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Abstract Several authors have performed simulation of ultrasound
wave propagation previousfy? Depending on their ob-
A simulation method for forward propagation of acoustjectives, these simulations range from solving a full wave
pressure pulses in a medium with three-dimensional (3&juation in a heterogeneous medium, to solving an approx-
spatially-variable acoustic properties is presented. ifihe imate wave equation in a homogeneous medium.
tended application is to study aspects of ultrasound intagiThere are several wave equations available for describing
of soft biological tissue. acoustic wave propagatiori-® These equations are most
The forward wave propagation is modelled by a one-wagmmonly solved by propagation in time, and describe both
wave equation. The equation describes tissue exhibitagerration and reverberation. However, when propagating
nonlinear elasticity and arbitrary frequency-dependént aver large distances, such methods are expensive in terms
tenuation. of memory and computational costs1? This is the major
A numerical solution to the equation is found by means ofason why most of the simulation-based investigations of
first-order accurate operator splitting and propagation@l ultrasound wave propagation in heterogeneous media have
the spatial depth coordinate. Thus diffraction, nonliftgar been conducted in 2D.
and attenuation are solved independently at each propagge current objective is to facilitate studies of the wave-
tion step, rendering their relative importance easy to mofront aberration. This is a phenomenon which is related to
tor. the forward-propagation of the pulse. Furthermore, rever-
The method is seen to yield an accurate simulation of therations have been reported to produce only minor distor-
wave propagation when compared to numerical solutiotiens of the forward propagating pulse in soft tissdé®
of the full wave equation and experiments in a water tankzor this reason it is important to accurately model forward-
By this approach it is possible to simulate wave propagaropagation, but of lesser importance to model multiple re-
tion over relatively large distances — typically severahhuflections.
dred wavelengths — at a modest computational complexityparabolic approximation(“the 15 approximation”) of
compared to solution of the full wave equation. It furthethe wave equation is often used in the context of focused
more facilitates a high degree of parallelism, thus engblidirectional) sound beams. This leads to the Khokhlov-
efficient distribution of the required computations ovelmuzabotskaya-Kuznetsov (KZK) equati&h'® or variations
tiple processors. of it. The KZK equation is conveniently solved using
operator splitting and propagation in space/ide-angle
parabolic approximationsre also available. These are fre-
1 Introduction guently used in underwater acoustics and geophysical ap-
plications, and lead to higher-order partial differen¢iqua-
The quality of an ultrasound image is limited by the abilitfons.2° They do not, however, appear that frequently in ul-
to transmit a focused sound beam through the body. T@sonic imaging, where the 1&pproximation is thought
signal received at the transducer is often distorted by mtf-be adequate.
tiple reflections, as well as arrival time and amplitude flud-he KZK-equation is a one-way wave equation in the sense
tuations caused by variable tissue parameters. The foriat it only models forward propagation. As a result the
is known ageverberationand the lattewavefront aberra- computational complexity of solving this equation is much
tion. The resolution of an ultrasound image is limited bipwer than that of solving the full wave equation. Fast nu-
these factors. Experimental studies of abdominal ¥all merical solutions may therefore be implementédCom-
and breast tissife® as well as simulatiorfs’ indicate that bined with reasonable boundary conditions such asra
this aberration can significantly reduce the image resofeetly matched laye(PML),?1?? the equation accurately
tion. The current paper presents a 3D implementation ofredels the propagation of focused ultrasound beams in
simulation model capable of describing wavefront aberm-homogeneous mediufi.In a heterogeneous medium,
tion. however, where reflections are important, the KZK equa-



tion will not provide an accurate description. This is thieetthe mass density at equilibriumpg(r). Since the same
case for a medium containing bone structures surroungedticles are contained Wy andV (t), conservation of mass
by muscle and fat. implies that

Presented here is a one-way wave equation for propagation

of uI'Frasound_ in hete.rog.eneous soft tissue. A numerical po(r)dr :/ P(rEat)deZ/ p(r,t)|F|dr.
solution of this equation is then found by means of oper- /Vo V() Vo

ator splitting. The work is related to an extension of the , . )
parabolic approximation to heterogeneous média. Thereforepo(r) = p(r,t)|F| whenevep is continuous with

This simulation model has previously been presented in figgpect ta. . .
context of 2D simulation€>28 However, in order to keep Shear forces give rise to shear waves that travel at only

the paper self-contained, important points are repeated h&/ 10 of the speed of pressure waves in soft tissue. These
A derivation of the underlying wave equation is also ifA® therefore negligible, and only the acoustic pressume co

cluded in order to make available to the reader the apprdkioutes as a net force acting on the medium.plis the
mations made in the modelling. acoustic pressure and: denotes the gradient with respect

to Euler coordinateg, then the acoustic pressure forces in
Lagrangian coordinates are given by a change of variables

2 Theory
2.1 Modedling

Letr be the equilibrium position in space of a point-particl
andrg the position of that same particle at timeDefine a
functionW(r,t) as

—/ DEpdrE:_/ FYH opFld. (3)
\% Vo

éJsing Eq. (2), the momentum for a given control voluvipe

pvo) = | p2F Fldr = | poZler.
re(rt) =r+W(rt). (1) Yo Yo

_ ) ) _ ‘Combining this with Eg. (3), conservation of momentum

This function describes the movementin space of the po'fhtfplies that

particle. A point-particle is referred to aswaterial point

andr is theLagrange coordinat®r material coordinateof L A] T

the material point. The functio# thus relates the Lagrange POF = —|F| (F ) Op. (4)

coordinate to th&uler coordinate g. For the deformations

considered here, the functidH is invertible and differen- Since there are four unknown quantitigs¥1, ¥, andW¥s,

tiable with respect to bothandr. another equation is needed for the problem tavbB-posed

The velocity of the material point is naturally defined as The fourth equation will in this instance be specified as a

constitutive relation between the pressure and the density

A second-order Taylor expansion of the pressure-density re

lation is commonly used,

virt) = arEa(tr,t) _ ana(tr,t). @)

Equation (1) specifies a transformation from Lagrangian co- o—p B/p—p 2
ordinates to Euler coordinates. Associated with this trans p(p) =A (—0) += (—O) .

formation is thedeformation gradient tensor Po 2\ Po
o, aw, W, By conservation of mass, the density is removed in favour
w (Yroam of |F|
F=lto-= S o143 G2
9¥s Ch B e < 1—|F|\ B /1—|F\?
or or or Fh=A —! — .
Lo 3 FD=A(r ) +3 ()

and the Jacobian of the transformation
Solving for 1— |F| and retaining terms up tp? yields
|F| = detF.
1—|F| = kp—PBn(kp)?,
Of interest here is the situation where particle movement is
confined to small vibrations about the equilibrium positiomherek = 1/A is thecompressibilityandp, = 1+ B/2Ais
as a result of stretching and compression. The mass dentitycoefficient of nonlinearity® Note that this expansion is
p, will consequently be time-dependent. However, conseerformed for constant entropy, that is, no effects reléted
vation of mass may be used to obtain a simple expressiemperature changes or viscosity are taken into account.
for this time-dependence. L¥p be a region in space. LetAttenuation caused by heat conduction and viscosity is
V(t) be a region in space such that modelled by a linear operatdr

[r €Vo] < [r+W(rt) eV(t)]. 1—|F| =kp—Bn(Kp)®>—KLp. (5)



Table 1: Values for some physical parameters in medidable 2: Scales relating dimensional variables to dimen-

ultrasound imaging at 1 MHz and 3Z. (See Duck®) sionless variables.
tissue c p Bn a b speed of sound C=2C,/Cs Ccs = 1.54mm/us
[mm/ug  [mg/mm’] [dB/mm] density P =P:/Ps ps = 1mg/mm?
fat 1.436 0.928 5.8 0.30 0.9 acoustic pressure  p= p./ps ps = 1MPa
muscle  1.550 1.060 3.9 0.05 1.1 time t=t./ts ts=1us
blood 1.584 1.060 4.0 0.01 1.2 space X=X, /Cdls

water 1.524 0.993 3.7 0.00014 2.0 normalised pressure p = p../P./Ps
density fluctuation g = g.x2

2.2 Approximationsand scaling

In Ref. 14[pp. 12.9] it is shown that a good approximatio b(I:e 3: Typical values for the coefficients in Eq. (9) at

for |[F|is tissue &[10°Y &,[10°% €[1079
Fl~1+0-W. (6) fat -0.75 3.36 6.6
. muscle 0.06 1.55 0.79
If this approximation is applied to Eqg. (5), the resulting blood 0.27 1.46 0.15
equation is a nonlinear elasticity relation water -0.11 1.63 0.0004
—0-W=Kp—Bn(Kp)*—KLP. (7)

For plane waves the simplification|F | (Ffl)T Op=0Opis A suitab!e value for the dimensionless scaling fagtisr0.1
possible. This is also a good approximation when the radf@g soft tissue. o o

of curvature of the wave front is large compared to the di-the main direction of propagation is tizedirection, then
placement, as is often the case in medical ultrasound im@gnange of variables=t —zyields the equation in dimen-
ing.14 This approximation, inserted into Egs. (4) and (Ajonless form

yields a generalised Westervelt equafidfor the acoustic

#®p 1,., . £n0%p%  Lp
presstre A L Lt B ke
" 1 d?
Kp— - (BDp) = dt2 (Bnszz‘f' KLp) . The CoefﬁcientSt = y(:l’ €nh = pan/pscg\/ﬁC4 ande are

spatially variable. Values for the coefficiemtse, ande for
Assuming smooth density variations,n@rmalised pres- different tissue types are given in Table 3. With the intro-
sure p= p./,/p, the following simplification is possiblé? duction ofe, a convenient change fromto L has also been
made aglL = £/2¢?,

0- (Egp*) = LDZp_ pDZL_ The acoustic pressurp,, may be recovered from the scaled
p VP VP normalised pressurg, through the relation
Using this identity together witkp = 1/c?, a wave equa- — psp/B
tion for the normalised pressupeis obtained, P = PsPvP-
o 1. Bn 02p> 19%Lp Employing the parabolic approximationd?p/dz> = 0,
P—2P=0P— /pct at2 T2 a2 which is valid for directional sound beams, and letting

02 = 0% +0°/02, leads to
whereg = ,/p0? (1/,/p) describes density fluctuations.
Typical values for tissue parameters are listed in Table 1. 8%p 1, , . € 0%p>  0°Lp
Furthermore, considering ultrasound pulses with frequenc 3tz ~ 2 (07 —9g) p—ep+ 2 ot2 + EF' (8)
in the MHz range and acoustic pressures around 1 MPa, a

set of natural scales for the equation may be inferred. Th&§g @ homogeneous mediumme( g= 0) and classical loss
scales are listed in Table 2. €L = 8p/c?, this is the KZK equation wher&is the diffu-

sivity. 1°
Integrating Eq. (8) with respect to time leads to the final
dimensionless equation
With an appropriate choice of scale for the speed of sound, 5
1/ . L
the average speed of sound may be assumed to be 1. Le@_p _ E/,m (Di —g) Pt + (Enp— &) P+ £ p 9)

2.3 Approximations

ot

the deviation from this average be described usipg) 0z

through . . . .
Equation (9) combined with the boundary condition

p(z=0) = po(X,Y,t) uniquely determines the pressure field

1
=12y,
c Yo at a plane > 0.



By employing the parabolic approximation, the equation i®r the exact solution operators, an arbitrarily accurpte a
no longer able to describe waves which travel in the negaeximation may be obtained by choosing a small enough
tive zdirection. However, as the reflection coefficient bestep size to eliminate the splitting error. For the numérica
tween different types of soft tissue is low 0.1), and re- solution, the step size should not be chosen in an arbitrary
verberations have been reported to produce only minor disanner. When the splitting error is of the same order of
tortions of the forward propagating pulse in soft tissdé® magnitude as the numerical error in each of the numerical
this should not reduce the accuracy of the simulation of thelution operators, decreasing the step size further may, i

forward-propagation significantly. fact, amplify the error. The step size should ideally be se-
lected such that the splitting error is of the same order of
2.4 Operator splitting magnitude as the accuracy of each of the numerical solu-

tion operators. This may be viewed as a formMidrzov’s
A mathematical foundation for operator splitting igliscrepancy principlé&nown from the theory of regularisa-
found by combining the Lie-Trotter product formé@fa tion and inverse problem®
(Thm. 10.17) with theproduct integral3°
Equation (9) is of the form

p 3.1 Absorption

57 = AdTAn+tA)D,

A phenomenologic model for frequency-dependent absorp-
where the operator&q, A, andA; account for diffraction tion which is often used is theower-law absorption model
and scattering, nonlinear elasticity, and energy lospe®@s |n particular it provides a good description of soft tisse.
tively Employing this model, the quantigdLp/at in Eq. (9) may
be defined through its temporal Fourier transform

A@p=3 [ 2 -g@]pd. (10
_ : F{oLp/ot} = —|w]°F{p},
An = |&n — , 11
(29p=1e (225(2)2(2)] p (11) 10 a 13)
A(2p=¢(2) Frant (12) 20 (2mP’

The exponential function expA) is used to formally de- \yherea andb are appropriate tissue-dependent parameters.
tnhote trllet_operﬁtorfv;/r?lcg.fsfendst.thle 'n't'?.l Cr;) n(ygugﬁg\onlto The operatot as defined by Eq. (13) violates the causality
e solutioru(h) of the differential equatiodu/dt = Au. In principle. As such the model is not physically correct. It

this notation, the solution of Eq. (9) is denotpz+ h) = :
exp(h[Aq + An+ A])p(z). Furthermore, the formal order of " however be amended by letting

the error for the approximation
p(z+h) ~ "M eMp(z)

is O(h?). This is therefore referred to as a first-order ag-ausality implies thai\(cw) should be the Hilbert transform
proximation, often denoted audonov splitting Strang Of [P 33

splitting3! may be used as an alternative method for corue to the spectral definition of the absorption, the Fourier
bining the solution operators in order to increase the férmieansform is well suited to define a solution operator for
order of the approximatior,g. the absorption term. Letting and # ~ be the temporal
Fourier transform and its inverse transform, respectjvely

F{oLp/ot} = | —|w°+iA(w) | F {p}.

P(z+ h) ~ e3AsgiAnghA gdAngdAap(2).

The order of convergence, however, will depend heavily onP(Z+1,T) = M p(z,1)
the solution, and not necessarily adhere to this formalrorde = FYF (p)(z, w) exp(—e(z)H (z, w)h)],

3 Implementation with

The model equation for forward wave propagation is writ- H (2, w) = (1-iH) |°°|b(zk)’

ten in the form of an evolution equation. The compu-

tation starts at the plane= 0 with an initial condition and # denoting the Hilbert transform. Using the Fast

p(x,y,0,t) = po(x,y,t). The propagation is performed inFourier Transform (FFT) in the implementation, a solution

steps of lengtth in the direction ofz, such that = kh. operatortl}, () is obtained.

The numerical approximation of the exact solution operatdihe main limitation for the accuracy of this solution opera-
exp(hA), is denoted?l}. In this notation an approximatetor is in applying the FFT over discontinuities at the edges
solution to the equation as a whole is given by of the signal. The computation domain is therefore large

h h h enough in the temporal direction to make the pulse taper to
p(ZkJrlat) = ‘uAd (Zk) uAn (Zk) ‘UA| (Zk) p(zk,t). zero at both ends.



3.2 Nonlinearity 3.4 Diffraction: pseudo-differential model

When the step sizeis short,.e. h< suppl/|dp/dz(z,T)|, Eduation (9)is exact for simple waves, and a good approxi-
T mation for directive sound beams when the curvature of the

the nonlinear term is solved by the method of characte:sis%ave front is small. In a heterogeneous medium, however,
the wave front may undergo deformations which cause the
P(Zc1,T) = p((zk’;k n h(A [Zk’)p(zk’rk)])’ curvature to be too large for this approximation to be ade-
&%)+ EnlZ+1 guate. Higher-order parabolic approximations may be used
Al Pz T)] = 2 Pz Tk) to improve the results in such cas&slmplementation of
& (z) + & (zcr1) these is also discussed in Ref. 36. Alternatively, wpen
2 ' is constant, the diffraction operator resulting from th# fu

. ] . ) . ] wave equation may be solved in the forward direction using
This defines the solution at grid points which are not equajly angular spectrum method

spaced in the temporal direction. In order to presergifine the functiotd as
equally-spaced grid points, the functigiz1,t) is re-

sampled. This introduces an interpolation error. As long as {eihw(,/l(k§+k§)/u)21> WPk k§

the pulse is sampled with a sufficiently high sampling fré& (ky, ky, w, h) =
guency, the interpolation error is negligible. The solatio

operator including the re-sampling‘t%(zk).

There is, of course, a potential problem here in the eventfbsolution in the forward direction is then given by
shock formation. If the step size has to be chosen increas- . ~

ingly smaller, then the forward propagation would halt. P(%Z+h.T) = F""{U (ke ky,w,h) Pk ky,z 0, h)},

This could be resolved by a different solution method sucq1 : .
as front-tracking®* However, absorption in soft tissue i ere J represents Fourier transform with respectto
) ’ andt. This solution is what Bambergt al. refer to as

sufficiently large to avoid shock formation for the pressuyé roximating the wave equation bvoaeudo-differential
pulses of interest. Therefore, these problems are avoided 9 d w

by adaptively setting the step size small enough and usineaallj"jltion24 The resulting one-way wave quation wil
high enough temporal sampling rate Wérefore be referred to as tipseudo-differential model
' In addition to the boundary condition @f(z) = po(x,y,t)

it will implicitly satisfy an outgoing radiation condition
3.3 Diffraction: parabolic model which ensures that the solution propagates in the positive

zdirection. Ifp is not constant, an approximative solution
In order to find a numerical solution for the diffractionmay be defined in a similar wadf.
and scattering effects defined in Eq. (10), an implicit EEmploying the FFT in the implementation imposes periodic
ler scheme was implemented boundary conditions. For a focused beam, however, ade-
guate suppression of the effect of periodicity is obtaimgd b
applying a spatial window-function to the solution at regu-
lar intervals, thus tapering the solution to zero at the sdge

dho(iy/(4+1g)/e?-1+1) ,otherwise.

op
0z
= P(z, Tk) + P(Zct1, Tk-1) — P(Z, Tk—1)

1 1% [ 92
* hé T {W - g(zk+1)] P(Z; 1, T)dT. 4 Examp|e5
k-1

P(Zct1,Tk) = P(Z; Tk) + == (Zr1, k)

The performance of the presented simulation method is
The second derivative op with respect tox was ap- demonstrated by its propensity to produce numerical result
proximated by a standard fourth-order central differenghich compare favourably to various references, including
ing scheme which may be represented by a banded magfiywn analytic solutions, measurements in a water tank and

D. Furthermore, the integral was evaluated using a trajpga numerical solution to the full wave equation.
zoidal approximation. Lett denote the identity matrix and
By = D —diag[g(z.1)], where diadg(z)] is the diagonal :
matrix with entries frong(z). Leth, = hAt/4. Then 4.1 Homogeneoustissue
4.1.1 Burgersequation - analytic

(I = hpBi) P(Zcr 1, Tk) =P(Z Tk) — P(Z; Tk-1)

In the case of plane waves in water, Eqg. (9) reduces to
(14 aB P 1, T 1) P % ©)

: : : : Pz = €nppP+EP.
This set of equations may be solved inductively by assum-

ing the solution to be zero for some timg By a simple change of variablés= z andx = —gt, this

In a limited computational domain, appropriate boundanyay be transformed into a viscous Burgers’ equation on
conditions must be applied in order to avoid reflection artandard form with viscosity = £/¢2. An analytic solu-
facts. This was achieved by adding a PML at the boundaign based on &-pulse initial condition may therefore be
of the domain?2? used as a reference in this ca¥e.



Figure 1 shows the relatiie-error >omy o9 5mm
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between the reference solution and the numerical solution. o o —
The plot indicates that the Gudonov splitting scheme has a

14.7mm

local error of order slightly less than?, almost matching

the formal order of the scheme. The Strang splitting hasa
local error of order somewhere between two and three for

this initial condition, and does not, therefore, obtairfats Near-field
mal order of two. The local error of both schemes has a recorded
kink where the accuracy changes. When the step sizq;;'
decreased beyond this point, the local error seems to b%i
orderh. The kink indicates the point at which the splitting
error becomes insignificant compared to the error of each
solution operator. Increasing the individual solution mpeducer, for example the element sizes and the acoustic cou-
ator accuracyj.e. increasing the temporal sampling rateling between the transducer and the tissue, was avoided.
shifts the kink downwards, but at the expense of increastae near-field was numerically propagated a distance
computational and memory cost. The dashed line clea@9.0 mm to the focal plane of the probe. Figures 3 and 4
demonstrates this as the temporal sampling rate is inateagigplay consistency between the numerical solution of the

Focal plane

ure 2: Experimental setup for comparing the KZK-based
ulation to hydrophone measurements.

by a factor of two. model and the measurements. Discrepancy should be ex-
pected due to factors like calibration of the hydrophone and
107 ‘ ‘ impurities in the water.
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Figure 1: Relative local? error for the numerical solution g / N\ g
when compared to an analytic solution to Burgers’ equ / \ 2
tion. Solid line: Gudonov splitting. Dash-dot line: Stran¢ R
splitting. Dashed line: Strang splitting with more accu

-15 -10 -5 0 5 10 15 20 0 2 8 10

rate solution operators. Dotted lines: slopes for local-firs i Francy

second- and third-order schemes. ) ) .
Figure 3: Comparison between measurement and numeri-

cal propagation in the focal plane, 69.0 mm away from the
initial plane. Top left: measured acoustic field on the
axis. Top right: numerically propagated acoustic field on
A test of the model as well as the numerics was performig x-axis. Bottom left: temporal rms-value for the numeri-
using hydrophone measurements recorded in a water taakty propagated (solid lines) and measured (dash-dat)line
experiment as a reference. The measurements useddoustic fields along-axis andy-axis. Bottom right: spec-
this study were recorded in a water tank using a 0.4 mtram of measured and numerically-propagated pulses at the
needle hydrophone (Force Instruments MI2225). A pulfscal point.

with centre frequency of 2.2 MHz was transmitted from a

1.5D rectangular phased array probe (M3S) with dimen-

sions 22 mnx 13 mm and foc_:gl distance of 70.Q mm. In orz o Heter ogeneous tissue
der to obtain an initial condition for the numerical solutio

to the wave propagation, measurements of the near-fisldorder to evaluate how accurately the one-way wave
were recorded 1.0 mm away from the probe surface, perpequation approximates the propagation through a heteroge-
dicular to the focal axis (see Fig. 2). By doing so, the proheous medium, a simulation by the presented method was
lem of modelling the physical characteristics of the transempared to a numerical solution of the full wave equa-

4.1.2 Hydrophone measurements
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Figure 4: Comparison between the measured and numEigure 6: Comparison of the forward propagating wave
cally propagated acoustic field at the focal point, 69.0 miients for the one-way wave equation using the parabolic
away from the initial plane. approximation and the full wave equation. The wave fronts
were recorded at a depth of 8.9 mm. Top: solution of the
full wave equation. Middle: solution of the one-way wave

| S a8 Igﬁuation. Bottom: difference between the two solutions.
wave equation was presented by Wojekal.>" As there Thg Jine in the bottom picture indicates the location where

is a publicly-available 2D-implementation of this pseud@pe cross-section shown in Fig. 8 is made--20 dB loga-
spectral method? the comparison was performed for a 2Bithmic grey scale is used in the display.

simulation.

A plane wave propagating in thedirection was used as

an initial condition for the full wave equation. The propawave equation than the parabolic model was. To illustrate

gating wave was recorded in two planes parallel to the wethés further, a cross-section of the solutions is plotted in

front, one at each side of the heterogeneity in the tissue. Fig. 8. Not surprisingly, the pseudo-differential model is

recorded incoming wave was then used as the initial conaliso able to resolve propagation at a wide angle out from

tion for the numerical solution of both the parabolic modéte propagation axis. The discrepancy is caused by wave

and the pseudo-differential model. The solutions were thkgflections of the propagating wave not being accurately ac-

compared with the recorded wave front obtained from tleeunted for in the one-way model.

pseudo-spectral solver of the full wave equation. A major benefit of using a one-way approximation to the

Figure 5 shows the sound speed variations in the heteroggve equation, instead of the full wave equation, is the

neous tissue used for the simulation comparison. reduced computational complexity of finding a numerical
solution. Although only a crude optimisation of the im-

tion. A speudo-spectral numerical solution of a compara
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plementations was performed, the computational time for
propagating a 5 MHz pulse through the 9mm computa-
tional domain in Fig. 5, using 256256 spatial grid points
and the same temporal sampling rate, was approximately
four times longer for the full wave equation compared to
the pseudo-differential method (4.5min vs. 1.1 min on the
available hardware; a 2.8 GHz P4 runningdMAB 7 under
Linux). Furthermore, the solution method based on one-
way wave equations scales linearly as a function of prop-
agation distance. The advantage, therefore, increases for
larger propagation distances.

Figure 5: Sound speed variations used for the simulatign Parallelisation

comparison.

Figure 6 displays consistency between the numerical sd
tion of the full wave equation and the numerical solution
the parabolic model. However, it is clear that the parabolicl. Distribute the solution foz —
model has problems representing parts of the propagating medium parametersy
pulse which travel at a wide angle out from the propagation b(

axis.

A major advantage of this scheme is the ease with which
f s parallelised. Described here is a parallelisationtfier

peeudo-differential model, whemis assumed constant.

0 (i.e. p(xy,t)) and
(X,Y,2), &(X,Y,2), €(X,Y,2) and
X,Y,Z), overP processors in slices along theaxis
ranging fromx, to X,,1 ON processon.

Figure 7 shows that the pseudo-differential model is much
more consistent with the pseudo-spectral solution of the fu 2. Distribute propagation factdd (k, ky,w,h) over P



5_/,, 10. Perform IFFT alongo. The result on each processor
{’\7 now constitutes the solution one step of lentfor-

ward.
$ 11. Repeat steps 3 to 10 until the solution at a desired
»:< depthz has been obtained.
=

It is worth pointing out that only steps 5 and 9 involve inter-
processor communication. Furthermore, it is possible to
subdivide the application offf, (z) and I}, (z) into many
smaller steps without additional communication. This may
be required in order to avoid shock formation. Another nice
feature is that the only essential difference between 2D and
\?{:]D is a Fourier transform along theaxis. Thus a 3D im-

Figure 7: Comparison of the forward propagating wa o ible based i imol
fronts for the pseudo-differential model and the full waydementation Is possible based on a previous 2D implemen-

equation recorded at 8.9 mm. Top: solution of the full Wa\;ét'on with only minor modifications.

equation. Middle: solution of the one-way wave equatiof!9Ure 9 shows spatial distribution of the acoustic energy

Bottom: difference between the two solutions. The line H§N€N transmitting a 0.5MPa and 3 MHz focused acoustic

the bottom picture indicates the location where the cro@y!Se from a Z2cm square transducer through a homoge-
section shown in Fig. 8 is made. A30dB logarithmic N€OUS muscle-like tissue and through a heterogeneous tissu
grey scale is used in the display. structure resembling the female breast. The simulation was

performed using 256256x 512 grid points for the compu-

tational domain which covered a 5k 81.2 mm xy-domain

and a 7.3 ps time window. Propagating through an 80 mm

- - domain in the z-direction took approximately 8 hours on a

g0 £o 2.8 GHz P4 with 2 CPUs using the current.AB imple-

mentation (parallelisation with MPIT$).

4 4 The obtainable ultrasound image resolution is limited fgy th

o 0s o5 o width of the transmitted beam. The width increases when
propagating through the heterogeneous tissue. This spread

Figure 8: Cross-section comparing a numerical solutionift§) results in reduced peak-energy by about 5dB. The re-
the full wave equation (dash-dot line) to a numerical sguiction has the effect of reducing the nonlinearly-gereetat

lution of the one-way models (solid line). Left: paraboli€nergy by about 12dB. This reduction will in addition to
model. Right: pseudo-differential model. reduced resolution due to a widening of the beam also re-

sult in a lower signal-to-noise ratio for the received back-
scattered signal.

[us]

processors in slices along theaxis ranging fromu,
to wn1 ON processon.

3. Apply U}, (%) and Uj () to the solution. This is 6 Concluding remarks

performed locally at each processor, only requiring t

e . .
pre-distributed material parameters. IL one-way wave equation, Eq. (9), for modelling the for-

ward wave propagation of an ultrasound pressure field,

4. Perform FFT alongy and w-axis. This is along with a numerical solution method, has been pre-
again performed locally on each processor yieldirsggnted. The equation was derived using a parabolic approx-
P(X, Ky, 0n . .. Wny1). imation to the full wave equation. The solution concurs

L _ L with analytic reference solutions and experimental mea-
5. Redistribute solution ovét processors in slices alongy,,.ements in a homogeneous medium. The basic features
the co-axis ranging front, o w1 0N processon. of the numerical solution are also the same as those of a
6. Perform FET along  x-axis, yielding nume_rical reference, obtained as a solution to the full wave
P(Kx, Ky, @n ... 1) ON Processon. equation. However, for a deformed wave front, th_e propa-
gation at large angles out from the axis of propagation is not
7. Multiply solution byU (k,ky,w,h). Again this only accurately represented using the parabolic model.
requires the pre-distributed propagation factor, andjigorder to represent propagation in an aberrating medium,
thus a local operation. an approximation based on the angular spectrum method
8. Perform inverse FFT (IFFT) alorlg andky, resulting was applied. The resuiting pseud_o-c_ii_fferentigl modelJevhi
in (XY, Wn .. Gns ). still being a one-way quel, significantly improves the
results over the parabolic model for the heterogeneous
9. Redistribute solution ové? processors in slices alongmedium. When implemented using the FFT, the pseudo-
thex-axis ranging fromx, to X1 On processon. differential model introduces periodic boundary condito
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