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Abstract

A mathematical model has been developed which
describes the mass transfer across monovalent-ion-
permselective membranes as used in an electrodialysis
cell. The mass transfer model is based on the Stefan-
Maxwell transport equations. The latters are derived
in the membrane phase with two unstirred layers on
each side. Donnan equilibrium is used to describe the
concentration and the potential discontinuity on the
membrane-solution interface by means of sorption
measurements. The combination of the mass transfer
model and the equilibrium model enables the predic-
tion of concentration and potential profiles across the
electrodialysis stack once the model parameters are
available which are obtained from literature, separate
experiments or existing correlations.
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1 Introduction

E lectrodialysis is a process by which ionic sub-
stances with molecular weight below several

hundreds dalton permeate through a membrane in
the presence of an electrochemical potential : to
concentrate salt from dilute solution, to desalinate
electrolytic solutions, to separate ionic from non-ionic
substances, to exchange ions across a membrane,
etc. The principle of this technique is illustrated in
Figure 1 which shows a schematic representation of
a typical electrodialysis cell arrangement consisting
of a series of anion- and cation-exchange membranes
arranged in an alternating fashion between an anode
and a cathode to form individual cells. A cell consists
of a volume with two adjacent membranes. If an aque-
ous salt solution is pumped through these cells and an
electrical potentiel is established between the anode
and cathode, the positively charged cations migrate

towards the cathode and the negatively charged anions
towards the anode. The cations pass easily through
the negatively charged cation-exchange membrane but
are retained by the positively charged anion-exchange
membrane. Likewise, the negatively charged anions
pass through the anion-exchange membrane, and
are retained by the cation-exchange membrane.
Separation of cations from anions is efficient in
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Figure 1: Schematic diagram illustrating the principle of
an electrodialysis stack. C : Cation exchange membrane;
A : anion exchange membrane.

electrodialysis. However, in many cases, selective
permeation of specific ions, having the same charge,
through the membrane from a mixture is required.
Therefore various modifications of the ion exchange
membrane have been proposed and practiced, like
ion exchange membranes having monovalent ion
permselectivity [14, 15]. Electrodialysis through these
membranes has found a wide range of applications
such as edible salt production from sea water [18],
selective demineralization of brackich and saltwa-
ters [10] and acid effluents treatment. Even though
they are widely used in practice, the understanding
and modelling of their mass transfer behaviour has



not yet been completely elucidated.

To supply theoretical explanation of monovalent-ion-
permselective membrane phenomena, Nikonenko et
al [11] proposed a model based on the Nernst-Planck
equations. To take into account surface modification,
they introduced phenomenological conductivity coef-
ficients. Saracco et al [12, 13] analysed transport phe-
nomena through these membranes on the basis of a
combination of both a kinetic approach and the con-
ventional solution-diffusion approach. In this paper,
we describe our attempts to model an electrodialysis
process on the basis of the non-equilibrium thermody-
namics.

2 Process model

2.1 Schematic description of the membrane
flux model

Figure 2 shows a scheme of the membrane system.
The system under study consists of five main regions :
two stagnant film-layers and two equilibrium points,
on either side of the membrane, and the membrane it-
self. The two bulk regions contain the boundary con-
ditions, which are the known concentrations. The situ-
ation is one-dimensional withZ, the direction of trans-
port.
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Figure 2:Schematic picture of the membrane flux model

2.2 Transport equations

To model the movement of ions and water in multi-
component electrolyte-membrane system considered,
we have chosen to apply the Stefan-Maxwell theory
to our system. Transport equations according to this
theory allow to include the effect of non-idealities in
the chemical potential gradients and ion-ion friction
interactions into the mass transfer model. For ann
component mixture, for each componenti, the Stefan-
Maxwell equation can be formulated, which can be
represented as [17] :

ci∇µT,P = RT
n

∑
j=1

cic j

cTDi, j
(v j−vi) = RT

n

∑
j=1

xiNj −x jNi

Di, j

(1)

The left hand side of equation 1 represents all driving
forces exerted on a speciesi in the system, the right
hand side contains the friction forces between the
speciesi and other moving species in the system. The
set of Stefan-Maxwell equations for n components was
re-written by Hogendoorn et al [5] in such a way that
the current density can be used as an input parameter
in the model. The resulting transport equations lead-
ing to (n−2) independent Stefan-Maxwell equations
are [5] :

(N) = [A](∇C)− [β]C (2)

hereN is the matrix of fluxes, the contents of the ma-
tricesA andβ are given in the appendix.
Only (n−2) fluxes could be obtained by equation 2,
hence, more relations and constraints are needed.
Electroneutrality in the diffusion film :

n

∑
i=1

zici = 0 (3)

Electroneutrality inside the membrane :

n

∑
i=1

zici + zmcm = 0 (4)

The volume continuity equation in the diffusion film :

n

∑
i=1

V̄ici = 1 (5)

The volume continuity equation inside the membrane :

n

∑
i=1

V̄ici + V̄mcm = 1 (6)

Electrical current density expression :

I = F
n

∑
i

ziNi (7)

Finally, for each component there is a component mass
balance. Under the steady state assumption, the equa-
tion of continuity is :

∇Ni = 0 (8)

To solve the system of Eqs. (2)-(8), it is easier to use
dimensionless variables. To this end the following re-
lations are used:

z
′
= z

δ c
′
= c

c0
[A

′
] = [A]

D0

[β′
] = δ

D0
[β] τ = D0t

δ2 (N
′
) = δ

c0D0
(N)



To describe the transport through the all membrane
system, the set of differential equations have to be ex-
pressed in diffusion film layers and the membrane and
need to be linked to each other by means of the inter-
facial equilibrium. On the boundary between the fluid
film and the membrane, a thermodynamic equilibrium
is assumed. Then, for each species, we can define an
electrochemical equilibrium between liquid and mem-
brane phase :

µ0m
i +RT lnai

m+ziF ϕm = µ0s
i +RT lnai

s+ziF ϕs

(9)
Rearranging of equation 9 gives the electrical poten-
tial difference between the membrane and the adjacent
solution to :

ϕm−ϕs =
RT
ziF

ln
as

i

am
i

= ϕDon (10)

ϕDon is the potential difference between the membrane
and the solution and referred to as Donann poten-
tial [2]. Equation 10 permits to describe distribution
of ions at the interface between the solution and the
membrane. Given the multicomponent character of the
electrodialysis electrolytes and the membranes phase,
the activity coefficients of the individual ions were
evaluated by the multicomponent Bromley model [1] :

log10γi =
−0.509z2

i

√
I

1+
√

I
+Fi (11)

For a specific cationC and an anionA, the termFi

becomes :

FC = ∑a

(
(0.06+0.6Bca)|zcza|(

1+ 1.5I
|zcza|

)2 +Bca

)(
zc+|za|

2

)2
ma

FA = ∑c

(
(0.06+0.6Bca)|zcza|(

1+ 1.5I
|zcza|

)2 +Bca

)(
zc+|za|

2

)2
mc

HereBca is the Bromley constant of the electrolyte un-
der consideration andI is the ionic strength. To de-
scribe mass transport in aqueous phase, the film thick-
ness of the polarisation layer must be known and de-
pends on the flow rate. We evaluated it, in our case, by
the correlation presented in [16] :

Sh= 1.9Re1/2Sc1/3
(

h
∆l

)0.5

(12)

The model equations involves a set of non-linear equa-
tions. To overcome discontinuity occuring on the
membrane-solution interface, the numerical resolution

strategy is as follows. Equations were solved numer-
ically in the individual sections by an implicit finite
difference method using the following boundary con-
ditions :

• Bulk concentrations of the left- and right-side
electrolytes,

• at the phase transition between the fluid film and
the membrane, equation 10 and sorption mea-
surements results were used to describe distrib-
ution of ions at the interface. The membrane wa-
ter concentration at interfaces was calculated as
a function of the external salt concentration. Be-
sides, the volume continuity (5, 6) , electroneu-
trality (3, 4) and continuity (8) equations are part
of the system of equations.

Finally, to calculate solution concentrations at left and
right interfaces (Cs

i,l andCs
i,r ), we defined an optimisa-

tion criterion in which the difference between species
fluxes at interface is minimised :

J = min

√(
Ns

i,l −Nm
i

)2
+

(
Ns

i,r −Nm
i

)2
(13)

with following constraints :

Cs
i,l > 0 (14)

Cs
i,r > 0 (15)

We plotted the evolution ofJ according toCs
i,l andCs

i,r .
Figure 3 shows that there is unique minima which was
obtained by applying numerical optimisation using a
fast algorithm for nonlinearly constrained optimisation
calculations [8, 9].

3 Experimental

Membranes studied in this work are Neosepta ACS
and CMX-S provided by Tokuyama Soda Co. ACS
are monovalent-anion-permselective membranes, the
permselective layer is made of a highly cross-
linked resin, whereas in CMX-S (monovalent-cation-
permselective membranes) the thin layer is positively
charged.
For the electrodialysis mass transfer model, membrane
diffusion coefficients and membrane composition have
to be known as a function of concentration. Therefore,
three types of experiments are performed.

1. Measurement of internal water concentration at
different external concentrations.
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Figure 3: Evolution of the optimisation criterion versus
solution concentrations at the interface

2. Co-ion uptake by means of ion exchange equilib-
rium measurements.

3. Diffusion dialysis.

Prior to any measurement, the membranes are stabi-
lized according to French standards [3].

3.1 Membrane water content

The internal water concentration was measured in
NaCl solutions at 0.1, 0.2, 0.3, 0.4 and 0.5 M. Samples
of membrane of 4×4 cm are soaked in the agitated so-
lution at a given concentration and then removed from
the solution. After drying only the membrane surface
by wiping, the wet weight of the membrane is deter-
mined. The dry weight of the membrane is obtained
after drying the membrane at 60◦C in a exsiccator until
a constant weight was attained. The water mass frac-
tion of the membrane is calculated from :

εw =
mwet−mdry

mwet
(16)

The internal water concentration then follows from :

c̄w =
ρmεw

Mw
(17)

ρm is the membrane density determined from both the
wet masses and volumes involved.

3.2 Sorption measurements

Ion exchange equilibrium measurements were per-
formed for both cation and anion exchange membrane.

To determine the ion-exchange capacity and the Cl−

co-ion uptake in the CMX-S membrane, each sample
of membrane is immersed into 1 M NaCl solution to
convert the membrane into Na+ form. To remove the
co-ions Cl−, samples are put into pure water until end
of pH variation. Then these are equilibrated in NaCl
solution of 0.1, 0.2, 0.3, 0.4 and 0.5 M.
After being rinsed carefully the membranes with dis-
tilled water to eliminate electrolyte adhering to the
membrane surface, the membranes were put into 0.5 M
NaNO3 solution. The amounts of the Cl− exchanged
by NO−3 ions are analysed by ionic chromatography
(Dionex DX 120 equipped with a CS 12 A for cations
or an AS 12 A column for anions). Afterwards, the
membranes are equilibrated in 0.5 M HNO3 solution.
This procedure was repeated three times to be sure that
all Na+ ions in the membrane were exchanged by H+

ions. Na+ ions concentration was determined using a
VARIAN AA 220 atomic absorption spectrophotome-
ter.
Knowing the masses and volumes involved in the ex-
periment, the co-ion concentration in the membrane
can be calculated. The ion exchange capacity of the
membrane in Na+ form is simply the difference be-
tween the calculated Na+ concentration and Cl− con-
centration.
To measure the ion-exchange capacity and the co-ion
Na+ uptake of the anion exchange membrane, the
same concentrations of NaCl were used. To replace
the co-ion Na+ and to keep the fixed charges in Cl−

form, 0.5 M HCl was used. Total internal concentra-
tion of Cl− was determined by immersing the sam-
ple of membranes in 0.5 M HNO3. The calculation of
the fixed-charge concentration and the co-ion uptake
is analogous to cation exchange membrane.

3.3 Diffusion dialysis

To determine binary diffusivities inside the mem-
brane, diffusion dialysis experiments are conducted
in a membrane cell. Tested membrane separates two
compartments : concentrated electrolyte (initial con-
centration equal to 0.4 M) and pure water. The start-
ing volume of each solution is 500 mL. The circula-
tion of solutions is made by two gear pumps. After
72 h, the dialysis is stopped and the solutions are sam-
pled. By means of conductivity measurements and so-
lution weighing, concentrations and volumes were de-
termined.



Cs(mol/m3) Cw(mol/m3) nm
Cl−(mol) nm

Na+(mol) m̄Cl−(mol/kg) m̄Na+(mol/kg) γm
s

100 15519,78 6,34.10−6 0,408.10−3 0,019 1,212 0,671

200 15073,53 8,73.10−6 0,434.10−3 0,027 1,354 0,685

300 14671,36 34,79.10−6 0,419.10−3 0,104 1,247 0,686

400 14198,01 63,52.10−6 0,393.10−3 0,189 1,167 0,667

500 14760,25 93,17.10−6 0,415.10−3 0,277 1,233 0,642

Table 1:Equilibrium properties of the cation exchange membrane as a function of the external concentrations of NaCl.

Cs(mol/m3) Cw(mol/m3) nm
Cl−(mol) nm

Na+(mol) m̄Cl−(mol/kg) m̄Na+(mol/kg) γm
s

100 13580,00 0,462.10−3 0,091.10−3 2,020 0,397 0,318

200 12902,10 0,500.10−3 0,021.10−3 2,084 0,087 0,279

300 12611,99 0,544.10−3 0,031.10−3 2,357 0,134 0,328

400 12298,00 0,582.10−3 0,072.10−3 2,479 0,307 0,312

500 11548,12 0,553.10−3 0,207.10−3 2,526 0,947 0,252

Table 2:Equilibrium properties of the anion exchange membrane as a function of the external concentrations of NaCl.

4 Results

4.1 Membrane characterisation

Membrane water content and ion exchange equilib-
rium measurements permit us to obtain an insight into
properties of the cation-exchange membrane. These
properties are the internal water concentrationC̄w,
total co-ion molalitym̄Cl− and counter-ion molality
m̄Na+ . The situation with the anionic membrane is
analogous. The last column of tables 1 and 2 gives
the values of the mean activity coefficient of the elec-
trolyte in the membrane phaseγm

s calculated using co-
ion, counter-ion values and equation 10. Donnan ther-
modynamic equilibrium model was applied to the re-
sults. Figures (4) and (5) show results for the co-ion
sorption in the studied membranes. The deviation of
the model lines from the measured points follow di-
rectly from experimental errors.

4.2 Diffusion coefficients

Description of mass transport according to the Stefan-
Maxwell equations requires knowledge of binary dif-
fusivities Di, j which measure the interaction between
each componenti with another componentj in the sys-
tem. For a system withn components,n(n−1)

2 diffusiv-
ities are required. A distinction should be made be-
tween the diffusivities in the diffusion films and the
membrane phase. In NaCl aqueous solution, diffusivi-
ties are obtained from transport numbers, activity coef-
ficients and equivalents conductivities of Na+ and Cl−

ions. This information is available in literature [7].
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Figure 4:The co-ion concentration in CMX-S membrane
as a function of external NaCl concentration.

DNa+,w andDCl−,w depend little on concentration and
both have values of around10−9 m2/s, in model cal-
culation we used the following values :DNa+,w =
1.333× 10−9m2/s andDCl−,w = 2.033× 10−9m2/s.
DNa+,Cl− is much smaller and can be determined by an
empirical relation given in [19] :

DNa+,Cl− =
DNa+,w + DCl−,w

2
i0.55

|z+z−|2.3 (18)

For the studied membranes, no Stefan-Maxwell dif-
fusivity data is reported in literature. The NaCl-
membrane system involves six membrane diffusivi-
ties (Dm

Na+,m,Dm
Cl−,m,Dm

Na+,Cl− ,Dm
w,m,Dm

Na+,w,Dm
Cl−,w) in

both cation and anion exchange membranes. In order
to reduce this set of diffusion coefficients, we first car-
ried out a sensitivity analysis in CMX-S membrane to
analyse the effect of each diffusivity on the variation
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Figure 5:The co-ion concentration in ACS membrane as a
function of external NaCl concentration.

of water and ion fluxes. Diffusivities which had a sub-
stantial influence on fluxes were considered as impor-
tant diffusivities. This sensitivity analysis showed that
Dm

Cl−,Na+ andDm
Cl−,m could be considered as ”unimpor-

tant” diffusivities then reducing the number of diffu-
sivities to determine to 4 instead of 6. Latters were
evaluated using independent dialysis measurements
and empirical relations. Wesselingh et al [20] have
presented some methods to predict interactions with
water, the method being based on the values of the dif-
fusivities in free solution [20] :

Dm
i, j = ε1.5Ds

i, j (19)

whereε is the membrane void ratio andDs
i, j is the dif-

fusivity in free solution.
Remaining diffusivities were obtained from diffusion
dialysis experiments which have to be described by the
same model outlined in section 2 with a difference that
no current is applied. Diffusivities in ACS membrane
are analogous, inimportant diffusivities areDm

Na+,m and
Dm

Na+,Cl− . Results of sensitivity study showing the ef-
fect of the diffusivities in membrane for both CMX-
S and ACS membranes are represented in figures (6)
and (7). ”Interesting zone” in figures shows interval in
which diffusivities lead to electrolyte and water fluxes
in opposite directions.
The results for NaCl and water fluxes for both CMX-S
and ACS membranes are shown in table 3.

Membrane NNaCl(mol/m2.s) Nwater(mol/m2.s)
CMX−S 4,69.10−6 1,77.10−3

ACS 16,1.10−6 4,09.10−3

Table 3: Measured NaCl and water fluxes through
CMX-S and ACS membranes.
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Figure 6:Sensibility study of CMX-S membrane.

Measured fluxes have been used to calculate mem-
brane diffusivities by applying a numerical optimisa-
tion using the Marquardt-Levenberg method. Table 4
contains the values of all diffusivities estimated and
calculated using empirical relations.

Diffusivities CMX−S ACS

DNa+,w 1,37 × 10−10 7,366 × 10−11

DCl−,w 3,874 × 10−11 1,82 × 10−10

DNa+,Cl− 7,743 × 10−12 7,848 × 10−12

DNa+,m 1,37 × 10−11 1 × 10−10

DCl−,m 1 × 10−10 1,81 × 10−11

Dw,m 2,11 × 10−10 2,33 × 10−10

Table 4: Diffusion coefficients.

4.3 Model calculations

In the present work, we simulate salt and water fluxes
in the stationary state through CMX-S and ACS mem-
branes in an electrodialysis cell containing the cation
and anion exchange membranes with two boundary
layers and well mixed solution. Temperature is 298
K. The thickness of polarisation layers was 100µm,
all layers being assumed the same thickness. The dis-
tance between membranes was 0.4 mm. Membrane
thickness is1.7×10−4 m for CMX-S membrane and
1.3× 10−4 m for ACS membrane . Mean concen-
tration of fixed functional groupscM = 1500mol/m3

and cM = 2600mol/m3 and their valencezM = −1
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Figure 7:Sensibility study of ACS membrane.

andzM = 1 for CMX-S and ACS membranes respec-
tively were used in the present study. The following
values of partial molar volumes were considered [6] :
V̄Na+ = 4.4×10−6m3/mol, V̄Cl− = 1.2×10−5m3/mol
andV̄w = 1.8× 10−5m3/mol. The partial molar vol-
ume for membranes were fitted with the model. In fig-
ure 8 the calculated concentration profiles across the
membranes placed in an electrodialysis cell are given.
These profiles are obtained for a current density of
37 A/m2. As can be seen in figure 8, conter-ions
in cationic and anionic membrane behave differently.
Na+ ions concentration in cation exchange membrane
is distincly much higher than fixed charge concentra-
tion, while Cl− ions concentration in anion exchange
membrane is scarcely above the fixed anion concen-
tration in the membrane. When applying an electrical
current through the electrodialysis cell in NaCl solu-
tion, boundary layers are formed on each side of mem-
branes with a higher gradient at the concentrating side.

5 Conclusion

The electrodialysis of NaCl solution was modelled us-
ing the Stefan-Maxwell formalism which offers a suit-
able way to describe mass transport and provides inter-
esting information on the ion distribution inside mem-
branes. Model parameters were obtained from existing
correlations and independent measurements. Diffu-
sion dialysis was used to estimate some membrane dif-
fusivities, it is interesting to set up experiments using
different driving forces to find more accurately mem-

100 200 300 400 500 600

0

500

1000

1500

2000

2500

Na+

Cl−

CM
K

CM
A

Figure 8: Calculated concentration profiles in an electro-
dialysis cell containing CMX-S and ACS membranes.

brane diffusion coefficients.

6 List of symbols

A matrix with diffusivities, non
idealities and transference numbers

ai activity of speciesi (mol.m−3)
Bn∗ matrix with diffusivities
c molar concentration (mol.m−3)
Cm ion exchange capacity (mol.m−3)
cT total concentration (mol.m−3)
Di, j Stefan-Maxwell diffusivity (m2.s−1)
h distance between membranes (m)
i ionic strength (mol.m−3)
I current density (A.m−2)
∆l distance between successive

eddy promotors (m)

N molar fux density (mol.m−2.s−1)
P pressure (Pa)
R universal gas constant (J.K−1.mol−1)
T temperature (K)
v average species velocity (m.s−1)
V̄i partial molar volume (m3.mol−1)
x mole fraction (-)
zi ionic charge of speciesi (-)
Z# matrix with electrical coefficientsi (-)

Dimensionless criterions
Re Reynolds number
Sc Schmidt number
Sh Sherwood number

Subscripts and exponents



A anion
C cation
m membrane
s salt solution
w water

Greek letters
γ activity coefficient (-)
F Faraday constant (96487 C.mol−1)
ϕ electrical potential (V)
µ electrochemical potential (J.mol−1)
ε void ratio (-)
εw water mass fraction (-)

Appendix.

Content of matrix A and β

MatricesA andβ are defined in [5], we point out here
their contents.

[A] = [Bn∗]−1[Ξ∗] (20)

Matrix β contains diffusivities and the current density :

[β] = [Bn∗]−1[Z#] (21)

• Matrix with frictions [Bn∗] :

Bn∗
i, j = Bn

i, j −Bn
i,n−1

zj

zn−1
i = 1, · · · ,n−2 (22)

with

Bn
i, j =

ci

cTDi, j
i 6= j (23)

• Matrix with thermodynamic non-idealities and
transference numbers[Ξ] :

Ξ∗i, j = Ξi, j −Ξi,n−1
zj −zn

zn−1−zn
i = 1, · · · ,n−2 (24)

With:

Ξi, j = Γi, j −cizi

n−1

∑
k=1

Γk, j
tn
k

zkck
(25)

Γi, j = δi, j +ci
∂lnγi

∂c j
(26)

tn
j =

zjc jF 2

κ

n−1

∑
k=1

Ln
j,kzkck (27)

κ = F 2
n−1

∑
i=1

n−1

∑
j=1

zizjcic jL
n
i, j (28)

Ln = −[Mn]−1 (29)

Matrix M is defined by :

Mi, j = Ki, j i 6= j = 1,2, · · · ,n (30)

Mi,i = Ki,i−
n

∑
k=1

Ki,k i = 1,2, , · · · ,n (31)

Ki, j = RT
cic j

cTDi, j
(32)

• Matrix with diffusivities and current densityZ# :

Z#
i, j = 0 i 6= j = 1,2, · · · ,n−2 (33)

Z#
i,i =

(
ziF
RTκ

+
1

F cTDi,n−1zn−1

)
I (34)

i = 1,2, · · · ,n−2
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et méthodes d’essais des membranes homopo-
laires.” AFNOR, Paris, (1995).

[4] B. Hamrouni and M. Dhahbi, “Activity coeffi-
cient calculation. Application to salt aqueous so-
lutions” Entropie237 (2002), 52-59.

[5] J.A. Hogendoorn, A.J. van der Veen, J.H.G. van
der Stegen, J.A.M. Kuipers and G.F. Versteeg,
”Application of the Maxwell-Stefan theory to the
membrane electrolysis process - Model develop-
ment and simulations”Computers and Chemical
Engineering25 (2001) 1251-1265.

[6] H.D.B. Jenkins and M.S.F. Pritchett, ”Absolute
ionic partial molal hydration volumes in water at
298 K” Phil. Mag. B48 (1983) 493-503.

[7] V.M.M. Lobo, ”Handbook of electrolyte solu-
tions”. Elsevier Science, (1990).

[8] M.J.D. Powell, ”A fast algorithm for nonlinearly
constrained optimization calculations”, Numeri-
cal Analysis, ed. G.A. Watson, Lecture Notes in
Mathematics, Springer Verlag, 630 (1978).



[9] M.J.D. Powell, ”The Convergence of variable
metric methods for nonlinearly constrained op-
timization calculations” Nonlinear Programming
3 (O.L. Mangasarian, R.R. Meyer, and S.M.
Robinson, eds.), Academic Press, (1978)
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