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∗) Dept. Mathematical Sciences
†) Dept. Circulation and Imaging

Norwegian University of Science and Technology

Abstract

A simulation method for forward propagation of acoustic
pressure pulses in a medium with three-dimensional (3D)
spatially-variable acoustic properties is presented. Thein-
tended application is to study aspects of ultrasound imaging
of soft biological tissue.
The forward wave propagation is modelled by a one-way
wave equation. The equation describes tissue exhibiting
nonlinear elasticity and arbitrary frequency-dependent at-
tenuation.
A numerical solution to the equation is found by means of
first-order accurate operator splitting and propagation along
the spatial depth coordinate. Thus diffraction, nonlinearity
and attenuation are solved independently at each propaga-
tion step, rendering their relative importance easy to moni-
tor.
The method is seen to yield an accurate simulation of the
wave propagation when compared to numerical solutions
of the full wave equation and experiments in a water tank.
By this approach it is possible to simulate wave propaga-
tion over relatively large distances – typically several hun-
dred wavelengths – at a modest computational complexity
compared to solution of the full wave equation. It further-
more facilitates a high degree of parallelism, thus enabling
efficient distribution of the required computations over mul-
tiple processors.

1 Introduction

The quality of an ultrasound image is limited by the ability
to transmit a focused sound beam through the body. The
signal received at the transducer is often distorted by mul-
tiple reflections, as well as arrival time and amplitude fluc-
tuations caused by variable tissue parameters. The former
is known asreverberation, and the latterwavefront aberra-
tion. The resolution of an ultrasound image is limited by
these factors. Experimental studies of abdominal wall1,2

and breast tissue3–5 as well as simulations6,7 indicate that
this aberration can significantly reduce the image resolu-
tion. The current paper presents a 3D implementation of a
simulation model capable of describing wavefront aberra-
tion.

Several authors have performed simulation of ultrasound
wave propagation previously.6–12 Depending on their ob-
jectives, these simulations range from solving a full wave
equation in a heterogeneous medium, to solving an approx-
imate wave equation in a homogeneous medium.
There are several wave equations available for describing
acoustic wave propagation.13–15 These equations are most
commonly solved by propagation in time, and describe both
aberration and reverberation. However, when propagating
over large distances, such methods are expensive in terms
of memory and computational costs.11,12 This is the major
reason why most of the simulation-based investigations of
ultrasound wave propagation in heterogeneous media have
been conducted in 2D.
The current objective is to facilitate studies of the wave-
front aberration. This is a phenomenon which is related to
the forward-propagation of the pulse. Furthermore, rever-
berations have been reported to produce only minor distor-
tions of the forward propagating pulse in soft tissue.14,16

For this reason it is important to accurately model forward-
propagation, but of lesser importance to model multiple re-
flections.
A parabolic approximation(“the 15◦ approximation”) of
the wave equation is often used in the context of focused
(directional) sound beams.17 This leads to the Khokhlov-
Zabotskaya-Kuznetsov (KZK) equation18,19 or variations
of it. The KZK equation is conveniently solved using
operator splitting and propagation in space.Wide-angle
parabolic approximationsare also available. These are fre-
quently used in underwater acoustics and geophysical ap-
plications, and lead to higher-order partial differentialequa-
tions.20 They do not, however, appear that frequently in ul-
trasonic imaging, where the 15◦ approximation is thought
to be adequate.
The KZK-equation is a one-way wave equation in the sense
that it only models forward propagation. As a result the
computational complexity of solving this equation is much
lower than that of solving the full wave equation. Fast nu-
merical solutions may therefore be implemented.15 Com-
bined with reasonable boundary conditions such as aper-
fectly matched layer(PML),21,22 the equation accurately
models the propagation of focused ultrasound beams in
a homogeneous medium.23 In a heterogeneous medium,
however, where reflections are important, the KZK equa-



tion will not provide an accurate description. This is the
case for a medium containing bone structures surrounded
by muscle and fat.
Presented here is a one-way wave equation for propagation
of ultrasound in heterogeneous soft tissue. A numerical
solution of this equation is then found by means of oper-
ator splitting. The work is related to an extension of the
parabolic approximation to heterogeneous media.24

This simulation model has previously been presented in the
context of 2D simulations.25,26 However, in order to keep
the paper self-contained, important points are repeated here.
A derivation of the underlying wave equation is also in-
cluded in order to make available to the reader the approxi-
mations made in the modelling.

2 Theory

2.1 Modelling

Let r be the equilibrium position in space of a point-particle,
andrE the position of that same particle at timet. Define a
functionΨ(r,t) as

rE(r,t) = r + Ψ(r,t). (1)

This function describes the movement in space of the point-
particle. A point-particle is referred to as amaterial point,
andr is theLagrange coordinateor material coordinateof
the material point. The functionΨ thus relates the Lagrange
coordinate to theEuler coordinate rE. For the deformations
considered here, the functionΨ is invertible and differen-
tiable with respect to botht andr.
The velocity of the material point is naturally defined as

v(r,t) =
∂rE(r,t)

∂t
=

∂Ψ(r,t)
∂t

. (2)

Equation (1) specifies a transformation from Lagrangian co-
ordinates to Euler coordinates. Associated with this trans-
formation is thedeformation gradient tensor
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∂Ψ
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and the Jacobian of the transformation

|F | ≡ detF.

Of interest here is the situation where particle movement is
confined to small vibrations about the equilibrium position
as a result of stretching and compression. The mass density,
ρ, will consequently be time-dependent. However, conser-
vation of mass may be used to obtain a simple expression
for this time-dependence. LetV0 be a region in space. Let
V(t) be a region in space such that

[r ∈V0] ⇔ [r + Ψ(r,t) ∈V(t)] .

Let the mass density at equilibrium beρ0(r). Since the same
particles are contained inV0 andV(t), conservation of mass
implies that

Z

V0

ρ0(r)dr =
Z

V(t)
ρ(rE,t)drE =

Z

V0

ρ(r,t)|F|dr.

Therefore,ρ0(r) = ρ(r,t)|F | wheneverρ is continuous with
respect tor.
Shear forces give rise to shear waves that travel at only
1/10 of the speed of pressure waves in soft tissue. These
are therefore negligible, and only the acoustic pressure con-
tributes as a net force acting on the medium. Ifp is the
acoustic pressure and∇E denotes the gradient with respect
to Euler coordinaterE, then the acoustic pressure forces in
Lagrangian coordinates are given by a change of variables

−
Z

Vt

∇EpdrE = −
Z

V0

(

F−1)T ∇p|F |dr. (3)

Using Eq. (2), the momentum for a given control volumeV0

is

p(V0) =

Z

V0

ρ
∂Ψ
∂t

|F |dr =

Z

V0

ρ0
∂Ψ
∂t

dr.

Combining this with Eq. (3), conservation of momentum
implies that

ρ0
∂2Ψ
∂t2 = −|F |

(

F−1)T ∇p. (4)

Since there are four unknown quantities:p, Ψ1, Ψ2, andΨ3,
another equation is needed for the problem to bewell-posed.
The fourth equation will in this instance be specified as a
constitutive relation between the pressure and the density.
A second-order Taylor expansion of the pressure-density re-
lation is commonly used,

p(ρ) = A

(

ρ−ρ0

ρ0

)

+
B
2

(

ρ−ρ0

ρ0

)2

.

By conservation of mass, the density is removed in favour
of |F|

p(|F |) = A

(

1−|F|
|F |

)

+
B
2

(

1−|F|
|F |

)2

.

Solving for 1−|F| and retaining terms up top2 yields

1−|F| = κp−βn(κp)2,

whereκ = 1/A is thecompressibilityandβn = 1+B/2A is
thecoefficient of nonlinearity.15 Note that this expansion is
performed for constant entropy, that is, no effects relatedto
temperature changes or viscosity are taken into account.
Attenuation caused by heat conduction and viscosity is
modelled by a linear operatorL

1−|F| = κp−βn(κp)2−κL p. (5)



Table 1: Values for some physical parameters in medical
ultrasound imaging at 1 MHz and 37◦C. (See Duck.28)

tissue c ρ βn α b
[mm/µs] [mg/mm3] [dB/mm]

fat 1.436 0.928 5.8 0.30 0.9
muscle 1.550 1.060 3.9 0.05 1.1
blood 1.584 1.060 4.0 0.01 1.2
water 1.524 0.993 3.7 0.00014 2.0

2.2 Approximations and scaling

In Ref. 14[pp. 12.9] it is shown that a good approximation
for |F | is

|F | ≈ 1+ ∇ ·Ψ. (6)

If this approximation is applied to Eq. (5), the resulting
equation is a nonlinear elasticity relation

−∇ ·Ψ = κp−βn(κp)2−κL p. (7)

For plane waves the simplification−|F|
(

F−1
)T ∇p= ∇p is

possible. This is also a good approximation when the radius
of curvature of the wave front is large compared to the dis-
placement, as is often the case in medical ultrasound imag-
ing.14 This approximation, inserted into Eqs. (4) and (7)
yields a generalised Westervelt equation13 for the acoustic
pressure

κp̈−∇ ·
(

1
ρ

∇p

)

=
d2

dt2

(

βnκ2p2 + κL p
)

.

Assuming smooth density variations, anormalised pres-
sure, p= p∗/

√ρ, the following simplification is possible:27

∇ ·
(

1
ρ

∇p∗

)

=
1√ρ

∇2p− p∇2 1√ρ
.

Using this identity together withκρ = 1/c2, a wave equa-
tion for the normalised pressurep is obtained,

∇2p− 1
c2 p̈ = gp− βn√ρc4

∂2p2

∂t2 − 1
c2

∂2L p
∂t2 ,

whereg =
√ρ∇2

(

1/
√ρ

)

describes density fluctuations.
Typical values for tissue parameters are listed in Table 1.
Furthermore, considering ultrasound pulses with frequency
in the MHz range and acoustic pressures around 1 MPa, a
set of natural scales for the equation may be inferred. These
scales are listed in Table 2.

2.3 Approximations

With an appropriate choice of scale for the speed of sound,
the average speed of sound may be assumed to be 1. Let
the deviation from this average be described usingc1(r)
through

1
c2 = 1−2γc1.

Table 2: Scales relating dimensional variables to dimen-
sionless variables.

speed of sound c = c∗/cs cs = 1.54mm/µs
density ρ = ρ∗/ρs ρs = 1mg/mm3

acoustic pressure p = p∗/ps ps = 1MPa
time t = t∗/ts ts = 1µs
space x = x∗/csts
normalised pressure p = p∗

√ρs/ps

density fluctuation g = g∗x2
s

Table 3: Typical values for the coefficients in Eq. (9) at
37◦C

.

tissue εt [10−1] εn [10−3] ε [10−3]
fat -0.75 3.36 6.6
muscle 0.06 1.55 0.79
blood 0.27 1.46 0.15
water -0.11 1.63 0.0004

A suitable value for the dimensionless scaling factorγ is 0.1
for soft tissue.
If the main direction of propagation is thez-direction, then
a change of variablesτ = t−zyields the equation in dimen-
sionless form

∂2p
∂τ∂z

=
1
2

(

∇2−g
)

p− εt p̈+
εn

2
∂2p2

∂τ2 + ε
∂2Lp
∂τ2 .

The coefficientsεt = γc1, εn = psβn/ρsc2
s
√ρc4 and ε are

spatially variable. Values for the coefficientsεt , εn andε for
different tissue types are given in Table 3. With the intro-
duction ofε, a convenient change fromL to L has also been
made asεL = L/2c2.
The acoustic pressure,p∗, may be recovered from the scaled
normalised pressure,p, through the relation

p∗ = psp
√

ρ.

Employing the parabolic approximation∂2p/∂z2 = 0,
which is valid for directional sound beams, and letting
∇2 = ∇2

⊥ + ∂2/∂z2, leads to

∂2p
∂τ∂z

=
1
2

(

∇2
⊥−g

)

p− εt p̈+
εn

2
∂2p2

∂τ2 + ε
∂2Lp
∂τ2 . (8)

For a homogeneous medium (i.e. g= 0) and classical loss
εL = δṗ/c2, this is the KZK equation whereδ is the diffu-
sivity.15

Integrating Eq. (8) with respect to time leads to the final
dimensionless equation

∂p
∂z

=
1
2

Z τ

−∞

(

∇2
⊥−g

)

pdτ+(εnp− εt) ṗ+ ε
∂Lp
∂τ

. (9)

Equation (9) combined with the boundary condition
p(z= 0) = p0(x,y,t) uniquely determines the pressure field
at a planez> 0.



By employing the parabolic approximation, the equation is
no longer able to describe waves which travel in the nega-
tive z-direction. However, as the reflection coefficient be-
tween different types of soft tissue is low (< 0.1), and re-
verberations have been reported to produce only minor dis-
tortions of the forward propagating pulse in soft tissue,14,16

this should not reduce the accuracy of the simulation of the
forward-propagation significantly.

2.4 Operator splitting

A mathematical foundation for operator splitting is
found by combining the Lie-Trotter product formula29

(Thm. 10.17) with theproduct integral.30

Equation (9) is of the form

∂p
∂z

= (Ad +An+Al )p,

where the operatorsAd, An andAl account for diffraction
and scattering, nonlinear elasticity, and energy loss, respec-
tively

Ad(z)p =
1
2

Z τ

−∞

[

∇2
⊥−g(z)

]

pdτ, (10)

An(z)p = [εn(z)p− εt(z)] ṗ, (11)

Al (z)p = ε(z)
∂L(z)p

∂τ
. (12)

The exponential function exp(hA) is used to formally de-
note the operator which sends the initial conditionu(0) onto
the solutionu(h) of the differential equation∂u/∂t = Au. In
this notation, the solution of Eq. (9) is denotedp(z+ h) =
exp(h[Ad +An+Al ])p(z). Furthermore, the formal order of
the error for the approximation

p(z+h)≈ ehAdehAl ehAn p(z)

is O(h2). This is therefore referred to as a first-order ap-
proximation, often denoted asGudonov splitting. Strang
splitting31 may be used as an alternative method for com-
bining the solution operators in order to increase the formal
order of the approximation,e.g.

p(z+h)≈ e
h
2Ade

h
2AnehAl e

h
2Ane

h
2Ad p(z).

The order of convergence, however, will depend heavily on
the solution, and not necessarily adhere to this formal order.

3 Implementation

The model equation for forward wave propagation is writ-
ten in the form of an evolution equation. The compu-
tation starts at the planez = 0 with an initial condition
p(x,y,0,t) = p0(x,y,t). The propagation is performed in
steps of lengthh in the direction ofz, such thatzk = kh.
The numerical approximation of the exact solution operator,
exp(hA), is denotedUh

A. In this notation an approximate
solution to the equation as a whole is given by

p(zk+1,t) = Uh
Ad

(zk)U
h
An

(zk)U
h
Al

(zk)p(zk,t).

For the exact solution operators, an arbitrarily accurate ap-
proximation may be obtained by choosing a small enough
step size to eliminate the splitting error. For the numerical
solution, the step size should not be chosen in an arbitrary
manner. When the splitting error is of the same order of
magnitude as the numerical error in each of the numerical
solution operators, decreasing the step size further may, in
fact, amplify the error. The step size should ideally be se-
lected such that the splitting error is of the same order of
magnitude as the accuracy of each of the numerical solu-
tion operators. This may be viewed as a form ofMorzov’s
discrepancy principleknown from the theory of regularisa-
tion and inverse problems.32

3.1 Absorption

A phenomenologic model for frequency-dependent absorp-
tion which is often used is thepower-law absorption model.
In particular it provides a good description of soft tissue.28

Employing this model, the quantityε∂Lp/∂τ in Eq. (9) may
be defined through its temporal Fourier transform

F {∂Lp/∂τ} = −|ω|bF {p},

ε =
ln10
20

a

(2π)b ,
(13)

wherea andb are appropriate tissue-dependent parameters.
The operatorL as defined by Eq. (13) violates the causality
principle. As such the model is not physically correct. It
may however be amended by letting

F {∂Lp/∂τ} =
[

−|ω|b + i∆(ω)
]

F {p}.

Causality implies that∆(ω) should be the Hilbert transform
of |ω|b.33

Due to the spectral definition of the absorption, the Fourier
transform is well suited to define a solution operator for
the absorption term. LettingF andF −1 be the temporal
Fourier transform and its inverse transform, respectively,

p(zk+1,τ) = ehAl (zk)p(zk,τ)

= F −1[F (p)(zk,ω)exp(−ε(zk)H(zk,ω)h)],

with

H(zk,ω) = (1− iH ) |ω|b(zk),

and H denoting the Hilbert transform. Using the Fast
Fourier Transform (FFT) in the implementation, a solution
operatorUh

Al
(zk) is obtained.

The main limitation for the accuracy of this solution opera-
tor is in applying the FFT over discontinuities at the edges
of the signal. The computation domain is therefore large
enough in the temporal direction to make the pulse taper to
zero at both ends.



3.2 Nonlinearity

When the step sizeh is short,i.e. h< supp
τ

1/|∂p/∂z(zk,τ)|,
the nonlinear term is solved by the method of characteristics

p(zk+1,τ) = p(zk,τk−h∆ [zk, p(zk,τk)]) ,

∆ [zk, p(zk,τk)] =
εn(zk)+ εn(zk+1)

2
p(zk,τk)

− εt(zk)+ εt(zk+1)

2
.

This defines the solution at grid points which are not equally
spaced in the temporal direction. In order to preserve
equally-spaced grid points, the functionp(zk+1,t) is re-
sampled. This introduces an interpolation error. As long as
the pulse is sampled with a sufficiently high sampling fre-
quency, the interpolation error is negligible. The solution
operator including the re-sampling isUh

An
(zk).

There is, of course, a potential problem here in the event of
shock formation. If the step size has to be chosen increas-
ingly smaller, then the forward propagation would halt.
This could be resolved by a different solution method such
as front-tracking.34 However, absorption in soft tissue is
sufficiently large to avoid shock formation for the pressure
pulses of interest. Therefore, these problems are avoided
by adaptively setting the step size small enough and using a
high enough temporal sampling rate.

3.3 Diffraction: parabolic model

In order to find a numerical solution for the diffraction
and scattering effects defined in Eq. (10), an implicit Eu-
ler scheme was implemented

p(zk+1,τk) = p(zk,τk)+h
∂p
∂z

(zk+1,τk)

= p(zk,τk)+ p(zk+1,τk−1)− p(zk,τk−1)

+h
1
2

Z τk

τk−1

[

∂2

∂x2 −g(zk+1)

]

p(zk+1,τ)dτ.

The second derivative ofp with respect tox was ap-
proximated by a standard fourth-order central differenc-
ing scheme which may be represented by a banded matrix
D. Furthermore, the integral was evaluated using a trape-
zoidal approximation. LetI denote the identity matrix and
Bk = D−diag[g(zk+1)], where diag[g(zk)] is the diagonal
matrix with entries fromg(zk). Let h∆ = h∆t/4. Then

(I −h∆Bk)p(zk+1,τk) =p(z,τk)− p(zk,τk−1)

+ (I +h∆Bk)p(zk+1,τk−1).

This set of equations may be solved inductively by assum-
ing the solution to be zero for some timeτ0.
In a limited computational domain, appropriate boundary
conditions must be applied in order to avoid reflection arti-
facts. This was achieved by adding a PML at the boundary
of the domain.21,22

3.4 Diffraction: pseudo-differential model

Equation (9) is exact for simple waves, and a good approxi-
mation for directive sound beams when the curvature of the
wave front is small. In a heterogeneous medium, however,
the wave front may undergo deformations which cause the
curvature to be too large for this approximation to be ade-
quate. Higher-order parabolic approximations may be used
to improve the results in such cases.35 Implementation of
these is also discussed in Ref. 36. Alternatively, whenρ
is constant, the diffraction operator resulting from the full
wave equation may be solved in the forward direction using
theangular spectrum method.
Define the functionU as

U(kx,ky,ω,h) =







e
−ihω

(√

1−(k2
x+k2

y)/ω2−1
)

,ω2 > k2
x +k2

y

e
ihω

(

i
√

(k2
x+k2

y)/ω2−1+1
)

,otherwise.

A solution in the forward direction is then given by

p(x,z+h,τ) = F −1{U(kx,ky,ω,h)p̂(kx,ky,z,ω,h)} ,

whereF represents Fourier transform with respect tox,
y, andt. This solution is what Bamberget al. refer to as
approximating the wave equation by apseudo-differential
equation.24 The resulting one-way wave equation will
therefore be referred to as thepseudo-differential model.
In addition to the boundary condition ofp(z) = p0(x,y,t)
it will implicitly satisfy an outgoing radiation condition
which ensures that the solution propagates in the positive
z-direction. If ρ is not constant, an approximative solution
may be defined in a similar way.26

Employing the FFT in the implementation imposes periodic
boundary conditions. For a focused beam, however, ade-
quate suppression of the effect of periodicity is obtained by
applying a spatial window-function to the solution at regu-
lar intervals, thus tapering the solution to zero at the edges.

4 Examples

The performance of the presented simulation method is
demonstrated by its propensity to produce numerical results
which compare favourably to various references, including
known analytic solutions, measurements in a water tank and
to a numerical solution to the full wave equation.

4.1 Homogeneous tissue

4.1.1 Burgers equation - analytic

In the case of plane waves in water, Eq. (9) reduces to

pz = εnpṗ+ εp̈.

By a simple change of variablest = z andx = −εnτ, this
may be transformed into a viscous Burgers’ equation on
standard form with viscosityν = ε/ε2

n. An analytic solu-
tion based on aδ-pulse initial condition may therefore be
used as a reference in this case.37



Figure 1 shows the relativeL2-error

err=

√

R

|pnum− pref|2dt
R |pref|2dt

between the reference solution and the numerical solution.
The plot indicates that the Gudonov splitting scheme has a
local error of order slightly less thanh2, almost matching
the formal order of the scheme. The Strang splitting has a
local error of order somewhere between two and three for
this initial condition, and does not, therefore, obtain itsfor-
mal order of two. The local error of both schemes has a
kink where the accuracy changes. When the step size is
decreased beyond this point, the local error seems to be of
orderh. The kink indicates the point at which the splitting
error becomes insignificant compared to the error of each
solution operator. Increasing the individual solution oper-
ator accuracy,i.e. increasing the temporal sampling rate,
shifts the kink downwards, but at the expense of increased
computational and memory cost. The dashed line clearly
demonstrates this as the temporal sampling rate is increased
by a factor of two.
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Figure 1: Relative localL2 error for the numerical solution
when compared to an analytic solution to Burgers’ equa-
tion. Solid line: Gudonov splitting. Dash-dot line: Strang
splitting. Dashed line: Strang splitting with more accu-
rate solution operators. Dotted lines: slopes for local first-,
second- and third-order schemes.

4.1.2 Hydrophone measurements

A test of the model as well as the numerics was performed
using hydrophone measurements recorded in a water tank
experiment as a reference. The measurements used in
this study were recorded in a water tank using a 0.4 mm
needle hydrophone (Force Instruments MI2225). A pulse
with centre frequency of 2.2 MHz was transmitted from a
1.5D rectangular phased array probe (M3S) with dimen-
sions 22 mm×13mm and focal distance of 70.0 mm. In or-
der to obtain an initial condition for the numerical solution
to the wave propagation, measurements of the near-field
were recorded 1.0 mm away from the probe surface, perpen-
dicular to the focal axis (see Fig. 2). By doing so, the prob-
lem of modelling the physical characteristics of the trans-

Focal plane

8.5mm 69.5mm

1
4

.7
m

m

Near−field

recorded

Focal axisAnnular

array

Figure 2: Experimental setup for comparing the KZK-based
simulation to hydrophone measurements.

ducer, for example the element sizes and the acoustic cou-
pling between the transducer and the tissue, was avoided.
The near-field was numerically propagated a distance
69.0 mm to the focal plane of the probe. Figures 3 and 4
display consistency between the numerical solution of the
model and the measurements. Discrepancy should be ex-
pected due to factors like calibration of the hydrophone and
impurities in the water.
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Figure 3: Comparison between measurement and numeri-
cal propagation in the focal plane, 69.0 mm away from the
initial plane. Top left: measured acoustic field on thex-
axis. Top right: numerically propagated acoustic field on
thex-axis. Bottom left: temporal rms-value for the numeri-
cally propagated (solid lines) and measured (dash-dot lines)
acoustic fields alongx-axis andy-axis. Bottom right: spec-
trum of measured and numerically-propagated pulses at the
focal point.

4.2 Heterogeneous tissue

In order to evaluate how accurately the one-way wave
equation approximates the propagation through a heteroge-
neous medium, a simulation by the presented method was
compared to a numerical solution of the full wave equa-
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Figure 4: Comparison between the measured and numeri-
cally propagated acoustic field at the focal point, 69.0 mm
away from the initial plane.

tion. A speudo-spectral numerical solution of a comparable
wave equation was presented by Wojciket al..38 As there
is a publicly-available 2D-implementation of this pseudo-
spectral method,39 the comparison was performed for a 2D
simulation.
A plane wave propagating in thez-direction was used as
an initial condition for the full wave equation. The propa-
gating wave was recorded in two planes parallel to the wave
front, one at each side of the heterogeneity in the tissue. The
recorded incoming wave was then used as the initial condi-
tion for the numerical solution of both the parabolic model
and the pseudo-differential model. The solutions were then
compared with the recorded wave front obtained from the
pseudo-spectral solver of the full wave equation.
Figure 5 shows the sound speed variations in the heteroge-
neous tissue used for the simulation comparison.
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Figure 5: Sound speed variations used for the simulation
comparison.

Figure 6 displays consistency between the numerical solu-
tion of the full wave equation and the numerical solution of
the parabolic model. However, it is clear that the parabolic
model has problems representing parts of the propagating
pulse which travel at a wide angle out from the propagation
axis.
Figure 7 shows that the pseudo-differential model is much
more consistent with the pseudo-spectral solution of the full
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Figure 6: Comparison of the forward propagating wave
fronts for the one-way wave equation using the parabolic
approximation and the full wave equation. The wave fronts
were recorded at a depth of 8.9 mm. Top: solution of the
full wave equation. Middle: solution of the one-way wave
equation. Bottom: difference between the two solutions.
The line in the bottom picture indicates the location where
the cross-section shown in Fig. 8 is made. A±30 dB loga-
rithmic grey scale is used in the display.

wave equation than the parabolic model was. To illustrate
this further, a cross-section of the solutions is plotted in
Fig. 8. Not surprisingly, the pseudo-differential model is
also able to resolve propagation at a wide angle out from
the propagation axis. The discrepancy is caused by wave
reflections of the propagating wave not being accurately ac-
counted for in the one-way model.
A major benefit of using a one-way approximation to the
wave equation, instead of the full wave equation, is the
reduced computational complexity of finding a numerical
solution. Although only a crude optimisation of the im-
plementations was performed, the computational time for
propagating a 5 MHz pulse through the 9×9 mm computa-
tional domain in Fig. 5, using 256×256 spatial grid points
and the same temporal sampling rate, was approximately
four times longer for the full wave equation compared to
the pseudo-differential method (4.5 min vs. 1.1 min on the
available hardware; a 2.8 GHz P4 running MATLAB 7 under
Linux). Furthermore, the solution method based on one-
way wave equations scales linearly as a function of prop-
agation distance. The advantage, therefore, increases for
larger propagation distances.

5 Parallelisation

A major advantage of this scheme is the ease with which
it is parallelised. Described here is a parallelisation forthe
pseudo-differential model, whenρ is assumed constant.

1. Distribute the solution forz = 0 (i.e. p0(x,y,t)) and
medium parameters,εn(x,y,z), εt(x,y,z), ε(x,y,z) and
b(x,y,z), overP processors in slices along thex-axis
ranging fromxn to xn+1 on processorn.

2. Distribute propagation factorU(kx,ky,ω,h) over P
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Figure 7: Comparison of the forward propagating wave
fronts for the pseudo-differential model and the full wave
equation recorded at 8.9 mm. Top: solution of the full wave
equation. Middle: solution of the one-way wave equation.
Bottom: difference between the two solutions. The line in
the bottom picture indicates the location where the cross-
section shown in Fig. 8 is made. A±30 dB logarithmic
grey scale is used in the display.

−0.5 0 0.5

−1

−0.5

0

0.5

1

[M
P

a]

[µs]
−0.5 0 0.5

−1

−0.5

0

0.5

1

[M
P

a]

[µs]

Figure 8: Cross-section comparing a numerical solution to
the full wave equation (dash-dot line) to a numerical so-
lution of the one-way models (solid line). Left: parabolic
model. Right: pseudo-differential model.

processors in slices along theω-axis ranging fromωn

to ωn+1 on processorn.

3. Apply Uh
An

(zk) and Uh
Al

(zk) to the solution. This is
performed locally at each processor, only requiring the
pre-distributed material parameters.

4. Perform FFT along y and ω-axis. This is
again performed locally on each processor yielding
p(x,ky,ωn . . .ωn+1).

5. Redistribute solution overP processors in slices along
theω-axis ranging fromωn to ωn+1 on processorn.

6. Perform FFT along x-axis, yielding
p(kx,ky,ωn . . .ωn+1) on processorn.

7. Multiply solution byU(kx,ky,ω,h). Again this only
requires the pre-distributed propagation factor, and is
thus a local operation.

8. Perform inverse FFT (IFFT) alongkx andky, resulting
in p(x,y,ωn . . .ωn+1).

9. Redistribute solution overP processors in slices along
thex-axis ranging fromxn to xn+1 on processorn.

10. Perform IFFT alongω. The result on each processor
now constitutes the solution one step of lengthh for-
ward.

11. Repeat steps 3 to 10 until the solution at a desired
depthzhas been obtained.

It is worth pointing out that only steps 5 and 9 involve inter-
processor communication. Furthermore, it is possible to
subdivide the application ofUh

An
(zk) andUh

Al
(zk) into many

smaller steps without additional communication. This may
be required in order to avoid shock formation. Another nice
feature is that the only essential difference between 2D and
3D is a Fourier transform along they-axis. Thus a 3D im-
plementation is possible based on a previous 2D implemen-
tation with only minor modifications.
Figure 9 shows spatial distribution of the acoustic energy
when transmitting a 0.5 MPa and 3 MHz focused acoustic
pulse from a 2×2 cm square transducer through a homoge-
neous muscle-like tissue and through a heterogeneous tissue
structure resembling the female breast. The simulation was
performed using 256×256×512 grid points for the compu-
tational domain which covered a 51.2×51.2mm xy-domain
and a 7.3 µs time window. Propagating through an 80 mm
domain in the z-direction took approximately 8 hours on a
2.8 GHz P4 with 2 CPUs using the current MATLAB imple-
mentation (parallelisation with MPITB40).
The obtainable ultrasound image resolution is limited by the
width of the transmitted beam. The width increases when
propagating through the heterogeneous tissue. This spread-
ing results in reduced peak-energy by about 5 dB. The re-
duction has the effect of reducing the nonlinearly-generated
energy by about 12 dB. This reduction will in addition to
reduced resolution due to a widening of the beam also re-
sult in a lower signal-to-noise ratio for the received back-
scattered signal.

6 Concluding remarks

A one-way wave equation, Eq. (9), for modelling the for-
ward wave propagation of an ultrasound pressure field,
along with a numerical solution method, has been pre-
sented. The equation was derived using a parabolic approx-
imation to the full wave equation. The solution concurs
with analytic reference solutions and experimental mea-
surements in a homogeneous medium. The basic features
of the numerical solution are also the same as those of a
numerical reference, obtained as a solution to the full wave
equation. However, for a deformed wave front, the propa-
gation at large angles out from the axis of propagation is not
accurately represented using the parabolic model.
In order to represent propagation in an aberrating medium,
an approximation based on the angular spectrum method
was applied. The resulting pseudo-differential model, while
still being a one-way model, significantly improves the
results over the parabolic model for the heterogeneous
medium. When implemented using the FFT, the pseudo-
differential model introduces periodic boundary conditions.



[mm]

[m
m

]

−5 0 5
0

10

20

30

40

50

60

70

80

−25

−20

−15

−10

−5

[mm]

[m
m

]

−5 0 5
0

10

20

30

40

50

60

70

80

−25

−20

−15

−10

−5

[mm]

[m
m

]

−5 0 5
0

10

20

30

40

50

60

70

80

−28

−26

−24

−22

−20

−18

−16

−14

[mm]

[m
m

]

−5 0 5
0

10

20

30

40

50

60

70

80

−25

−20

−15

−10

−5

Figure 9: Acoustic energy distribution for when transmit-
ting a 0.5 MPa and 3 MHz pulse from a 2×2 cm square
transducer focused at a depth of 6 cm. Top left: total energy
through homogeneous muscle-like tissue. Top right: total
energy through heterogeneous tissue structure resembling
female breast. Bottom left: nonlinearly generated energy in
a band around 6 MHz through homogeneous tissue. Bottom
right: nonlinearly generated energy in a band around 6 MHz
through heterogeneous tissue.

Thus, while being efficient and accurate, the boundary con-
ditions introduce artifacts in the simulation. These were
suppressed by applying a spatial window to the solution.
A better solution may be to employ a higher-order (wide-
angle) parabolic approximation which retains the accuracy
at wide angles while facilitate PML boundary conditions.

The method has been parallelised in order to take advan-
tage of multiple processors when solving larger 3D prob-
lems. The pseudo-differential model is particularly easy to
distribute over a large number of processors. Extending a
2D code to perform 3D simulations was therefore relatively
straight-forward.
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