dLGN on
catsfrom Heggelunds laboratoryat University of Oslo. Ruksenaskjeld andHeggelund
[16] recordedactionpotentialsof a classof dLGN relay cells (X, nonlaggedaswell as
so-calleds-potentialcorrespondingo input actionpotentials§rom retinalganglioncells.
Circular light or dark spotsof differentdiameterswere usedas visual stimuli, andthe
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Figure2: Schematicovervien overthe dLGN circuit involving feedforward inputsfrom

theretinaandfeedbacknputsfrom the cortex andthe perigeniculateucleus PGN).The

neuronsnvolvedareretinalganglioncells(GC),geniculateelaycells(RC),intragenicu-
lateinterneurongIN), perigeniculatecells (PC),andcortical cells (CC). Excitatorycon-
nections(increasingthe probability for the receving cellsto fire anactionpotential)are
shown assolid lines. Inhibitory connectiongdecreasingthe probability for the receving

cellsto fire an actionpotential)areshavn with dashedines. In additionthe geniculate
andperigeniculateellsreceve modulatinginputsfrom the brainstenreticularformation
(BRF).



Figure3: A: Schematidrawing of couplingsatthegeniculatdevel assumedh themodel
with asingleexcitatoryinputwith weightandn inputsto asingleinterneuron(IN) for the
specificexamplen = 5. B: lllustration of squae model(n = 5) for spatialdistribution
of inputsfrom retinal ganglioncellsto interneuron.The circlescorrespondo ganglion-
cell receptve-field centerswhich are set unrealisticallysmall and non-overlappingfor
reason®f figureclarity. C: lllustrationof alternatve hexagonalmodel(n = 7) for spatial
distribution of inputsfrom retinalganglioncellsto interneuron.

numberof action potentialsduring the on-time of the stimuli (500 ms), wasusedasa
measuref neuronakesponse.

Circularspotstimuli evokeslittle firing actiity in thecorticalandperigeniculateells
feedingbackto relaycellsandinterneuronsThusdatafrom circularspotexperimentsare
well suitedto studythe feedforward aspect®f the geniculatecircuitry (cf. Fig. 2).

In our modelwe madethe following initial assumptionsnotivatedby physiological
andanatomicabbsenations[12]: (1) A relaycell recevesasingleexcitatoryinputfrom
aretinalganglioncell. (2) A relay cell alsorecevesindirect feedforward inhibition, via
a singleintrageniculatenterneuronfrom n retinal ganglioncells of the sameclass(X)
andtype (on/off). Furtherwe hadto specifythe numberandspatialpositionsof thereti-
nal ganglioncells providing excitatory input to the interneuron.Anatomicalstudieg17]
revealeda disorderedyrid of retinal ganglioncells with typically 4-6 nearesheighbors
of the sametype. Physiologicalstudies[18] indicatedthatan interneurorrecevesexci-
tationfrom a similar numberof retinalganglioncells. As a simplechoicefor the spatial
distribution of ganglion-cellinputsto the interneuronwe thusassumedhat (1) the reti-
nal ganglioncell which providesthe excitatory input to the relay cell, also excitesthe
interneuron.(2) the othern — 1 ganglioncellsarepositionedatn — 1 nearest-neighbor
positions. The nearest-neighbadistances denotedr,. An illustration of the modelfor
thechoicesn = 5 (squareamodel)andn = 7 (hexagonalmodel)is givenin Fig. 3.

We will notgointo thedetailsof (i) themathematicatlerivationsof therelay-celland
interneurorresponsavithin afiring-ratebasedormalism,or (ii) the detailedcomparison
with experimentsfrom Heggelunds laboratory A thoroughpresentatiorof this canbe
foundin Ref.[14]. However, our conclusionganbe summarizedisfollows: Our simple
feedforward modelaccountswvell for the resultsfrom the 22 recordingdor nonlaggedX
cellsreportedn the experimentf Ruksena®tal. [16] Moreover, predictionsregarding
(1) distancedetweemeighboringretinal ganglioncells providing input to interneurons,
(2) receptve-field centersizesof interneuronsand (3) the amountof centersurround
antagonisntor interneuronscomparedo relay cells, were all found to be compatible
with dataavailablein theliterature.

A modelclaiminggenerabalidity shouldhave a high predictve power, i.e., it should



be ableto predictcorrectlyresultsfrom severaltypesof experiments.Moreover, correct
predictionsof experimentalresultsfor situationsvery differentfrom the experimentson
which the modelis based arethe mostcorvincing.

To testthemodelpresentedherefurther, onethusshouldlook for othertypesof exper
imentaltests.In Ref.[15] we describedow datafrom experimentswith drifting (moving)
sinusoidalgratingscanbe usedto testthis andothermechanistianodelsfor the genicu-
late circuitry. A goodapproachfor testingmodelsfor the geniculatecircuitry would be
to recordtherespons@f singleneurondo bothcircularspotanddrifting-gratingstimuli.
Thenamathematicamodelfitted to experimentafesultsfor, e.g.,circularspotstimuli for
oneparticularcell pair, would producetestablepredictionsfor the experimentakesponse
whendrifting-gratingstimuli arepresentedio thesamecell pair. At presenive await such
“combined” experimentaldatasothatsuchatestcanbe performed.

5 Spike-basedsimulations of the dLGN

The adwantageof rate-basedanodelingcomparedo simulationsof networks of spiking
neurons(i.e., neuronmodelswherethe generatiorof eachaction potential,or spike, is
included)is that one can obtain (approximate)analytical expressionswhich are more
transparenthannumericaldata. However, the rate-base@pproachhaslimitations since
it is unclearto whatextentall informationin a spike train is carriedby thefiring rate. If
thedetailedtiming betweerconsecuiie spikesmatters aspike-basednodelis necessary
Further the parametersn spike-basednodelsare generallymore easily extractedfrom
physiologicalexperimentghanthe correspondingarametere rate-basednodels.

Presentlywe arethusbuilding a simulationmodelfor a patchof thevisualfield where
the basicsimulationunits arethe known neuronsn the dLGN (andan associatedbrain
areacalledthe perigeniculatenucleus,PGN). The constructionof the modelis basedon
the shapeandpropertiesof theindividual neurongakenfrom anatomicabndphysiolog-
ical studies,andthe modelwill be tested(andmodified)by comparingwith a variety of
electrophysiologicastudiesboth on living animals(in vivo) and preparationsf neural
tissuein aglassdish(in vitro).

For thesimulationof thedLGN network we usethe SYNOD simulator[19] (for more
information, seewww.synod.uni-freilirg.de). This simulatormodelsneuronsas pulse-
emitting point neuronsandis thereforewell suitedto the simulationof neuronalcoding
andsignal processingn large neuronalnetworks. In future work we planto develop a
parallelversionof the simulatorrelying on the messag@assingnterface(MPI) to allow
for the simulationof large, biological neuronalnetworks. Developmentwill proceedn
closecontactwith the original NEST developmentgroupat Universiét Freiburg, Honda
R&D Europe OffenbachandMax-Planck-Institufir Stromungsforschung;ottingenin
Germayy.

5.1 Model design

The goal of our currentmodelingefforts is to explore the functional significanceof
peculiaritiesof thalamicnuclei,namely(i) theability of thalamicneurongo fire eitherin
aburstor atonic manneyand(ii) triadic synapseshatconnectaxonsof retinalganglion
cellswith bothageniculateelaycell dendriteandaninterneurordendrite andwhichin-
cludeinhibitory dendro-dendriticynapseslinterneurongarticipatingin suchtriadsmay



provide eitherlocalizedinhibition at the triads, or globally coupledinhibition via their
axons,or both. The functional significanceof this kind of localizedand non-localized
inhibition is asyetunclear

Our network modelcontainscurrentlythree
typesof neurons:retinal ganglioncells, which
we take to be placedon a hexagonalgrid; the
samenumberof geniculaterelay cells (X-cells); /.
onethird asmary geniculatanterneuronseach
centeredbetweenthreeganglion/relaycells. A
ganglioncell makesonetriadic projectiononto
arelaycell, anda normalaxo-dendriticconnec-
tion to its nearestnterneuron Eachinterneuron
thusrecevesinputvianormalsynapsefromthree
ganglioncells, andin addition recevestriadic
input from the samethree ganglioncells. In
turn, it inhibits via thesetriadsthe threecorre- @ @
spondingrelay cells. The interneuronfurther D)
more provides normal axo-dendriticinhibitory
input to its six nearesmneighborneurons. The Figure 4: Network wiring scheme:
resultingwiring schemes shavnin Fig. 4. This retinal ganglioncells (bottom) project
wiring schemeaattemptgo reflectcurrentknowl-  to geniculaterelay cells (top) via tri-
edgeaboutneuronakonnectvity in the X-path- adic synapseglight triangles),which
way in lateralgeniculatenucleug20, 12, 21]. also connectto interneurondendrites

Thalamicneurongespondo tonicinputwith  (thick darklines). Interneuronsreex-
vigoroushurstsof spikesafteraperiodof hyper cited by axonalprojectionsfrom gan-
polarizationwhile firing tonically whennothy- glion cells(thin light lines),andinhibit
perpolarizedThisfeature whichis dueto slow, relaycellsvia axonalprojections(thin
low-thresholdCa&* currentsjsimplementedom-darklines).
pactlyin theleaky integrate fire andburstmodel
(LIFB) dueto Rinzelandcollaborator§22]. The modelequationsare

CV (t) = giea(V (t) = Viear) + ¢ (V) =V )+ )
& vV v . - - VoV
vV oV 1-) * VvV v

eff (t) =

When the potential acrossthe cell membraneof the neuronreacheghe thresholdfor
firing, V' (t) = Vi, anoutputspike is recordedand propagatedo downstreamneurons.
Simultaneouslythe membranepotentialis reset,V (t) —  Vieses While the slow C&+-
dynamicsdescribedby (t) arenotreset. i(¢) includessynapticand external current
input. Model parametersvere chosenin accordanceavith experimentaldata. A typical
neuronakesponsdéo a -spike traininputis shovnin Fig. 5.

The neuronsare connectedwvith two typesof synapses.Standardsynapsesnject a
PSCcharacterizedby ariseanda decaytime constant

PSC(t) — decay __ — rise

Thetriadicsynapseparticularto thedLGN combineexcitatorysynapsefrom theganglion-
cell axonto bothrelay-cellandinterneurondendritewith a dendro-dendritianhibitory
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Figure5: Left: Respons®f the LIFB modelneuronto the 50Hz -spike train indicated
below themembrangotentialtrace.Center:Thethreetypesof synapticnputusedin the
model, triadic excitation to the relay cell, triadic excitation to the interneuronmediated
by metabolicreceptorsandfast,normalsynapsesRight: Close-upof triadic excitatory
input, shaving the effect of shunting.Amplitudesarenormalized.

synapsdrom interneurorto relay cell. The latter effectively shuntsthe excitatory input
totherelaycell [23]. Thenetinputto therelaycell canthusbe modeledas

triad(t) = (t)(l - (t - ))
) t-

(t) = max decay __  —  rise

Theeffectof triadic excitatoryinputontheinterneurons modeledvia astandardgynapse.
Theimplementatiorof thetriad is discussedhn detailby V. StrengenseeRef.[24].

5.2 Modeling responseso spot stimuli

As afirst application we have usedour modelto simulatetheresponseto spotstimuli, as

they wereusedby Heggelundn hisin vivoexperimentg416]. Thenetwork wasstimulated
with circular spotsof light, concentricto the receptve field of the centralneuronin the

network. Ganglioncell actvity wasmodeledasa -processwith firing ratesestimated
from a rate-basedlinear model[14]. Responsesf the centralneuronin the network

werefit to responsemeasuredn X-on cellsof catdLGN, asshawn in Fig 6. Thefit was

obtainedby adaptingonly synapticweightsusinga NelderMeadminimizationroutine.

6 Perspectves

Our model of the retinogeniculatecircuit presentechereis currently in an early stage
of developmenttowardsa biologically realistic model of the early visual pathway. We
hopeto closemary of the openissuesconcerningconnectvity, especiallyof interneu-
rons,the selectionof realisticparameteralues,interactionbetweenX- andY-pathways,
andfeedbackirom both the perigeniculateucleus,andcortex, in the forseeablduture.
Whenthe modelwill have beensufiiciently validatedagainstexperimentalfindings, it

will beanideal systemfor in silicio experimentsexploring therole of particularproper

tiesof thalamiccircuitry. A featurewe considerparticularlyintriguing is the finding that
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Figure6: Firing ratevs. spotdiameterfor atypical geniculaterelay cell (“middle”), the
retinal geniculatecell providing the driving input to the relay cell (“top”, measuredas
s-potentials)andthe pertaininginterneuronsharplypealedcurwe). Circlesindicatesim-
ulation results,crossesxperimentaldata. No experimentaldatais availablefor thein-
terneuron.

cholinegic input to interneuronsarisingfrom the brainstem can shunttriadic input to
interneurong25]. ThedLGN maythuswork in aregime of eitherlocalizedor globally
coupledinhibition to relay cells. We planto investigatehe functionalsignificanceof this
finding oncethe modelis well established.
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