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Abstract efficient precomputed solutions. Two-dimensional ex-
amples are presented for pipes, bifurcations, and cou-

The reduced basis element method is a new approgngs of pipes and bifurcations in order to simulate

for approximating the solution of problems describdgierarchical flow systems.

by partial differential equations. The method takes its

roots in domain decomposition methods and reduced

basis discretizations [8, 16, 17], and its applications |ntroduction

extend to, for example, control and optimization prob-

Iems._ Thledbasm_: "?'ea IS to _f|rst ?ecg(rjnposg thi CO%he reduced basis element method is a new approach
putational domain into a series of subdomains that gt - o royimating the solution of problems described

similar to a few reference domains (or generic COMPHy partial differential equations. The method takes
tational parts). Associated with each reference domaj roots in domain decomposition methods and in re-

are prepomputgd s.olutlon.s correspondlng to the Safif.ed basis discretizations.
governing partial differential equation, but solved fo . :

. . : ,Eor a given parameter dependent problem: RirlX
different choices of some underlying parameter. In

: . su.{ch that
this work, the parameters are representing the geomet-
ric shape associated with a computational part. The F(u;p) =0, (@h)
approximation corresponding to a new shape is then
taken to be a linear combination of the precomputéae computational effort needed to find an approximate
solutions, mapped from the reference domain for théscrete solution often makes the problem unsuitable
part to the actual domain. We extend earlier wofRr repetitive solves or real time control. Similarily, if
[14, 15] in this direction to solve incompressible flui§l) represents a very complex system, the resolution
flow problems governed by the steady Stokes equa€quirements may be so severe that even a single ap-
tions. Particular focus is given to constructing the baroximative solution may be hard to obtain.
sis functions, to the mapping of the velocity fields, tbhe idea behind reduced basis methods is to precom-
satisfying the inf-sup condition, and to “gluing” the lopute several solutions of (1[,ui}i'\':l, corresponding
cal solutions together in the multidomain case [4]. We a preselected set of parameter val@s= {4 }N ;.
also demonstrate an algorithm for choosing the maftthe resolution of eachy; is represented by\, then
N <« A[. These precomputed solutions (or “snap-
*Corresponding author: alfemil@math.ntnu.no shots”) are then used as a basis for the solution space




of (1) to find the reduced basis solution for a gen@ricThe domainQ has an inflow boundarfi,, an outflow
N boundaryrl o, and wall boundarie§,,. On this do-
main we introduce the velocity space
() = 3 (. 0 ysP
1=

X(Q) = {ve (HY(Q)? V=0, =" =0}, (5)

where the coefficientq;(p) are determined through a
Galerkin method. The error between the reduced badiderev; is the tangential velocity component. In ad-
solution uy and the high resolution solution,, de- dition, we have the Neumann type boundary condi-
pends on the quality of the reduced basis space  tions given by specifying, = vk — pto bea! = —1

alongli, andad" = 0 alongl oy; here,uy is the nor-

V =spanu}, i=1,..,N, (3) mal velocity component andl/on denotes the deriva-

tive in the outward normal direction. For all the prob-
and on the underlying regularity of, with respect to lems solved in this study, the exact solution of (4) sat-
L As long asN is small, the work needed to fingy isfies % = 0 alonglin and oy, Which implies that
is negligible. Examples of reduced basis methods fehe Neumann conditions correspond to specifying the
lowing this computational approach include the Propgressure along the inflow and outflow boundaries (in a
Orthogonal Decomposition [5], Centroidal Voronoweak sense).
Tessellations [7], and Output Bound methods [11]. With the given boundary conditions, we define the
In the reduced basis element method we consider fitessure space to be
geometry of the computational domain as the generic
parameter. The domain is decomposed into smaller M(Q) = L2(Q). (6)
blocks, all of which can be considered to be deforma-
tions of a few reference shapes. Associated with edgtprder to solve the steady Stokes equations we define
reference shape are precomputed solutions for diffée bilinear forms

ent deformations of the shapes. The precomputed so-

lutions are mapped from the reference shapes to the a(v,w) =v /Q Ov-Dw dQ, (7)
different blocks of the decomposed domain, and the

solution on each block is found as a linear combina- b(v,q) = —/ qil-vdQ, (8)
tion of the mapped precomputed solutions. The solu- Q

tions on the different blocks are glued together usiggd consider the weak form: Finde X(Q)andp e

Lagrange multipliers. M(Q) such that

We will in this work focus on hierarchical flow sys-

tems, which can be decomposed into pipes and bifur- a(u,v)+b(v,p) = [(v) VveX(Q) )
cations. We limit ourselves to the steady Stokes equa- b(u,q) = 0 VgeM(Q),

tions in the modeling of the flow through such systems,

and in the next section we describe how the geomeffere
enters the equations as a parameter. We use spectral
elements in the modeling, but the method applies tl)(v) -
other discretization techniques as well.

(f,v)+/ oMv.ndst [ o%"v.nds. (10)

[in rout

For all the problems considered in this work, the body
forcef will be zero.

2 The steady Stokes problem To ensure a unique solution of the steady Stokes prob-

_ . . lem (9), the coercivity condition
We consider here the two-dimensional steady Stokes

equations a(w,w) > a|[W||fs ), YweX(Q), a>0, (11)
—VAu+0Op = f inQ, ) and the inf-sup condition
O-u = 0 inQ,
, b(v,q)
. L . f = 12
whereu = (u,uy) is the velocity field,p is the pres- qelf\r/?(Q)veS)tj(g) HQHLZ(Q)HVHHl(Q) p>0, (12)

sure,f = (fy, f2) is a prescribed volumetric body force,
andv is the fluid viscosity; see [1]. For all the probmust be satisfied; see [2] and [6]. These conditions are
lems studied in this paper, this model will suffice.  fulfilled for our particular Stokes problem.



S where (;(§) refers to a one-dimensional(-th order
|l | Lagrangian interpolant through the GLL poingg,
m=0,...,A; here,{i(§m)¢j(&n) = dimdjn for a given
point (§m,&n) in the underlying tensor-product GLL
1t 1 grid.

In a similar fashion, we write

J | (Peo@) (&) = 3 B AELM), A7)

-3t

where/; (£) refers to a one-dimension&l\(—2)- th or-

der Lagrangian interpolant through the (interior) GL

points{m, m=0,..., A'—2; here /;({m)¢j(Cn) = Oimdjn

Figure 1. A hierarchical flow system with one pipefor a given point in the tensor-product GL grid.

block and three bifurcation-blocks. Based on (13), where we have defined the global map-
pingQ = db(ﬁ), we express the bilinear forms (7) and
(8) in terms of the reference variablésandn as

2.1 Discretization

E
We consider here a computational dom&nwhich a(v,w; ®) = % a(v,w; @), (18)
represents a two-dimensional flow system as depicted e=1
in Figure 1. We assume that the domain can be decom- E
posed as a union df non-overlapping subdomains b(v,p,®) = b(V, P, G). (19)
Qe, e=1,...,E, with each subdomain representing e=1
a deformed square. Each deformed square is agaifir@ elemental contributions to these sums are
regular one-to-one deformatioq,, of the reference

squareQ = (-1, 12 ie., a(v,w; @)=V [5 6 TO(Veo @) - Jo T O(Weo ge)|Je| Q2 (20)

E E N ~
Q=JQ=U®(Q) =oQ). (13)  bvpe)=-Ja(p o)l [J (Vo) d0,  (21)
e=1 e=1

where 4 is the Jacobian ofp, and J its determi-

In our case, each subdomain will be considered to ignt. The operatof] = [%7 %]T_ This gives us the
a single spectral element; see [12]. [®R(Q) be the fy|iowing discrete system: Findiy € X, (Q) and
space of all functions which are polynomials of df:grepsaN € My (Q) such that

less than or equal to in each spatial direction of2.
Forve=v,, , the discrete space for the velocity is then a, (uy.v;®)+ by (v, py: ®)

o (Vi®) WV € Xy (Q)
taken to be b (U, G ) (22)

= 0 YgeMy(Q),
Xar(Q) = {vEX(Q), Veoge € (P5(Q))?, e=1,...E}, (14) Whereay,, by andl, refer to integration of the bi-
_ _ _ linear and linear forms using Gauss-type quadrature.
while the discrete space for the pressure is We thus see that the geometry enters the equations as
Mo (Q)={a € M(Q), Geots €5 ,(8), e=1,...E}. (15) & parameter via the mappin?_Q, or more specifically,
through the elemental mappings, e=1,...,E.
The bases foX,(Q) andM,(Q) are conveniently ex-
pressed in terms of the reference variatlfesmdn. As .
a basis forX,(Q) we use a nodal basis through thd The reduced basis
tensor-product Gauss-Lobatto Legendre (GLL) points, _ _ _
while the basis foM, (Q) is a nodal basis through theé/Ve now define the reduced basis solution spaces

tensor-product Gauss-Legendre (GL) points; see [£8](Q) C Xx(Q) andMn(Q) C My (Q). Our objec-
and [13]. Specifically, we write tive is to find a unique reduced basis solutiog €

Xn(Q) andpn € M (Q) satisfying

N
(Ueo@e) (€,N) = z ui 4i(€)¢5(n) (16) 2 (UN,V; @) + by (V, pr; @)

lar (Vi) WV eXn(Q)
i,J=0 b (un, ;@) X (23)

0 VgeMy(Q).



As before the coercivity o&(-,-; ®) holds for allv €
Xn(Q), since itis a subset of, (Q). The inf-sup con-
dition (12), however, depends strongly ¥r(Q) and
Mn(Q).

In a hierarchical flow system we differ between build-
ing blocks with pipe structure, and building blocks
with bifurcation structure. The precomputation of ba-
sis functions is done separately for the two types of
building blocks. By grouping the spectral elements of

Q into building blocks,8* = ®(Q), each comprising Figure 2: The reference bifurcatio® constructed

EX spectral elements, we may write from six elements.
. Ki Ki+Kz
a=UzUC U 39, (24) . )
k=1 k=K;+1 the generic pipe blociBX,

wherek = 1, ..., K; indicates the pipe blocks, ahd= 0K = (WL(@) = 74 o (@9 DI (27)
K1+ 1,...,K; + K5 indicates the bifurcation blocks.

Each building block can again be expressed as The pressure Is a scalar field, and is mapped #m

to BX throughpk = p; o ®; o () 1. Only theN; fields

. E with the proper boundary conditions are used as basis
k=J&(Q) =aXQ) (25) functions on eackBX.
e=1 A building block which represents a bifurcation must

. N ) necessarily comprise several spectral elements. In this
for k=1,...,Ki+Kp, and with Q) denoting the \,o we use six elements to build each bifurcation;
mapping of the rgference square to each_ |nd|V|dL@ée Figure 2. Henc&X=6fork=K;+1,...,K; + K>
spectraL element in the building block. Since eagh ;5)  The pasis functions associated with bifur-
block B may consist of several spectral elements, Weiions are constructed by solving the steady Stokes
have, in generak(; +Kz < E. We will also denote the o ations on a preselected set of deformed bifurca-

i . k k ~ A
restriction of a fieldv to a block 3 asv*. tions {B = %(B)}'%,, where is a reference bifur-

In this work, a pipe building block consists of a Sinéation and?; is a regular mapping. To take care of
gle spectral element, i.eEX =1, k= 1.... K.

i ) In the different boundary conditions needed in the hier-
order to generate the basis functions to be used 0 g4 flow system, basis functions are constructed

pipe, we solve the steady Stokes probleglf(ZKzl) with heh pipes added to either the inflow boundary, or the
same possible boundary conditions as{dt}, 2, for o fiow boundaries of the bifurcations, or both. Only
a preselected set of deformations of the reference ¢ astriction of the solutions to the bifurcation blocks

main, {®; : Q — Qi};Z,. This is achieved by soVing 56 sed as basis functions. The resulting velocity so-
the steady Stokes problem on a deformed pipe cof¥ions (U}

o o 7, are again mapped to the reference do-
prising three spectral elements. The restriction of ﬂﬁ‘?ain o) by the Piola transformation. In contrast to

solution to each of these three elements will thus ta{ﬁ‘e solutions found on pipes, all velocity (and pres-

care pf th_e three pos;ible types of pipe segments @;’l‘jre) solutions comprise six segments= {Uie}gzl’
flow, interior, outflow) in the hlegﬁlrchlcal flow system, 4 they are mapped to the reference domain one el-

The resulting velocity fieldsju; };Z1, are then mappedgment at a time. On eacmk}%ﬁz we use theN,

to the reference domaf@ by the Piola transformationyaqis functions found on deformed bifurcations with
- _ the right boundary conditions, mapped to the generic
0i = Wi(ui) = 5 Hujo &) |F). 26 i . : ’ :
= Wilui) = g (o @)1 (26) domain by the inverse Piola transformation,
In this way, the direction of the velocity relative sk k16 ky—1/p. 116
' 4 = {0 ={(W¥ Ui . 28
to the geometry is preserved, and by construction 0= liefeo = {(%e) " (lie)fer (28)
b(ui,q; ®;) = b(0i,qo @;;1), wherel is the identity Now, on each of the six elements of a bifurcation the
mapping. Hence, each precomputed velocity figgld Jacobian is smooth and continuous, but across internal
is also incompressible of2. A similar result holds interfaces in a bifurcation it is not. To ensure tiits
when the inverse Piola transformation is applied in a-continuous function we must define both the prese-
der to map the velocity from the reference domain tected bifurcationg % }12,, and the actual bifurcations



in the hierarchical systeniB}2,, asC! deforma- In this case the inf-sup condition is insignificant. If we
tions of the same reference bifurcati@ A method also want to find the pressure however, the reduced ba-
for achieving this is presented in [10]. sis velocity spac&n(Q) must be enriched. This is due
The pressure solutions on the deformed bifurcatiottsthe fact that the spacé is spanned by divergence
also comprise six elemental contributions, and on tfree basis functions. We define the enriched space as
generic bifurcationBX, these are evaluated @ = Xy(Q) = X2(Q) @ X§(Q), whereXg consists of ve-

{ﬁg(e}gzl = {Peo@eo (cd;)‘l ;1. locity fields constructed in order to guarantee the inf-
We define the spaces sup condition, together with the constraints in (31) and
M K1 K (32); see [9] and [10] for details on how to construct
Y3 (Q) :{Spar{lf}(}il\l—l’ = el these velocity fields.
span{ii};Z), k=Ki+1,....Ki+K; (20) The inf-sup condition (12) is then fulfilled for the
M (Q)_{spar{ﬁ!‘ i'\':ll, k=1,..,Ky spacedMy(Q) andXn(Q), and we may solve (23) to
~ \span{ pE}2,, k=Ki+1, ..., K1+ Ky find both the velocity and the pressure simultaneously

involving a system of sizel8. Alternatively, we could

for which we know that the inf-sup condition is notq e the two separaté-sized problems (34) and
fulfilled since the velocity fields irv((Q) are all di-

vergence free. The indeX denotes the dimension of b, (v, p; ®)=—ay (Un,V; @) +la (v;®), Vve X§(Q),  (35)

Y{(Q) andMy(Q), and may be expressed as
for the velocity and pressure, respectively. Note that

N = N1K1 +NoKo. (30) neitherx3(Q) nor X§(Q) is a subset o, (Q), and

) th h meth re non-conforming.
Recall thatN; is the number of precomputed baS|ts at both methods are non-confo g

functions for theK; pipe blocks, andN, is the number

of precomputed basis functions for thg bifurcation 4 A pOSteriOI’i error estimation

blocks. We have that) < A’ andN, < A/, and both

are independent of the number of spatial dimension§ince the approximation abilities of the reduced basis
We also need to enforce a continuity condition acrog¥thod strongly depends on the quality of the precom-
the block interfaces iR, Ty = B'NB. We try to Puted basis functions, we have agriori knowledge

minimize the jump across these block interfaces by it how well the reduced basis solution for a generic pa-
troducing the constraints rameter will approximate the actual solution. To getan

estimate of how good our solution is we neegoste-
/ VK=V -npds=0, VYyeW), vkl, (31) rori error estimation. Based on the theory developed
i ’ in [17], and following the strategy of [18], the lower
and and upper output bounds; (uy) ands' (uy), for the
compliant output
/ (V) -tyds=0, YpeW,, vki, (32)
M ' s(u) = I(u), (36)
wheren is the unit normal vector of , t is the unit
tangential vector, andj;, andW, are spaces of low
order polynomials defined ofig. In [9] it is shown
that the order of these polynomial spaces can be u
to control the jump across the interfaces for multi-
element pipes. We thus define the reduced basis v
locity space

was constructed in [9] in the single block case, where
Xn(Q) C Xa(Q). i
gé)é a diffusion operator on the reference dom@in

AV, WD) = /Q g(@®)O(vod)-Owod)dd, (37)

wherev andw are functions or, andg(®) is a pos-
X3(Q) = {veYJ(Q), (31) and (32) hold, (33) itive function depending on the mappiy: Q — Q,

®) is chosen such that
and remark thatX$(Q) ¢ X,(Q) due to the jump 9®)

across the block interfaces. O‘OHV’&N <a(v,v) <av,v) YveXy(Q), (38)
If we are not interested in the pressure on the generic ‘

domain, we may solve the problem: Fing in XJ(Q) for some positive real constaob. The reconstructed
such that erroreis then defined as the field that satisfies

aN(uN,v;db):IN(v;dJ), VVGXS(Q). (34) a(ev;®)=I(v;®)—a(un,V; P)—b(v, pn; ) WeXy (Q),  (39)



where)?N(Q) ={vode (IP’N(Q))Z, V|, = 0}. For velocity and pressure basis functions until the maxi-
the bounds defined by mum bound gap reaches a predefined level.

In theonlinecomputation of generic solutions, we then
40) start withu’1 and its corresponding basis functions. We
solve for the reduced basis solution, and calculate the

s (un) =I(un), and

n B A
s (un) =1(un) +a(e.e), (41) bound gap. If the bound gap is larger than a specified
we then get limit, we include the basis functions corresponding to
B N the next parameter i6,,. The bound gap limit in the
™ (un) < s(uy) <87 (Un)- (42)  online case has to be larger than the bound gap limit

used to sort the basis functions. If the number of basis
functions in§ is not too large we may also include
all of them to find the reduced basis solution in a non-
adaptive fashion. Since ttee posteriori analysis for
the multi-block case is missing, this is what is done

When we generate the reduced basis, the numbei&en solving the hierarchical flow system in Figure 1.
basis functions quickly increases when more param-

eters are introduced. Potentially we could end .. .
with more than thousand basis functions, which Woulg Parameterlzmg the geometries

make the method rather costly and impractical. Fortu- 20 4 (21 how th i .
nately, the basis functions typically contain much rér-] (20) and (21) we see how the geometric mapping

dundant information. Different post-processing tecl%12 enters the_ steady_ Stoke_s gquatlons_ln a natl_JraI way.
niques [5, 7, 11] may be applied to reduce the nu 0 pontro[ different mstantlatlonSI; of this mapping we
ber of basis functions needed, while preserving the fined(Q;p), whereug DCR . The P elements
proximation capabilities of the generated basis. Ny are pgrameters which o_Iescrlbe, for example, _the
We follow the method presented in [19], where tr{gngth, thickness and opening angle of a bifurcation

output bound gap developed in Section 4 is used to éQCk' Giveny, a pipe or bifurcation block is con-

order the basis functions, such that the error in the o Hucted by defining its outer edges according,tand

put of interests(u), is minimized. We also recall thatt en the internal nodes are found using a Gordon-Hall

S\ is the set of preselected parameter values. Adap?el%omhm' Finally, for multi-element blocks, all the

to geometric parameters, we proceed as follows, sé jernal nodeds are_bacguséed aCZ‘;{dmg”tt% the _STOOth'
arately for the different block structures, i.e., pipe a g process described above. erafl e pom s.are
bifurcation. ound, the blocks may be rotated to any desired orien-

Offlinewe choose an arbitrary parametf_;;r: b€ Sy, tation. We note that all corners in the blocks are right

with corresponding geometr, and basis functionsangles' . _
ui, ug, andpi. These basis functions are savedas® Once the final values of all the nodal points have been
1y Y | - , a

anddy, and they span the spaciy = {v1,v¢} and computed, the'Jacobialj',, of the mapping®(Q; W)

1 and its determinant), are calculated and stored for
each node. If we again study (20) and (21), we see
that these quantities appear nonlinearly in the equa-

(43) tions. Thus we have nonlinear parameter dependence,

In the non-conforming setting whe® consists of sev-
eral blocks, the work is on-going.

4.1 Output driven reduction

My, = {ai}. Forallyj Sv\H; we now solve

aN(uNi,v;dDj)erN(v,pNi;de) = Iy (vi®j) veXer(Q;j)

B (Uyy 0 P) = 0 aeMy (B). S .
1 1 which is fundamentally different from most reduced
and calculate basis applications. The equations are not affine in their
parameter dependence either; see [17] for affine, linear
ly = max s (uy) —s (uy)l, (44) parameter dependence, and [3] for non-affine parame-
W ESV\Hy ' ' ter dependence.

whereu,, is the resulting reduced basis velocity. Theince we are only interested in giving a proof of con-
1 cept, we choos#® = 2 for the bifurcations, and let

U= (u,2). We let the first parametep?, define the
difference in length between the upper leg of the bi-
furcation and the lower leg, i.ait = L, — L; see Fig-
ure 3. The second parametgr, is taken to be the
cursive manner we thus choop{evvith corresponding difference in the opening angle of two legs of the bi-

basis functions corresponding m’gare saved ag, VS,
andap, and together witlvy,v§, anda; they span the
spacesXNé and MN;- We denoteSNQ = {1} and
repeat the process above for pjle SN\SN;- In are-
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) ] _ Figure 4: The deformed pipes used to construct the
Figure 3: The parameters used to define the bifurGaisis functions for the pipe blocks.

tions.

N | Np | [un—Uq|n1 | [[PN = Palli2
271 9 | 23.10° 36-101
furcation, i.e. 2 = 81 — 0. 33(11| 12.-10°3 5.8-102
The outline of the bifurcation is defined through its 39| 13| 97-10* 4.4.10°3
corner points and the length of the body relative to the 45| 15| 84.104 36-10°3
length of the legs. The opening angle is adjusted by a

rigid body rotation of the two cornerpoints of the uptaple 1: The reduced basis error on a generic multi-
per leg around the centerpoint of the inflow boundanyjock pipe with three blockdN = 3Nj is the total num-
Before any rotation, the difference in length betweger of degrees-of-freedom in the reduced basis spaces
the two legs is defined by setting tikecoordinates of X3, %€, andMy. Ny is the number of basis geometries

the corner points of the upper leg, (both are the samged to generate the basis functions.
before the rotation). The non-linear edges of the bifur-

cation are constructed such that they pass through the

corner points and the common edge point of the wwyth Lagrange multipliers across the block interfaces.

elements sharing an edge, and such that they are &ie final structure is a “bypass” system with three pipe
ocks and two bifurcation blocks.

pendicular to the inflow and outflow boundaries. T
upper and lower edges are fourth order polynomials,
while the edge connecting the two legs is, for optiméll Pipes

flexibility, constructed by the use of cubic splines. ] ] o
o) We consider the eight geometries in Figure 4 to be

For the pipes we choode= 4, and letu = (i, ..., . o .

We let the first parameter denote the rotation of tI‘?éD:S W'ftlh mflI)ow b(;)undalry anEg the Ieft_vertg:al edge,h
outflow boundary relative to the inflow boundary, sed! O,Ut ow boundary along the opposite edge. Eac

T The second and thirgPP€ IS decomposed into three sub-domains, all of

Figure 4 forp! = 0 andu' = — 3. oh | dot _ th ref
parameters are used to define the length of the infl¥(fyich are regular one-toz-one eformations of the ret-
{ence squar@ = (—1,1)<, and the restriction to each

and outflow boundaries, and the fourth parameter & X s
fines the fluctuation of the wall boundaries. sub-domain of the steady Stokes solutions found on

these geometries are stored @n In addition we
store the reflection of the solutions across &axis
6 Numerical exam ples in Q. This accounts to solving the steady Stokes equa-
tions on the reflection of the geometries acrossxhe
We now present some examples of the method apxis. Since the first geometry is symmetric, we thus
plied to different geometric structures. The first is @nd up with 15 precomputed solutions for each sub-
pipe consisting of three elements, where the solutiordiemain. We compute the associated enriched veloc-
found as a linear combination on each element, gluiég solutions, and solve (23) whe@ is taken to be
together with Lagrange multipliers. The second isaageneric deformed pipe, decomposed into three sub-
six-element bifurcation, where the solution is found aomains. Since we only haw; = 15 basis functions
a linear combination of global basis functions. Tha this case, we do not apply the selection algorithm
third structure is a hierarchical system consisting déscribed in Section 4.1.
one pipe and three bifurcations. The solution is nawhen we use cubic Lagrange multipliers in both the
found as a linear combination on each block structuregrmal and tangential direction to glue the solution to-
i.e. pipe or six-element bifurcation, and glued togethgether across the block interfaces, the error of the re-




N | |Jun —Uglnz | [[PN — Palli2
1| 14107 8.8-10 2 N | N1 | Np | [un—Usfnz | [[PN — PacllL2
5| 50-10% 48.10°3 36|99 26-10°3 4.0-101
10| 9.9.10°6 72.10°5 44 | 11]11| 1.7-10°3 6.6-10°?2
15| 4.0.10°° 7.3.10-6 52 13| 13| 12.10°3 4.9.10°2
65| 15|15| 1.1-10°3 3.7-10°?
Table 2: The reduced basis error on a single bifurca- 105|15]30] 42-10°* 6.3-10°°

tion. N is the total number of degrees-of-freedom in

the reduced basis spacé$, Xg, andMy. Table 3: The error in the reduced basis steady Stokes
solution on a multi-block system corresponding to Fig-
ure 1.N = N; + 3Ny is the total number of degrees-of-
freedom in the reduced basis spadgsXg, andMy.

N; is the number of basis geometries used to generate
the basis functions on the pipe blod¥ is the number

of basis functions used on the bifurcation blocks.

logyg

gaps converge as shown in Figure 5. Even without the
selection algorithm the convergence is exponential.

0 10 20 30 40 50 60 70
The number of basis functions

Figure 5: The bound gaps when varying two geometfe3  Hierarchical flow system

parameters on a single bifurcation. An example of a multi-block domain comprising both

pipe blocks and bifurcation blocks, is the complex flow

system shown in Figure 1. To precompute the basis so-
duced basis solution for an increasing number of bakitions, we use the same geometries for both pipes and
functions is as presented in Table 1. bifurcations as described above. For the pipes we only
use the restrictions to the inflow element, while we for
the bifurcations precompute the solutions by adding
pipe elements to the inflow and outflow boundaries in
We consider bifurcations characterized by the lengtinder to get the right boundary conditions. Only the re-
and angle of the upper leg relative to the length astfictions of the solutions to the bifurcation block are
angle of the lower leg. In the tensor product paramstored and used as basis solutions. For the pipe block
ter space generated by eight relative lengths and eiglat use all 15 precomputed solutions, while we for the
relative angles, we generate 64 bifurcations. We pigfurcation blocks again use the selection process to
compute the steady Stokes solutions on these bifurliait the number of precomputed solutions to 30. To
tions, and store them of. Again we compute theglue the blocks together across block interfaces, we
associated enriched velocity solutions, but before wgain use Lagrange multipliers. Since each bifurca-
find the reduced basis solution we apply the selectitbon block consists of two elements on the interface to
algorithm described earlier. an adjacent block, we now use linear Lagrange multi-
The resulting errors in velocity and pressure are preters defined on one half of the interface. In Table 3
sented in Table 2, and we see that the convergemegsee how the errors in velocity and pressure behave
is very good. It is better than the convergence seasthe number of basis functions increases.
for a multi-element pipe in Table 1, both because we
don’t have any consistency error from the element i@-4
terfaces, and because the basis bifurcations span the
generic bifurcation better than the deformed pipes refs the final example we combine both block struc-
resent the generic pipe in the previous example.  tures in the bypass system shown in Figure 6. Here
In this single-block case we may apply th@osteriori the upper branch illustrates the effect of a clogged
error analysis described in Section 4, and we compuwtn, while the lower branch is the bypass-vein. To
both the upper and the lower bound gaps. We do thiedel this domain with the reduced basis element
without using the selection algorithm, and the boumdethod, we use snapshot solutions computed on three-

6.2 Bifurcations

A “bypass”



N | Ng | N2 | Jun —Uglpz | ][Pn — Pay]li2 i
45 9] 9| 93.10° 3.3-10
55 |(11|11| 3.1-10°° 53.10°1
65 | 13| 13| 23-10°° 9.0-10 2
75 (15| 15| 14.-10°° 53.10°2 4
105| 15| 30| 5.4-10* 3.0.102

Table 4: The error in the reduced basis steady Stokes
solution on a multi-block bypass with three pip€igure 7: The contour of the error in the reduced basis
blocks and two bifurcation blocksN = 3N; + 2N, pressure solutiopy whenN; = 15 andN, = 30.
is the total number of degrees-of-freedom in each of
the reduced basis spack§, Xg, andMy. Ny is the
number of basis geometries used to generate the b@ﬁjﬁificantly.
functions on the pipe block, is the number of basis
functions used on the bifurcation blocks.
7 Future work

We have seen how the reduced basis element method

| works on the steady Stokes problem when the geome-
I E@j ] try is considered to be a parameter. In a forthcoming
paper we will consider the steady Navier-Stokes equa-

tions, and theory for tha posteriorierror estimation
ol in the multi-block case. In addition we will incorpo-
rate the non-affine theory of [3] in order to do more
Figure 6: The bypass with three pipe blocks and tv% the necessary compu_tation_s in the precomputation
bifurcation blocks. stage. Other issues to investigate include the exten-
sion to time-dependent problems, possibly with mov-
ing boundaries, and extension to three dimensional do-

o _ _ mains.
domain pipes to generate the basis functions for the

pipe blocks. The restriction of the snapshot solutions

to each of the three sub-domains are now used as biR@ferences

functions on their respective pipe block in the bypass _ _
system. As basis functions for the bifurcation blockdl R- Aris. Vectors, Tensors and the Basic Equa-
we use the same basis functions that were used on the ions of Fluid Mechanics Dover Publications,
hierarchical flow system in the previous example. 1989.

In this case we have two more block-interfaces com] | Babuska. Error-bounds for finite element
pared to the hierarchical flow system, each contribut-  method.Numer. Math, 16:322—333, 1971.

ing eight constraints on the reduced basis velocity so-

lution uy (2 constraints in each spatial direction for[3] M. Barrault, Y. Maday, N. C. Nguyen, and A. T.
each half of one interface). We see in Table 4 that the Patera. An’empirical interpolation” method: Ap-
error convergence is good, but if too few basis func-  plication to efficient reduced-basis discretization
tions are used we get spurious pressure modes due Of partial differential equationsC. R. Acad. Sci.
to the severe constraints on the reduced basis velocity Paris, Serie ] 339:667-672, 2004.

spaF:eXN(Q). . 44] B. F. Belgacem, C. Bernardi, N. Chorfi, and
In Figure 6 we present a contour plot of the errorinthe ~ Maday. Inf-sup conditions for the mortar spec-

reduced basis pressure sol_utiplm whenN; = 15 and_ tral element discretization of the Stokes problem.
N, = 30. Most of the error is located around the pipe Numer. Math, 85:257—281, 2000

block modeling the clogged vein. Compared to the
deformed pipes in Figure 4, used to generate the bagls] G. Berkooz, P. Holmes, and J. L. Lumley. The
functions for the pipe blocks, this pipe block differs  proper orthogonal decomposition in the analysis
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