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Preface

The members of the Organizing Committee of SIMS 2004 are pleased to present the Proceedings
of SIMS 2004. The SIMS 2004 conference is the 45’th annual conference of the Scandinavian
Simulation Society, SIMS.
In Denmark the conference is held for the third time in a row at the Technical University of
Denmark hosted by the Department of Mechanical Engineering. SIMS’95 and SIMS 2000 were
also hosted here. For the first time the Danish section of SIMS, Dansk Simuleringsforening, has
been involved in the organization of the conference. Dansk Simuleringsforening was formed in
2001 among others by the Department of Mechanical Engineering of the Technical University of
Denmark and by Department of Energy Engineering of Aalborg University.
This year it was decided to include Computer Animation as a topic for the conference, and the
Department of Computer Science at the University of Copenhagen was invited to take part in
the organization. We find that the extension of the conference scope has been a success, and we
conclude that the extension has strengthened the cross-disciplined nature of the conference.
The proceedings clearly show the many and different areas, where modelling and simulation are
invaluable tools for the scientists and engineers. The paper handling was performed using the
CyberChair system, and 85 abstracts were submitted in the areas of: Refrigeration Mechani-
cal/Electronic Systems, Energy Systems, Manufacturing Processes, Numerical Methods, Simu-
lation of Communication Systems, Modelling and Simulation Tools, Process Optimization and
Diagnostics, Animation (Rigid- and Soft-body Simulation), Process Industry, and Gass Distrib-
ution. From these were 52 papers included in the proceedings. Geographically the authors are
mainly from Scandinavia, but we are happy to find that a substantial amount of authors from all
of the world have contributed. It is our hope that the participants will benefit from the cross-
discipline relations that will occur at the conference.
The organizers wish to express gratitude to the large work performed by the reviewers listed
elsewhere in the proceedings by supplying the authors with valuable comments and suggestions
for improvements of their papers. In addition, we would like to thank the sponsors also listed
elsewhere in the proceedings, without whose contributions it would not have been possible to
host a conference at such a high scientific level.

We hope you enjoy the conference and the proceedings,

Brian Elmegaard, Jon Sporring, Kim Sørensen, and Kenny Erleben
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Substituting equation (22) into (21) leads to:

sn+ 1(x) = s trial
n+ 1 � E � A� e( � Q

RT) �
�

js j
K

� n

� Dt � sign(s )
(23)

which can be rearranged in the following expression:

f (sn+ 1) = sn+ 1(x) � s trial
n+ 1 + E � A� e( � Q

RT) �
�

js j
K

� n

� Dt � sign(s ) = 0
(24)

From equation (23) it is evident that the stress level
at the new timetn+ 1 can not be found in closed
form. A Newton-Raphson algorithm was thus im-
plemented locally in order to determine the zero of
the functionf of equation (24).
It can be noticed that the functionf very much
resembles theeffective stress functionde�ned by
Bathe in [4]. Obviously, as suggested also by
Bathe, other methods, such as the bisection tech-
nique, could be used for the evaluation of its zero.

Results
This section is dedicated to the comparison of the
numerical curves with the experimental data ob-
tained both for tensile and creep tests. About the
experimental data it should be underlined that the
curves show large scattering (see �gure 9), proba-
bly because of the dif�culties that rose for measure-
ments at high temperatures. Consequently it is hard
to compare experimental and numerical curves. For
simplicity, in �gure 8 for example only one experi-
mental curve for each temperature was shown.

Figure 8: Tensile test curves, experimental and nu-
merical, for different temperatures

The numerical simulations and the experimental
curves obtained at several temperatures duringten-
sile testsare shown in �gure 8. It can be noticed
that good agreement is reached for temperatures
� 250oC and for the test conducted at room tem-
perature.

Figure 9: Experimental data for tensile test curves
for T = 80oC

For the simulation atT = 80oC andT = 180oC, on
the contrary, it looks like the hardening parameterB
could maybe be further optimized. Nevertheless for
T = 180oC the comparison with creep tests shows
that with the applied hardening parameter the simu-
lations well reproduce the creep curves.
For the test performed atT = 100oC it seems
also that the stress level at steady state is under-
estimated. However, if also other samples are con-
sidered (see �gure 9), it can be observed that a stress
level of 160MPa for the steady state is actually in
the range of the experimental data.
The computed results and the experimental values
obtained during the simulation ofcreep testsat T =
180oC and different stress levels are shown in �g-
ures 10 - 11. From the comparison it is possible to
conclude that the developed program well predicts
the creep strains during high temperature exposure
of the aluminum parts for almost all the stress levels.
However, it was observed that for an imposed stress
of s = 75 MPa the simulated curves over-estimate
the strain rate during secondary creep. This result is
due to the linear �tting, shown in �gure 6, that was
used for the determination of the exponentn. From
the same �gure it can be seen indeed that for

s = 75MPa, hencelog10
� s

K�

�
= � 0:16

the curve �tting amply over-estimates the strain rate.
In order to eliminate this mismatch, a third creep
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mechanism could be considered, so that:

�ein =

8
>>><

>>>:

A1 � e( � Q
RT) �

� s
K

� n1 for
�

s
K

�
� a

A2 � e( � Q
RT) �

� s
K

� n2 for a <
�

s
K

�
� b

A3 � e( � Q
RT) �

� s
K

� n3 for
�

s
K

�
> b

(25)

Figure 10: Comparison with a creep test conducted
atT = 180oC with imposed stresss = 100MPa

Figure 11: Comparison with a creep test conducted
atT = 180oC with imposed stresss = 110MPa

Few words should be spent also for the results shown
in �gure 11. The two experimental curves with
higher strain rates show the same shape and the
same range of strain rates experienced for an im-
posed stress of 120MPa. Consequently it seems rea-
sonable to consider that the experimental curve with
lower strain rate is the most realistic. Hence, also in
this case the numerical simulation well reproduces
the experimental data.

Conclusions
The paper illustrates the work done for the purpose
of predicting stress relaxation of aluminum at high

temperature. In particular, it presents the uni�ed
constitutive model used to describe the creep be-
havior of aluminum. The model is based on a sin-
gle state variable, the drag stress, which represents
the isotropic hardening of the material. It is shown
that by applying a simple growth law, see equations
(4) and (16), not only the steady state, but also the
transient situations can be properly modelled (see
the previous section). For the simulation of all the
phases of the heat-treatment of aluminum, which
can last between 2 and 8 hours, not only the sec-
ondary, but also the primary creep needs indeed to
be accurately predicted. With respect to other mod-
els found in the literature (i.e. [11], [12], [13]), the
one presented in this paper requires fewer material
parameters (B;Q;K0;K� ;A andn), hence a reduced
set of experimental tests.
In the applied model the initial drag stressK0 as well
as the activation energyQ were considered constant
in the range of temperature under study. The rea-
sons for these assumptions are basically based on the
lack of experimental data that are needed to further
describe an evolution of these two parameters with
temperature. However, the results, both in terms of
tensile test as well as of creep test, show that even
with these simpli�ed assumptions the model is ca-
pable of reproducing the experimental curves.
A further improvement could nevertheless be con-
sidered for the exponentn. As mentioned in the
previous section, the �tting of two linear curves in
the data shown in �gure 6 might be too simplistic.
This is the reason for the over-estimation of the sec-
ondary creep rate for the simulation of creep test at
T = 180oC with a stress level of 75MPa. In order
to reduce the mismatch, a third linear �tting could
be introduced with the purpose of modelling a third
creep mechanism, for the lower stress levels.
In conclusion, the paper has described the one-
dimensional program that, if used together with
the presented standard procedure, allows to deter-
mine the set of material parameters need to describe
the creep behavior of aluminum samples subjected
at high temperatures. Once evaluated by apply-
ing the simpler one-dimensional code, the material
parameters can be used in a more complex three-
dimensional thermomechanical simulation analysis
in order to predict the stress evolution during ther-
mal treatments. By incorporating this "new devel-
oped tool", it would be possible in the future to guar-
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antee continuity in the simulation and prediction of
stresss-strain evolution in complex structure during
casting, solidi�cation, heat treatments etc., until the
end of the manufacturing process.
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Abstract

In this paper, two di¤erent 1D mechanistic models
for the liquid-solid phase transition are presented.
The …rst model is based on the two-domain approach,
and results in 2 partial di¤erential equations (PDEs)
and one ordinary di¤erential equation (ODE) with
2 boundary conditions, 2 interface conditions and
one initial condition, namely the Stefan problem.
The PDEs are discretized by use of the collocation
method, and here the resulting model consists of 3
nonlinear ODEs.

In the second model, the metal column is consid-
ered as one-domain, and one PDE is valid for the
whole domain. The result is one PDE with two
boundary conditions. The PDE is discretized by the
method of lines.

The models are implemented in MATLAB; and
ode23s is used for solving the systems of equations.
The models are developed in order to simulate and
control the dynamic response of the solid/liquid in-
terface velocity. The control scheme is based on a
linear PI controller.

Keywords: Dynamic modeling, simulation, dis-
cretization, control, Stefan problem, phase transition

Nomenclature

Dimensional variables and parameters:
A cross sectional area[ m2]
ĉp heat capacity [ J=K kg]
h solid/liquid interface position [ m]
k thermal conductivity [ W=m K]

� Corresponding author:Bernt.Lie@hit.no

L heigth (length) of column [ m]
Ĥ speci…c enthalpy[ J=kg]
q heat ‡ux [ W=m2]
Q heat [ W]
t time [ s]
T temperature [ K]
vm solid/liquid interface velocity [ m=s]
z space variable[ m]
� heat di¤usion coe¢ cient[ m2=s]
� Ĥ f heat of fusion [ J=kg]
� density [ kg=m3]

Dimensionless variables and parameters:
c coe¢ cient in trial solution
e controller deviation
N number of discretization elements
K controller parameter
R residual for trial solution
s position
U temperature
u manipulated variable
v velocity
x state

 f heat of fusion
� heat di¤usion coe¢ cient
� space variable
� time
z heat

Sub-/Superscripts:
� trial solution
` liquid phase
L top of mold
s solid phase
� location in space
0 bottom of mold
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Figure 1: Example of morphology of the solid/liquid
interface at di¤erent growth velocities in a transpar-
ent organic system. Taken from [2].

1 Introduction

Solidi…cation processing involves a complex interac-
tion between many physical mechanisms. To address
modeling within solidi…cation processing, a multidis-
ciplinary approach must be followed. Subjects in-
cluded in solidi…cation processing may be material
processing, transport phenomena, phase transition,
control and optimization theory, numerical mathe-
matics, and computer science.

It is desireable to control some of the physical
mechanisms during the solidi…cation process, i.e in-
terfacial thermodynamics, convection, electromag-
netic e¤ects, di¤usion etc. Di¤erent physcial ef-
fects in‡uence the properties of the resulting solidi-
…ed metal. Two important properties that determine
the quality of the …nished material are the growth
velocity and the local thermal conditions at the so-
lidi…cation front. As an example, the concentration
of impurities in the solidi…ed metal may be depen-
dent of the solidi…cation velocity. At low solidi…ca-
tion rates, the solutes (impurities) have time to dif-
fuse away from the solid/liquid interface into the bulk
liquid. At high solidi…cation rates, the liquid phase
may become undercooled, resulting in a formation of
crystals in the bulk liquid. These may develop to
become dendritic, resulting in segregation of impuri-
ties between the dendrite arms [1]. Thus it may be
desirable to control the rate of solidi…cation to a pre-
de…ned rate to achieve a solidi…ed metal as pure as
possible. Figure 1 shows an example of the morphol-
ogy of the interface as a function of growth velocity.

Solidi…cation modeling is reported in numerous pa-
pers and books. Most of the models, however, are
used for o¤-line simulations of complex phenomena.
Many studies have been carried out in order to de-

scribe phenomena at meso- or microscale levels. Such
phenomena may be morphology development, den-
dritic growth pattern, or mushy zone e¤ects. It is
beyond the scope of this paper to develop a model
which includes the behaviour at lower levels. Model-
ing for control purposes involves simplifying complex
processes and yet maintain a realistic behaviour of
the system. The model presented in this paper is in-
tended to be used in real-time control, and thus a fast
and simple model will be pursued. According to [3],
little research has been carried out on modeling for
real time control purposes of directional solidi…cation
processes.

Two main approaches are distinguished in the
modeling of phase transitions: the two-domain ap-
proach (also called the sharp interface approach), and
the the one-domain approach (also referred to as the
entalphy method). The most common method is the
two-domain approach [4], in which a discontinuity of
the system variables at a sharp interface is assumed.
The two-domain approach results in the Stefan prob-
lem which has been studied for more than 100 years.
The moving boundary between the solid and liq-
uid phase makes the Stefan problem non-trivial from
both a mathematical and a numerical viewpoint [4].
Analytical solutions are only available for a limited
number of cases [5], and thus in most cases numeri-
cal solutions must be considered. Reported work on
the sharp interface approach is e.g. found in [6]. For
thorough information about the Stefan problem, the
books [7], [8] and [9] are recommended.

In the one-domain approach, it is assumed that
all the termodynamical parameters vary continuously
between the two phases. One of the advantages of the
one-domain approach is that the mathematically dif-
…cult problem of having a boundary at the interface
(which is part of the unknown solution), is avoided.
The position of the interface is determined a poste-
riori, from the numerical solution carried out in the
…xed domain. However, one disadvantage is that an
accurate location of the position may be di¢ cult to
obtain [9].

Control of solidi…cation processes is reported in
[10] and [11]. In these works, the control problem
is adressed as an inverse problem. In several other
publications, the term “inverse problems” is used to
describe the design solidi…cation problem. In this pa-
per, the objective is to control the cooling and heating
conditions at the …xed boundaries in order to achieve
desired growth velocities and freezing interface heat
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‡uxes. Often in an inverse problem, a perfect model
is assumed, and no corrections are made due to model
error and disturbances. The presence of model and
parameter uncertainties are taken into account in [12]
where strategies to minimize a deviation error is cal-
culated online, and action is taken by the furnace
control system. Inverse Stefan problems are reported
in several papers and books. [13] includes detailed
information about this subject. Other works treat-
ing the inverse Stefan problem are [14], [15], [16], and
[17].

This paper is organized as follows: In section 2 the
solidi…cation process is described and some assump-
tions are given. In section 3 the models are presented
and discretized. Possible parameter values are shown
in 4, and also some simulations are carried out. Con-
trol of the solidi…cation velocity is treated in section
5, and …nally some conclusions are presented in sec-
tion 6.

2 Process Description

We consider a metal column of heightL , originally
in liquid form. We want to study the solidi…cation
of the column into a solid metal rod. The system is
sketched in …gure 2. For simplicity, we assume that
the heat ‡ow is one-dimensional. For a casting that
has a cross-sectional area much smaller than its sur-
face area, this approximation seems to be reasonable
[1].

The metal column is assumed to be fully insulated
on the vertical surface. A heat source is placed at the
top of the column, whereas a heat sink is placed at the
bottom of the column. The constraint for maximum
growth velocity is the cooling rate, and the maximum
growth velocity is achieved when there is no heating
at the top of the column.

3 Model

3.1 Levels of description

In solidi…cation modeling, di¤erent levels of descrip-
tion exist [2], see …gure 3. The di¤erent levels of
modeling involve di¤erent length-scales. In a macro-
scopic model, the system is visible with a microscope
using ordinary light and is of the order of mm. The
advantage of a macroscopic model is that the gross
behaviour of the system can be studied, and the fun-

z

z = 0

z = h

z = L

Q0

QL

qz=h
s

qz=h
§

TÝz = hÞ= Tm
vm = dh

dt

/ T§

/ t
= J§

/ 2T§

/ z2

/ Ts

/ t
= Js

/ 2Ts

/ z2

qz=0
s

qz=L
§

_AHfvm = qz=h
§ ? qz=h

s

A

TsÝt,zÞ

T§Ýt,zÞ

Figure 2: Sketch of solidifying metal column.

damental physics laws can be applied to the bulk mat-
ter. In a microscopic model, however, the mechanical
or chemical phenomenon is studied at an atomic or
molecular level, and would not reveal the gross be-
haviour of the system. The order of this scale is10� 6

to 10� 5 m. At the mesoscopic level there is not a
sharp interface dividing the liquid and the solid, but
a region between the phases. This region is called
the mushy zone. The order of the mesoscopic scale
is approximately one tenth of the macroscopic order.
The smallest length-scale is at the nano-level at which
growth kinetics and nucleation is described by the
transfer of individual atoms from the liquid to the
solid. The scale is of order10� 9 m. One of the lim-
itations to the development of nano-scale models is
the hardware limitations which does not allow com-
putation of properties of the atomic scale in applied
casting engineering.

The model developed in this paper is described at
the macroscopic level. At smaller levels, the compu-
tation time will be too high for the model to be used
in real-time control [18].

3.2 A two-domain approach

The model is based on the heat di¤usion equation,
and there is one boundary condition and one interfa-
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Length scale

Solid

Liquid

Macro
Modeling

level Meso Micro Nano

Liquid

S
olid

M
ushy zone

10?9 m10?6 ? 10?5 m10?4 m10?3 m

Figure 3: Di¤erent levels of description in solidi…ca-
tion modeling. After [2].

cial condition for both solid and liquid phases. The
independent variables are timet and position z, and
the resulting model is a system of two PDEs and one
ODE.

The spatial domain is split into two subdomains by
the interface, one for each phase. We then have:

Solid phase :
@Ts
@t

= � s
@2Ts

@z2
for z < h (t)

Liquid phase :
@T̀
@t

= � `
@2T`

@z2
for z � h(t)(1)

where

� s =
ks

� s ĉs
p

and � ` =
k`

� ` ĉ`
p

:

There are two boundary conditions (one for the …xed
boundary and one for the moving boundary) for each
phase. For solid phase, the boundary conditions are

qs
z=0 A = � Aks

@Ts
@z

�
�
�
�
z=0

= � Qo (2)

Ts (t; h) = Tm .

Corresponding, for liquid phase we have

q`
z= L A = � Ak `

@T̀
@z

�
�
�
�
z= L

= � QL (3)

T` (t; h) = Tm .

At the interphase between the solid and liquid phases,
the following energy balance is valid [19]:

� � Ĥ f �
dh
dt

= q`
z= h � qs

z= h , (4)

Table 1: Non-dimensional variables and parameters.
Non-
dimensional
variables

Non-
dimensional
parameters

� = z
L 
 f = � Ĥ f

ĉs
p Tm

� = k s t
ĉs

p �L 2 � s = k s =k s

ĉs
p =ĉs

p
= 1

Us;` = Ts;`

Tm
� ` = k ` =k s

ĉ`
p =ĉs

p
= k `

k s

s = h
L

z 0;L = Q 0;L L
k s AT m

where:

qs
z= h = � ks

@Ts
@z

�
�
�
�
z= h

q`
z= h = � k`

@T̀
@z

�
�
�
�
z= h

.

It is common to present the Stefan problem in
dimension-less variables. The proposed transforma-
tion in [9] is adopted in this work, see table 1.

The heat di¤usion equations then become:

@Us
@�

= � s
@2Us

@�2
=

@2Us

@�2

@Ù
@�

= � `
@2U`

@�2

assumingĉ`
p = ĉs

p. At the interface we get

� s
@Us
@�

�
�
�
�
� = s( � )

� � `
@Ù
@�

�
�
�
�
� = s( � )

= 
 f
ds
d�

where 
 f = � H f

ĉs
p Tm

is dimensionless latent heat.

The boundary conditions at the interface are

Us j � = s( � ) = U` j � = s( � ) = 1 :

3.2.1 Discretization

We choose to discretize the model using the colloca-
tion method. To do so, we postulate the following
trial solutions of Us and U` :

U �
s (� ; � ) = cs

0(� ) + cs
1(� )� + cs

2(� )� 2, � < s (� )

U �
` (� ; � ) = c`

0(� ) + c`
1(� )� + c`

2(� )� 2, � � s(� ).
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Rephrased trial solution It is desireable to have
time varying coe¢ cients with a physical interpreta-
tion instead of ci

j . We thus introduce the require-
ments as follows:

Solid phase: We let

1 = U �
s (� ; s ) = cs

0 + cs
1s + cs

2s2

z 0 =
@U�s
@�

= ( cs
1 + 2cs

2� ) � =0 = cs
1.

In addition, we choose to denote the temperature
of the solid at � = � s by U� s

:

U� s
= U �

s (� ; � s) = cs
0 + cs

1� s + cs
2� 2

s

where� s can be a constant or a function of time.
Using these relationships, we can rewrite the re-
quirements for the solid phase as follows:

0

@
1 s s2

0 1 0
1 � s � 2

s

1

A

0

@
cs

0
cs

1
cs

2

1

A =

0

@
1

z 0

U� s

1

A : (5)

Calculating the coe¢ cients by solving (5), we can
write the trial solution as

U �
s =

s� s (s � � s) z 0 + � 2
s � s2U� s

� 2
s � s2

+ z 0� +
(s � � s) z 0 + U� s

� 1

� 2
s � s2

� 2

Liquid phase: Similarly, we …nd:

U �
` =

� ` s (� ` � s) ~z L + s (s � 2) U� `

(s + � ` � 2) (s � � ` )
+ � ` (2 � � ` )

(s + � ` � 2) (s � � ` )

+

�
s2 � � 2

`

�
~z L + 2

�
U� `

� 1
�

(s + � ` � 2) (s � � ` )
�

+
(� ` � s) ~z L +

�
1 � U� `

�

(s + � ` � 2) (s � � ` )
� 2:

where
~z L = z L

k`

ks
:

Residuals In the collocation method, we force the
residuals to be zero at a number of so-calledcolloca-
tion points.

In our rephrasing of the trial solution, we have
made sure that the the trial solution complies with

the boundary conditions. Thus, the only unknowns
are U� s

and U� `
. This means that we can only choose

one collocation point for each phase.
The chosen collocation points for the liquid and

solid phases are

� s = �s

� ` = s + � (1 � s)

where � and � are positive quantities such that

� < 1

and
� � 1:

The collocation points move as the solid/liquid in-
terface evolves, and thusU� s

and U� `
describe the

temperature in the solid and the liquid phase, respec-
tively, close to the interface.

We now get the equation for the dimension-less
temperature for the solid phase in the vicinity of the
interface:

dU� s

d�
= 2

� s (1 � � ) z 0 +
�
1 � U� s

�

s2
�
1 � � 2� : (6)

The dimension-less temperature for the liquid
phase in the vicinity of the interface is given by:

dU� `

d�
= 2 � `

� (s � 1) � ~z L +
�
1 � U� `

�

(s � 1)2 � (2 � � )
. (7)

For the dimension-less position we get:

ds
d�

=
1


 f

 
� s (1 � � )2 z 0 + 2

�
1 � U� s

�

s
�
1 � � 2�

� � `
� (s � 1) � 2 ~z L + 2

�
1 � U� `

�

(s � 1) � (2 � � )

!

(8)

3.2.2 Total model

The total model is given by (6), (7) and (8), where the
non-dimensional variables and parameters are given
in table 1.

3.2.3 Numerical issues

The model is singular when eithers = 0 or s = 1 ;
with pure liquid or pure solid. It is assumed that
initially we will most likely have liquid phase, only.
Thus, until solidi…cation starts, U� s

and U� `
are not
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well de…ned ands = 0 . In this work a one-phase
(liquid) model discretized by the method of lines is
used initially, and when the temperature at position
U� = 0 in the liquid reaches 1 (the melting tempera-
ture), the solidi…cation model is started. Sinces = 0
at start, the position is set to max (s; sm ) wheresm =
10� 5. Similarly, the solidi…cation model can switch
to a one-phase (solid) model whens = � = 0 :97 in
order to avoid the singularity at s = 1 in the model.

3.3 A one-domain approach

The enthalpy method in [20] is used as a basis for
the one-domain model. The idea is to reformulate
the heat di¤usion equations for each phase in terms
of the enthalpy, the sum of speci…c and latent heats.
Then the equations (1) and (4) reduce to the single
equation

�
@̂H
@t

= k
@2T
@z2

(9)

where Ĥ is speci…c enthalpy, and it is assumed that
k and � are independent of the temperature. The
temperature and enthalpy are related by the function

Ĥ (T) =
�

ĉs
pT; T � Tm

ĉs
pTm + � Ĥ f + ĉ`

p (T � Tm ) T > T m

(10)
and inversely, we …nd the temperature as

T
�

Ĥ
�

=

8
>><

>>:

Ĥ
ĉs

p
; Ĥ � Ĥ l

Tm ; Ĥ l < Ĥ < Ĥu

Tm + (Ĥ � � Ĥ f � ĉs
p Tm )

ĉ`
p

; Ĥ > Ĥu

where

Ĥ l = ĉs
pTm

Ĥu = ĉs
pTm + � Ĥ f :

The method of lines is used to discretize (9) in the
spatial domain, leading to a model that consists of
ODEs describing the enthalpy as a function of time
at di¤erent positions. The …xed boundary conditions
speci…ed in (2) and (3) are applied at the boundaries.

In several publications, the front position is cal-
culated a posteriori (o¤-line). In a position control
problem, however, an online estimat of the front must
be available. A way to estimate the front is to assume
a constant rate at which the liquid soldi…es during the
latent heat release. A function relating the fraction

1

0

fSÝ�¨Þ

�¨ l

A�¨ f

�¨ u

�¨

Slope =? 1

A�¨ f

Figure 4: The fraction of solid as a function of speci…c
enthalpy, Ĥ , assuming a constant solidi…cation rate
during the latent heat release.

of solid and the enthalpy is introduced, see …gure 4:

f S (Ĥ ) =

8
><

>:

1; Ĥ � Ĥ l

� 1
� Ĥ f

�
Ĥ � Ĥ l

�
+ 1 ; Ĥ l < Ĥ < Ĥu

0; Ĥ > Ĥu

An online estimate of the position can be calculated
by

h(t) =
NX

i =1

f S

�
Ĥ i (t)

�
� � z (11)

where N is the number of discretization elements.

4 Model Analysis

4.1 Parameter values

Possible parameter values are indicated in table 2.

4.2 Simulations

The developed models were simulated with constant
values for z L and z 0. Figure 5 shows the response
of the interface position for the two models. The …g-
ure shows that for the two-domain model the front
moves with a constant velocity whenz L and z 0 are
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Table 2: Possible parameters for the solidi…cation
model.

Parameter Value
� s; � ` 2:34� 103 kg=m3

ĉs
p; ĉ`

p 103 J=( K kg)
ks 31:4 W=( m K)
k` 66:9 W=( m K)
Tm 1685 K
� Ĥ f 1:79� 106 J=kg
T(t = 0 ; z) 1710 K

Table 3: Computation times for the models.
Two-domain One-domain

3:7 s N = 20: 3:4 s
N = 30: 8:9 s
N = 40: 19:3 s
N = 300: 1800 s

constant. For the one-domain model, the velocity
is higher at the start, and then decreases gradually.
The model order of the one-domain model is much
higher than for the two-domain model, and hence it is
probably the most accurate model. The two-domain
model, however, is the fastest model. The computa-
tion times for the simulation of 5000 s on a 1:59 GHz
Pentium M computer with 1Gbyte RAM are shown
in table 3.

5 Control

In order to control the concentration of impurities in
the solidi…ed metal, the solidi…cation velocity must
be controlled. The models developed above give the
position at the interface. If we want to control the
velocity, the position must track a ramp. We then
need an integrator in the controller to achieve zero
error at steady state.

5.1 Control of the two-domain model

We now write the model as

_x = f (x; u) (12)

y = h(x; u)

where

x =
�

s U� s
U� `

� T
=

�
x1 x2 x3

� T

Figure 5: Simulation of the interface position for the
two di¤erent models at constant heating and cooling.
The number of discretization elements,N = 40, for
the one-domain method.

and
u =

�
z 0 z L

� T
=

�
u1 u2

� T
:

f 1, f 2 and f 3 are given by substituting x and u into
the expressions in (6), (7) and (8). We also have

y = x1:

Augmenting the state equation with the integrator
_� = e = sref � x1, we obtain

_x = f (x; u)

_� = _x4 = sref (� ) � x1 = f 4(x ; u)

where sref (� ) = vref � � is the reference position.
The linear PI controller is given by

u2 = K P e+ K I �

The closed loop model is simulated with the linear
controller with K P = 20 and K I = 2 . The results are
shown in …gure 6 (…rst subplot) and 7 (solid line).
According to the …gures, the system tracks the refer-
ence well in this particular case.

5.2 Control of the one-domain model

The controller for the one-domain model is imple-
mented in a similar way as for the two-domain model.
The controller parameters are K P = 15 � 106 W=m
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Figure 6: Controlled interface position for the two
models when the dimensionless velocity reference is
0:8. The dashed lines are reference velocities, and the
solid lines are estimated interface position.

and K I = 4000 W=m s. (The one-domain model is
not dimensionless).

The manipulated variable in …gure 7 (dashed line)
shows a jagged behaviour. This is a discretiza-
tion problem. When the number of discretization
elements is increased, the manipulated variable is
smoothed.

6 Conclusions

The intention of this paper is to develop two fast
and simple mechanistic models for the position of the
solidi…cation interface. The models are simpli…ed to
make it suitable for control purposes, and are used to
develop a linear PI-controller in order to control the
solidi…cation velocity.

The two-domain approach results in a model con-
sisting of two PDEs and one ODE. The PDEs are dis-
cretized by the collocation method. The one-domain
approach results in a model with N (number of dis-
cretizing elements) ODEs when discretized by the
method of lines.

The discretized systems are implemented in
M ATLAB. A linear PI-controller is implemented on
the systems in order to control the dynamics of the
solidi…cation front. For the cases simulated above,
the position tracks the reference well.

Numerical di¢ culties are present in the two-

Figure 7: Manipulated variable (heating at the top
of the column) for the simulated cases above. Solid
line is for the two-domain model, and dashed line is
for the one-domain model.

domain model due to the singular behaviour of the
discretized system. By introducing dimensionless
variables, the numerical performance of the model
is improved. The one-domain model shows no nu-
merical di¢ culties. It will probably be easier to im-
plement for 2D and 3D models since the collocation
method gets very complicated for higher dimensions.
A disadvantage of the one-domain model is if the
enthalpy-temperature relation is more complicated,
e.g. the speci…c heat capacities are temperature de-
pendent. Then it may be a problem to solve the in-
verse of the function in (10) to get the temperature-
enthalpy relation.

In conclusion, the main contributions of this paper
are:

� The development of two fast and simple models
for an on-line tracking of the solidi…cation inter-
face.

� A linear control strategy to control the solidi…-
cation velocity.

Further research will include validating with plant
data. Also, the models should be expanded to in-
clude 2 or 3 spatial dimensions. Incorporation of the
dynamics at the top and bottom of the column will
probably enhance the model further. Other model-
ing methods (e.g. the level set method) may also
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improve the computation speed and accuracy of the
front position.
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Modelling of an Industrial Urea Synthesis Reactor Using Sequential Modular 
Approach 

 
Mohsen Hamidipour, Navid Mostoufi and Rahmat Sotudeh-Gharebagh* 

Process Design and Simulation Research Centre 
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P.O. Box 11365/4563, Tehran, Iran 
 

Abstract 
Urea is an important product of petrochemical plants, which is mainly used as fertilizer.  In this 
study, a model is developed based on the sequential modular simulation of chemical processes.  
In the proposed model the urea reactor is divided into several continuously stirred tank reactors 
(CSTR).  In order to model the performance of these reactors the hydrodynamic and reaction 
submodels should be integrated together.  The heterogeneous reaction of formation of ammonium 
carbamate was considered in this model.  This reaction was considered to occur in the liquid 
phase in the previous works presented in literature.  Also formation of biuret in the reactor is 
considered which has not been considered in previous works.  The validity of the proposed model 
was demonstrated using the industrial data.  The agreement between the results of the model and 
the industrial data was found to be satisfactory. 
Keywords: Reactor modelling, Urea reactor, Heterogeneous reaction, Sequential modular 
approach 

 
Nomenclature 
a moles of water added per mole of 

ammonium carbamate 
CAo initial concentration of A [kmol.m-3] 
CU0 initial concentration of urea [mol.lit-1] 
HI enthalpy of inlet stream [kJ.hr-1] 
HO enthalpy of outlet stream [kJ.hr-1] 
k rate constant of urea production [hr-1] 
k’ rate constant of biuret production  

[lit.mol -1.hr-1] 
Kp equilibrium constant of ammonium 

carbamate production [atm3] 
m initial moles of carbon dioxide [mol] 
n initial moles of ammonia [mol] 
nt total number of moles [mol] 
N/C nitrogen to carbon mass ratio 
P total pressure [atm] 
Pc critical pressure [kPa] 
PCO2 partial pressure of carbon dioxide [atm] 
PNH3 partial pressure of ammonia [atm] 
Qac heat produced by ammonium carbamate 

formation [kJ.hr-1] 
 
*Corresponding author.  Phone: +98 21 6967781, Fax: +98 
21 6957784, E-mail: sotudeh@ut.ac.ir 

Qb heat consumed by biuret formation  
[kJ.hr-1] 

Qu heat consumed by urea formation 
[kJ.hr-1] 

-rA reaction rate [mol.m-3.hr-1] 
t time [hr] 
T temperature [K] 
Tc critical temperature [°C] 
Tf final temperature of reactor [ºC] 
TNBP normal boiling point temperature [ºC] 
V reactor volume [m3] 
vo volume flow of feed [m3.hr-1] 
x moles of ammonium carbamate [mol] 
XA partial conversion of A 
X1 partial conversion of ammonium 

carbamate to urea 
X2 partial conversion of urea to biuret 
XU concentration of urea in the reactor liquid 

outlet stream [Wt%] 
y moles of urea per volume that reacts in t 

interval [mol.lit-1] 
�! density [kg.m-3] 
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Introduction 
Urea (NH2CONH2) is produced at industrial scale 
by the reaction between ammonia and carbon 
dioxide at high pressure (13-30 MPa) and high 
temperature (170-200 ºC).  The overall reaction is 
as follows: 

OHCONHNHCONH 222232 ���œ��  (1) 

The process of urea formation consists of two 
sequential steps.  In the first step, ammonium 
carbamate is formed by the following reaction in 
the liquid phase: 

)l(NHCONH)l(CO)l(NH 422232 �œ��  (2) 

This reaction is very exothermic and fast in both 
directions so that it could be considered at 
equilibrium at the conditions found in industrial 
reactors where the residence time is rather high.  
In the next step, ammonium carbamate is 
dehydrated to form urea: 

)l(OH)l(CONHNH)l(NHCONH 222422 ���œ
 

(3) 

This reaction is endothermic and slow as 
compared to the previous reaction.  Therefore it 
needs a long time to reach the equilibrium. 

There are different types of processes to produce 
urea in the commercial units.  These processes are 
typically called once through, partial recycle and 
total recycle [1, 2].  In the total recycle process, 
which is employed widely, all the ammonia 
leaving the synthesis section is recycled to the 
reactor and the overall conversion of ammonia to 
urea is reaches 99%.  Stamicarbon and 
Snomprogetti processes [3] are the most common 
examples of such process [4]. 

Since urea has became almost the most widely 
used fertilizer and its production is important in 
the petrochemical industry, there has been many 
attempts to model and simulate the reactor of urea 
production as the heart of the process [1-4].  
Although all these researchers have considered the 
presence of two phases (i.e., gas and liquid) in 
their model, none of them have considered the 
existence of the following heterogeneous reaction 
between carbon dioxide and ammonia in the 
ammonium carbamate formation step: 

)l(NHCONH)g(CO)g(NH 422232 �œ��  (4) 

It is worth noting that in the present work, this 
heterogeneous reaction occurs in the reactor 

instead of the homogeneous reaction (2).  
Moreover, in the studies reported in the literature, 
biuret (NH2CONHCONH2) formation, which is 
the main undesired by-product in the urea 
production process, is neglected.  As biuret is toxic 
to plants, its content in fertilizers has to be kept as 
low as possible.  The reaction of biuret formation 
is: 

32 2222 NHCONHCONHNHCONHNH ���œ  (5) 

This is a slow, endothermic reaction.  Biuret 
formation takes place when there is a high urea 
concentration, low ammonia concentration and 
high temperature.  It has been tried in this work to 
model and validate the industrial urea reactor 
considering the above mentioned reactions. 

 

Model Development 
In this section, the hypotheses and necessary 
equations for developing the steady state model of 
the urea reactor are described in detail.  A 
complete list of the components involved in the 
process of urea synthesis as well as their physical 
properties are shown in Table 1. 

 
Hypotheses 

Modelling the urea reactor in this work is based on 
the following assumptions: 

�x Only CO2, H2O, NH3 and inert gases (O2, N2) 
exist in the gas phase. 

�x Formation of urea takes place only in the 
liquid phase. 

�x Dissolution of inert gases in liquid phase is 
neglected. 

�x Biuret is produced in the reactor. 

 

Thermodynamics 

Wilson and ideal gas equations were used as 
equations of state for liquid and gas phases, 
respectively.  Although, the equations based on the 
activity were examined to predict the behavior of 
liquid phase the nearest results to the real data 
were found with using the Wilson equation.  The 
binary interaction coefficients of Wilson equation 
were modified to fit the actual data.  Although 
several equations of state were examined for the 
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Online Experiments 
In order to perform online experiments including 
online model validation and online optimization, 
the simulation model and the optimization program 
were connected with the process control system to 
enable the exchange of measurement data and 
control variables between the process control 
system and the optimization program. Therefore a 
VBA (Visual Basic for Applications) interface was 
developed which organizes the data transfer 
together with the DDE Server (Figure 3). The DDE 
(Dynamik Data Exchange) is a standard process 
communication protocol for Windows® that allows 
the cyclic exchange of data with Windows® 
programs. 

ExcelOptimization of
control variables

D
D
E

Z

measurement
data

measurement
data

Z
Z

measurement
data

Data
storage

measurement
data

Freelance
2000

 
Figure 3: Schematic data interface 

 
The described parameter estimation with data 
reconciliation was performed based on 
measurement data from various experiments from 
the past including absorption experiments. For the 
recorded data sets a significant improvement in 
model accuracy has been achieved. To use the 
estimated model in an online optimization 
structure, it has to be able to reproduce the actual 
state of the process and be able to predict the 
process behavior given certain control variables 
without further adjustment. Therefore we 
performed online model validation on the pilot 
plant, and simultaneously took the values of the 
input variables for simulation directly from the 
plant. In addition, set-point optimization was also 
carried out based on the measured data. The 
computed control variables were passed through 
the process control system to the plant. At the same 
time the measurements taken at the new steady-
state point were compared with the prediction from 
the optimization result. 

Set-point Optimization 
The desorption operation with the pilot plant was 
considered. It was made according to the 
specifications of the deacidifier unit in the real 

scrubbing plant where the enriched water from the 
H2S washing unit is freed from sour components. 
In addition the ammonia-rich water is siphoned off 
the unit to enhance H2S absorption in the H2S 
washing unit. To adjust the needed ammonia 
concentration, ammonia enriched steam is used for 
desorption. In addition the deacidifier was run in 
reflux mode. At the same time purity specifications 
at the bottom have to be satisfied. The feed 
specifications are given in Table.2. 
 

 
c 

NH3 

[g/l]

c 
CO2 

[g/l]

c 
H2S 
[g/l] 

c 
NaOH 
[g/l] 

V��  
T 

[°C]

vapor 
feed 

4,5 0 0 0 15 
kg/h

- 

liquid 
feed 

10 7,2 2 2 118 
l/h 

80 

Table2: Feed specifications used in online experiments 
 

A steady-state operating point was first established 
and the measurement data were collected online 
using the interface described. The first steady-state 
set-point is shown in Table 3. Based on the 
measured data an optimization computation was 
made. The objective was to minimize the heat duty 
needed for the desorption operation. Three 
optimization variables were chosen: 
 

��  Heat duty steamM��  

��  Liquid feed temperature feed
liqT  

��  Reflux ratio R  
 

According to the real process operation, following 
restrictions were included: 
 

�� NH3 concentration at h=856mm �• 20 g/l    
�� H2S concentration at bottom �” 0.5 g/l 
 

Thus the following optimization problem had to be 
solved: 
 

 

00.5ch

020ch

s.t.

Mf min

bottom
SH2

856
NH1

steam
RT,,M

2

3

�t��� 

�t��� 

� ��
��

          (18) 

 

A sequential optimization approach was used to 
solve this optimization problem, where only the 
objective function and the inequality constraints 
are handled by the optimization algorithm (a 
standard SQP routine from the IMSL FORTRAN 
library). The state variables are calculated in a 

100

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



 

simulation layer which provides the objective 
function and the gradient information.  
 

 feed
liqT † R† steamM

�x
†‡ 

First set 
point 

80 °C 0 15 kg/h 

Table3: Control variables used for first stationary set 
point 

Results 
At first, the quality of the fitted model was checked 
with the data sets used for offline parameter 
estimation. Figure 4 shows the liquid concentration 
profiles for one data set used in parameter 
estimation for NH3, CO2 and H2S. It can be seen 
that the quality of the model was significantly 
improved with the estimated parameters (solid 
lines). Considering all 16 data sets the mean model 
deviations could be reduced from 30.70% to 
14.77% in the desorption case and from 28.09% to 
15.36% in the absorption case.  
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Figure 4: Liquid concentration profiles for one data set 
with and without parameter estimation 

To validate the model online, an online 
optimization experiment described in the previous 
section was carried out. At the steady-state shown 
in Table 3, the measured values for the liquid 
concentrations are compared with the result from 
the simulation based on the measurement values in 
Figure 5. It can be seen that a good consistency 
between measured and simulated data can be 
received. Only for the H2S concentrations a 
deviation of more than 20% can be observed. This 
may be caused by measurement inaccuracies for 
small concentrations or model deficiencies which 

                                                      
† manipulated variable 
‡ objective value 

have been observed for H2S mass transfer 
prediction. This problem was noticed and a bypass 
model has been developed to account for 
maldistribution effects inside the column [7]. 
Neglecting the H2S concentrations the mean model 
deviations are 10.4%. 
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Figure 5: Liquid concentration profiles at first stationary 

point 

After the first steady-state had been established, 
the measurement data from the plant were used to 
perform the online optimization. The evaluated 
values for the optimization variables are given in 
Table 4. According to the optimized results, the 
liquid feed temperature should be increased to its 
upper bound to increase the mass transfer and to 
reduce condensation in the upper part of the 
column. This helps meeting the process restriction 
at the bottom of the column. The heat duty was 
reduced to minimize the operation cost without 
violating the process restrictions for the 
concentration of NH3 at h=856mm. In contrast, the 
reflux ratio was increased in order to increase the 
concentration of NH3 without violating the purity 
specification at the bottom.  
 

 feed
liqT † R† steamM

�x
†‡ 

First set 
point 

96°C 3,8 10,32 kg/h 

Table 4: Control variables after process optimization 
 

The computed new control values were passed 
through the process control system to the plant. 
Thus the new steady-state was established. The 
liquid concentration measurements are compared 
with the results from the optimization in Figure 6. 
It can be seen that a good consistency between the 
measured values and the optimization exists. 
Especially the process restrictions were met quite 
well with 3.7% deviation for the restriction on NH3 
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at h=856mm and 6.8% deviation for the restriction 
on H2S at the bottom.  
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Figure 6: Liquid concentration profiles after 

optimization 

Conclusions 
A rigorous rate-based process model was used to 
describe the mass transfer for the ammonia 
hydrogen sulfide circulation scrubbing process. 
Several model parameters were selected and 
adjusted with a three-stage sequential parameter 
estimation routine based on 16 measurement data 
sets. The parameter estimation approach is able to 
handle large-scale nonlinear process models with 
an arbitrary number of data sets. Due to the 
reduction of the degree of freedom standard 
optimization software can be used. Data 
reconciliation based on simple component balances 
was performed to obtain model consistent 
measurement data and to identify measurement 
biases. With the parameter estimation based on the 
reconciled data, the average model deviations 
could be reduced significantly. For online model 
validation the process control system was 
connected with the simulation program via a user 
friendly interface to exchange measurement data 
and control variables. To test the online 
applicability of the model, process optimization 
was carried out with a sequential optimization 
approach based on measurement data taken online 
from the plant. The objective was to reduce 
operation cost by minimizing the reboiler heat 
duty. Process restrictions were included according 
to the real scrubbing process. The results show that 
a good agreement between the measured values 
and the results of the optimization can be achieved 
and that the process model can be used to build a 
complete online optimization structure for the 
ammonia hydrogen sulfide circulation scrubbing 
process. 
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ABSTRACT 
In this paper we present a combination of the usage of a model for the whole mill on-line 
simulation and more advanced models for specific process sections for control systems and online 
diagnostics. Different solution methods are described together with where the different 
approaches are best suited. 
 
BACKGROUND  
The trend today is to optimize the whole 
mill not only towards production and 
quality, but also towards for example 
minimization of energy and chemical 
consumption, and effluents. Most of the 
models are first principles process model, 
which is physical models. These are used to 
simulate the process as part of the 
optimization. With a good process model it 
is possible to implement a more advanced 
control system like model predicted control 
(MPC) and 2D or 3D dynamic online 
models for diagnostic purpose. E.g. hang 
ups and channeling are of interest to identify 
in a continuous digester. 

For the on-line simulation of the whole mill 
ABB has developed a Pulp and Paper On-
line Production Optimizer and this optimizer 
works like an “overall mill management 
system” giving set points to each process 
section. The models will be on the same 
software platform as the more advanced 
models, for example the digester model 
presented in this paper. 

PROCESS OPTIMIZATION AND  
CONTROL  
In this paper we will focus on the use of 
adaptive physical models for both on-line 
control and production planning the next 24 
hours. In reality the boarders between 
statistical models and physical models may 
not be that clear. If we introduce a number 
of parameters into a physical model and 
these have to be tuned by plant data, it is in 

reality a combined physical and statistical 
model. The advantage is that we get the 
robustness of the physical model, but can 
make use of the statistics really relating to 
the actual process. 

On the overall mill level we want to 
optimize and control the chemical balance in 
a complex pulp mill. The first application is 
the control of Sulfur in an integrated Kraft 
and NSSC (Neutral Sulfite) pulp mill. It is 
important to adjust the dosage of sulfur to 
adjust the sulfidity, so that there is enough 
but not too much, and to keep the balance 
between different parts of the plant. This has 
been done by simplified physical models 
that have been combined to form a model. 
This model is then used to make a 
production plan for keeping the sulfur 
balance at it’s optimum. Implementation is 
being done right now at a mill in Sweden ( 
Billerud at Grums). 

The next level of optimization is to look 
inside each process section, in our case a 
continuous digester. For digester operations 
we have been working with physical 
modeling of the digester in both 1-D and  2-
D.  

The physical model of the digester is built 
on the same principle as the so called Purdue 
model ( Wisnewski et al.1997). The model 
contains two volumes, the volume occupied 
by the chips with the entrapped liquor, and 
the volume occupied by the free liquor. The 
model also contains similar chemical 
reaction and energy balances as the Purdue 

103

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



model. What is new with our model is that 
we also taking into consideration the 
pressure drop inside the digester due to the 
channels between the wood chips. When 
there are mostly large chips, the channels 
between the chips are large, with low 
pressure drop for fluid flowing between. 
When there are a major amount of fine pins 
etc, the channels between the chips will 
decrease, and the pressure drop increase. 
This is what happens in reality if we have 
different chip size distribution or different 
packing in the digester. One reason for this 
may be that the chip size distribution is 
inhomogeneous or the chip screw in the 
stack may not feed in a constant way. When 
we have a lot of flakes these may adhere to 
the screens and cause hang ups. Aside of 
causing an increased pressure drop in the 
screens, also the chips will get different 
residence times and contact with liquors of 
different concentration of both chemicals 
and dissolved organics. This may cause a 
significant variation in the kappa number of 
the final fibers. The kappa number is a direct 
measure of the remaining lignin at the fiber 
surface. By identifying pressure drops, 
residual concentration of chemicals in the 
liquors, temperatures and flows and compare 
actual results to those predicted by the 
model, we can tune the model to match 
reality. This is under the assumption that we 
first have achieved a good process 
performance of the actual digester. The 
model can then be used both to optimize the 
performance by adjusting e.g. temperature 
and chemicals dosage, as well as back 
flushing screens to avoid hang ups before 
the problems become severe. There is also a 
potential for finding channeling to have a 
chance to go in and adjust, although this 
demands regularly measurements as well. 

The modeling can be used in several 
different ways. The first approach was to 
principally use a sequential approach, where 
the fibers and water is supposed to flow 
from the top to the bottom, with chemical 

reactions taken place in each volume 
element each time step of calculation. The 
pressure flow calculations then are 
calculated as well for each time step for a 
identified pressure flow network, with given 
boundary conditions. There is then iteration 
between the pressure flow calculation for the 
whole network and what is happening in 
each volume element at each time step. The 
advantage with this approach is that we 
always get stable solutions, and the 
calculation time is more or less the same 
each time step, independent of dynamic 
changes. The draw back is that the accuracy 
may be a bit less good than if the other 
approach is used, that is using a 
simultaneous solver. 

In this approach with a simultaneous 
solution of both chemical reaction 
calculations and pressure flow network 
calculations, we principally get a better 
solution, and normally the time step is 
depending on if a step change in the process 
is taking place or not. When there is a fast 
event taking place, the time step becomes 
very short, to get accurate solutions. The 
good thing with this is obvious, but the draw 
back is that you have no idea in advance 
how long the calculation will take. When 
running a simulation in parallel with a real 
process this may give big problems, as the 
calculation time can be many times longer 
than “normal”, and the real process “passes” 
the simulator!  

 
DIFFERENT MODELING 
APPROACHES  

We have tested a number of different 
approaches for the simulation of the 
digester. They are presented shortly in the 
following: 

1. Sequential solver using Fortran code, 
with an iteration between pressure-flow 
calculations and chemical reactions- 
tank level calculations. 1-D. 
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Figure 1. Use of a sequential solver  

First the calculations of pressure is 
performed by looking at pressure lift by 
pumps, levels and pressure head in tanks, 
pressure drops in valves and entrainments. 
This gives the actual flows in each single 
pressure point, as we know the 
characteristics of the pumps, valves, valves 
openings etc. 

In the second step the flow rates are used to 
calculate flows into a volume element and 
out of it, giving new levels in the 
tanks/vessels.  

In the third step we use the actual 
temperatures and concentrations in each 
volume element to calculate chemical 
reactions, diffusion, transfer between phases 
etc. These are then used to calculate the new 
concentrations of all the flows in and out, as 
well as the new concentrations in the 
different phases in each volume element. In 
the figure to the right we have real or 

“faked” valve between all the arrows, giving 
the pressure at all points separating the 
arrows. Real valve data are used for the 
dimensions, but tuning has to be done to 
give correlations between the actual flows as 
a function of chip size distribution, viscosity 
of the mixtures, temperature etc. 

This approach is well suited for operator 
training of a system, and to be combined 
with a DCS system, with full controls. 

A variant of this approach was used by 
Bhartia and Doyle ( 2004) to model 
plugging in the digester, and laso other types 
of engineering use is common, to study 
specific design or operational problems.  

2. Simultaneous solver but without pressure 
flow calculations. The flows are assumed 
controlled by the real DCS system. 1-D 
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Figure 2. Use of a simultaneous solver but with fixed flow directions

In this case we assume all flows being 
controlled by the DCS system, and the 
direction of the flows are always fixed- up 
or down. This makes it easier to calculate 
the concentrations, as we know what 
concentration is going what direction. If you 
have alternating flow directions as the 
pressure drop is changing in a section, it 
takes more calculation power to find a 
stable solution with both correct 
concentrations and correct flows, otherwise. 
In this approach with simultaneous 
concentration and flow calculations we get 
more correct concentrations, specially 
during transients, but more unpredictable 
calculation times. The advantage with not 
including pressure flow calculations is that 
it is easier to use this model for MPC- 
calculations, where you want to find an 
optimal setting of the different variables like 

temperature, concentrations and flows, than 
if you included also pressure flow 
calculations. 

3. 2-D calculations with a simultaneous 
solver for both pressure flow calculations 
and chemical reactions  

In this approach with 2-D we have a “fake 
valve” between each volume element, 
giving a complex net inside the digester, but 
also including real valves in and out of the 
digester. With this approach we calculate 
the flow between the volume elements, and 
can simulate hang ups, channeling, different 
packing etc. The model is used together 
with measurements of real flows, chip size 
distributions, chemical additions, 
concentrations in black liquor in extractions, 
temperatures, final kappa number of the 
chips etc. 
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Figure 3. Use of a 2-D model with a full pressure-flow network

This model can easily be extended to 3-D, 
although the computation time goes up 
significantly with 3-D compared to 2-D. 

This gives the opportunity to use the model 
for different type of diagnostics as well as 
for testing of different design and 
operational options. 

The digester model will also be used for 
sensor validation for the measuring 
apparatus around the digester. If the 
calculated value will start to differ to much 
from the measured value, that will indicate 
in an early stage that there are some 
problems with that measure point. An early 
indication that there are some problems will 
save production, quality and money.  This 
type of sensor validation is important as a 
pre-step to the actual optimization. 

The advanced physical model can among 
others be used to control the process in a 
MPC (model predicted controller). MPC is a 
multivariable model predictive control 

technology. The main advantage with MPC 
is its ability to handle multivariable 
processes with strong interaction between 
process variables and with constraints 
involving both process and state variables. 
The potential of this control method is 
dependent on the quality of the process 
model and of the measured variables. With a 
good mass balance simulation of the whole 
mill the MPC is less dependent of the 
measured variables. All three models 
described above can be used, although the 
number two model is the one we have been 
testing as the first choice. As the MPC is 
giving set points to the different control 
loops, the pressure flow net calculations are 
normally of less interest. 

So far we have tested this in a simulation 
environment with good results. Next step is 
to make real application tests in a mill. 
 
When it comes to production planning an 
scheduling, including “tank-farming”, we 
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have to model not only the digester, but also 
all other equipment surrounding this. There 
are several approaches for the modeling 
here. We can use the approach with models 
for tanks and some other features directly in 
the formulation of the Objective function 
and the constraints, and solve the dynamic 
optimization problem directly. Another 
alternative is to use a dynamic simulation 
model, and use this to calculate the result for 
the whole time horizon using a “branch and 
bound” type of solver. Then communication 
is intense between the optimizer and the 
simulator, but on the other hand we know 
we get a feasible solution. A third approach 
is to use the optimization using the first 
alternative, and then test this solution 
towards the more detailed simulator, to 
avoid running into possible problems 
implementing the optimal schedule. 
 
All these approaches has been implemented, 
but for different applications. In the EU 
DOTS project ( Bell et al ,2004 and Dhak et 
al 2004), we tested all these approaches, but 
for paper mill applications. At Gruvon pulp 
mill, the approach was the first alternative. 
Here the problem was very large and 
complex, where a large number of tanks and 
processes had to be included. To avoid 
problems with unreliable sensor 
measurements the signals were filtered 
through a “moving window” approach, 
which turned out to be quite successful. This 
was done by ABB ( Persson et al 2003). 
 
RESULTS 
 
The first approach gives dynamics for the 
complete mill, and interactions between all 
equipments. It is very useful as a training 
simulator and teaches you how the DCS 
functions like interlockings, PID controls etc 
respond. An example of a response to a 
change in a flow rate is shown in the figure 
below. Here we get the process values 
directly at a process display, just like in the 
real plant. Trends can be shown of variables, 
PID control response etc. 
 

 
Figure 4. A process display from a training 
simulator, where a DCS system is 
interacting with a dynamic process simulator 
on-line. 
 
The second approach with a simultaneous 
solver for all digester equations is suitable to 
use for MPC (Model Predictive control) 
control. An example of how the optimized 
values for all important control variables 
looks like compared to the “normal recipe” 
is shown in the table 1 below. The third 
approach with a 2-D model is best to use 
for diagnostics purpose as to determine 
channeling in the digester, or hang ups. 
Channeling will mean that liquid is not 
getting into the chips, but passing in 
cahnnels between the chips. This means that 
we will get less reaction between chemicals 
and lignin, resulting in less dissolved lignin 
(DL) in the extraction liquor, as well as 
more residual alkali (NaOH), as not all got 
the chance to react. An example of how this 
can look is seen in the simulation in figure 5. 
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Table 1 Optimized values using an MPC 
compared to what values should have been 
used with the normal practice recipe. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In figure 6 below we can see what this 
means for the temperature profile from the 
top to the bottom of the reactor. The dark 
(blue) line is how the set-points would aim 
at if we were operating according to the 
normal strategy for this type of wood. The 
brighter (red) line shows how the MPC 
proposes to operate, to get lower energy and 
chemical consumption, but with the same 
kappa number ( remaining surface lignin) 
out of the reactor. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Temperature profile in the 
digester from top to bottom according to 

“normal operation” (dark blue) respectively 
as proposed by the MPC ( brighter red) 
 
CONCLUSIONS 
In the presentation we have discussed 
different means for modeling digesters to 
use for MPC and optimized scheduling. The 
first approach with a dynamic simulation 
model with iteration between pressure-flow 
net calculations and reactions in each 
volume element is suitable for dynamic 
simulation, were also control actions 
through the DCS system has to be 
encountered. This method is suitable for 
detection of different faults, testing of “what 
if scenarios” and can be used in optimization 
interactively with an optimization algorithm. 
The second approach without a pressure 
flow net work solver, but with a 
simultaneous solver for calculation of all 
reactions taking place inside the digester is 
well suited to use for MPC applications, 
where set points are to be given to the 
control loops. The third approach with more 
detailed models in 2-D ( or even 3-D) is best 
suitable for detection of hang ups, 
channeling and other type of faults in the 
process. In the future, when computer 
capacity is significantly higher, it should 
also be possible to use this instead of the 
two other types of models.  
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Figure 5 Simulated values for 
concentrations of NaOH (‰) respectively 
dissolved lignin ( % DL) in the extraction 
line liquor. Predicted values are from normal 
operations and measured values correspond 
to values when there is channeling. 
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Abstract 
The optimization problems for industrial processes have three characteristic properties which make 
them difficult to solve. Firstly, the decision variables often have to be integer, for example: the 
number of refiners running. Secondly, most of the measurements are stochastic. Ignoring the effect 
of variability, for instance in process times, would largely limit the practical use of the outcome of 
a simulation. Thirdly, the analysis of the problem can be computationally expensive, especially for 
more complicated models. Seeking help in designing complex industrial systems, we need a design 
optimization strategy that can deal with all three of these characteristics. In this paper we take 
steps to include stochastic elements to the simulation and optimization. 
 
KEY WORDS: stochastic, simulation, optimization 

 

                                                      
1 Corresponding author. Phone: +358 40 564 3184, 
FAX: +358 40 3115 2171, E-mail: petteri.pulkkinen@tut.fi 
  

Nomenclature 
 
< F(t)> average (of white noise) 
f0  deterministic flow 
fout  outflow 
funit  production speed of one refiner 
P probability 
Xn random variable 
N(t) refiner schedule 
M sequence of random variables 
V(t) volume of the tank 
F(t) white noise 
�Ÿ discrete state space 
�1 standard deviation 
�2 t-t0 
 
Introduction 
The process to be optimized is the production of 
thermo-mechanical pulp (TMP). TMP is produced 
by steaming wood chips under pressure to break 

up the wood structures followed by mechanical 
refining to produce pulp. TMP plants use electri-
cally operated refiners; the demand for the energy 
is huge. Electricity consumption comprises a large 
amount of the variable production costs and offers 
an area of optimization and cost savings. 

The optimization case is actually a continuous 
decision support for running a plant of identical 
on/off processes under time-variant production 
costs, time-variant needs of the product and lim-
ited intermediate storage capacity. The objective 
function, required by the optimization, is evalu-
ated through running a dynamic simulation. The 
simulation model is based on the TMP pulp pro-
duction and flows, predictions of the TMP de-
mand and time variant electricity costs. The ob-
jective of the deterministic case is to minimize 
overall electricity costs while taking into account 
the limited tank volumes between TMP plants and 
paper machines. 
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As the simulation requires predictions about the 
future, we must decide how to deal with the un-
certainty. It is possible to proceed to optimize the 
TMP production assuming the predictions to be 
accurate. This assumption is well motivated if 
 

a) the probability distribution of predicted 
properties is narrow around mean 

b) the width of the distribution is similar for 
all TMP production scenarios 

 
When the assumptions are not well motivated the 
optimization must deal with other aspects of pre-
dictions than predicted mean. 

In this paper we discuss how the uncertainty en-
ters to the objective through e.g. risk premium. 
Then we present methods for handling uncertain-
ties in dynamic simulation and optimization. In-
stead of mean or fixed (guessed) values, the full 
probability distributions are used. Stochastic fac-
tors in the model are either white noise type of 
uncertainty caused by the process fluctuation, or 
the probability for the line break in the paper ma-
chine. Added stochasticity makes the simulation 
and optimization results more realistic. The opti-
mization tool actually supports the decision mak-
ing by giving not only the hard results but also the 
figures for evaluating the probability of the good 
decision. This leads to the fact that the process is 
optimized also psychologically, through improved 
user acceptance. 
 

Description of the case 
Paper consists of a mix of fibers, mineral fillers 
and chemicals. In particular, in printing paper 
mechanically disintegrated fibers are the main 
ingredient. Thermo-mechanical pulping is one of 
the two most common mechanical fiber disinte-
gration technologies. 

TMP is produced by disintegrating fibers through 
a mechanical action on wood chips in a high tem-
perature and pressure environment generated by 
steam addition. TMP plants consist of electrically 
operated refiners. TMP plant contains typically of 
3-8 parallel production units, each having in series 
a primary refiner for disintegrating the fibers and 
a secondary refiner to trim their properties for the 
end product. In what follows we shall consider the 
pair of primary and secondary refiners as a single 
production unit and call it a “refiner line”, or 

where obvious, simply a refiner. Furthermore, due 
to quality and cost reasons, it is sensible to oper-
ate a refiner only at full production capacity and 
therefore a refiner’s state can be referred to as a 
binary variable, or as either “on” or “off”. 

To ensure the quality properties of TMP, the pulp 
is screened and further improved with reject refin-
ers. We shall assume the operation of screening 
and reject refiners as constant but with capacity 
limitations. The production of refiner lines is col-
lected to one or several intermediate tanks, out of 
which they are distributed to one or several paper 
machines. 

The process requires a large amount of energy, 
2.0-3.5 MWh/ton pulp and a TMP plant produces 
between 500-1500 tons a day. Much of the energy 
is transferred into steam and is recovered for the 
drying area of the paper machines. Electricity 
consumption comprises a large amount of the 
variable production costs and offers an area of 
optimization and cost savings, since the electricity 
cost varies strongly during one day. 

The plants are designed to produce enough pulp 
while running below full capacity to allow for 
plate changing, process fluctuations, unscheduled 
maintenance and other operational constraints.  
This overcapacity opens up possibilities to opti-
mize electricity costs based on the margin pro-
vided by daily fluctuations of the free market 
electricity price. A TMP production schedule 
must meet the demands of the paper machines 
while not exceeding the storage capacity between 
the TMP plants and PMs. The storage capacity is 
large enough to allow electricity cost optimization 
of schedules.  

In order to minimize the operating costs, the TMP 
production schedule will be optimized around the 
market energy price and constraints of the mill. 
The model to predict TMP plant behaviour is ex-
tremely simple: the plant consists of maximum 5 
identical refiners each producing TMP at a known 
rate when on. The flow from each refiner goes to 
a storage tank from which a time variant demand 
of TMP is taken. The demand is predicted on the 
basis of production schedule. The prediction of 
electricity cost is available, and the time-invariant 
costs of refiner startup and shutdown are known. 
Figure 1 illustrates the model. 
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Figure 1. A simple model for TMP plant, to be used in 
refiner scheduling optimization. 

The main information of the example case is 
listed here: 

�x Optimization target is to minimize the 
electricity cost 

�x Variables which can be manipulated are 
startups / shut downs of the refiner lines 

o Changes are step changes 
�x Optimization horizon is 48 hours 

o TMP demand (based on paper 
machine’s production schedule) 
for the optimization horizon is 
known 

o Electricity price for the optimiza-
tion horizon is known 

o Decision interval is 15 minutes 
�x The number of running refiner lines can 

vary between 0 and 5 
�x Maximum number of the changes during 

the simulation horizon is 5 
�x Power of each refiner line is 11 MW 
�x TMP production speed is 3.5 t/h/refiner 
�x The volume of the intermediate tank is 

500 m3 
 
Stochastic elements of the case 
Essentially all production decision support sys-
tems neglect the stochasticity. This is the most 
limiting factor of their applicability. In this paper 
stochasticity is present in our simplified TMP 
production model in two ways: as a white noise 
type process fluctuation and as uncertainty caused 
by the random breaks of the paper machine. 
 

White noise type fluctuation 

The volume of the modelled intermediate tank is 
controlled by the incoming and outgoing flows. 
Incflow is defined by the refiner schedule and the 
production speed of the refiners. The outgoing 
flow is defined by the demand of the paper ma-
chine that is predicted on the basis of production 
schedule. The outflow fout is a sum of determinis-
tic part and white noise and can be expressed as 
 

�� �� �� �� �� ��0outf t f t F t .�  � �  (1) 

The properties of white noise are defined with 
following equations: 
 

�� ��
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The volume of the intermediate tank as a function 
of time can be expressed with 
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where N(t) is the refiner schedule and funit is the 
production speed of one refiner. 

Starting from equation (3) and using equations (1) 
and (2), an equation for the probability distribu-
tion of the volume of the tank can be analytically 
derived. The equation is defined as 
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where �1 is the standard deviation and �2 is (t-t0). 

In order to illustrate the meaning of previous 
equations we can select an optimization scenario 
and have a look at the graphs. Figure 2 presents 
three time series needed by the optimization. In-
flow is defined by the refiner schedule, determi-
nistic part of the outflow is predefined and the 
expected value of the volume is calculated based 
on flows.   

5 identical 
refiner units; 
only off or on 

Finite sto rage
volume 

Time-variant 
consumption 
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Figure 2. An example of the optimization scenario. 

When stochasticity is added to the model, the 
value of the volume can no longer be predicted 
accurately. Figure 3 reveals the dramatic change 
in the shape of the probability distribution towards 
the end of the time horizon. 

 
Figure 3. Probability distribution of the volume. 

Adding stochasticity to the model increases the 
amount of information but also raises new ques-
tions: “How to deal with it?” 

Random breaks on the paper machine 

There are several reasons for the breaks on the 
paper machine and numerous ways to predict 
them. Yet, none of the predictions is above the 
others. In this paper we concentrate on the process 
where the TMP plant feeds one single grade paper 
machine. As the break occurs, there is no demand 
for the TMP. This kind of ongoing on / off situa-

tion can be defined with the Markov chain. 
Mathematically the definition goes as follows. 

Suppose that �^ �` 0M Xn n
�f

� �  is a sequence of 

correlated random variables, where each Xn comes 
from some set �Ÿ, called the state space. We as-
sume that states �Ÿ in can be labeled by the inte-
gers, i.e., �Ÿ is discrete. The process is a Markov 
chain if it satisfies the Markov condition 
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(5) 

Fixing an initial distribution P(X0 = i) for X0 and 
the transition probability for Xn+1 given Xn,   
P(Xn+1 = j|Xn = i) determines a Markov chain. 

In this case a simple two-state Markov process is 
sufficient. Figure 4 illustrates the process. The 
process has to states, on (1) and off (0). The prob-
ability for break during next interval, if the ma-
chine is currently running is P1, and the probabil-
ity for recovering from break, if the web is cur-
rently broken is P2.  

 

Figure 4. A two-state Markov chain. 

Figures 5 and 6 show how the uncertainty affects 
the volume flown out. P1 is assumed to be 0.05 
and P2 0.5. The initial state is on, the paper ma-
chine is running. 

 

 
Figure 5. The evolvement of the probability distribution  

 1 0

P1 

P2 

1-P11-P2

114

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



 
Figure 6. The average drifts away from the predicted 

Stochastic objective functions and 
constraints 
All production systems have an element of unpre-
dictability, or stochasticity. Therefore, we cannot 
predict the value of our objective as a result of a 
set of actions precisely, but it will have a prob-
ability distribution. As far as the variance of the 
distributions resulting from two set of actions is 
roughly the same, it is sufficient to compare the 
mean values of objective. However, rather often 
the variances will be different. This is illustrated 
in Figure 7 where the probability distributions of 
grade change time (objective to be minimized) are 
shown for two operational practices. One distribu-
tion has a lower mean (16 minutes) but nonvan-
ishing probability for over 20 minutes grade 
change time and the other has higher mean (18 
minutes) but is quite predictable below 20 min-
utes.  

 
Figure 7. Two grade change options with uncertainty in 
the outcome.  

Should the operator / engineer choose option 1 
with lower average grade change time but higher 
risk for high grade change time, or the one with 
higher average, but quite predictable grade change 
time? 

This decision is entirely subjective and expresses 
the decision maker’s (or organization’s) attitude 
towards risk. Quite often a systematic attitude 
towards risk can be expressed as a “cost of risk” 
or as a risk premium added to the objective. 

The objective of the example case is to minimize 
overall electricity costs while taking into account 
the limited tank volumes between TMP plants and 
paper machines. Stochasticity can be present in 
two ways, as presented in the previous chapter. In 
the both cases the stochasticity is in the con-
straints. 

In the deterministic case, the feasibility of a solu-
tion can easily be determined. In the TMP case 
the volume of the intermediate tank has upper and 
lower limits. If these constraints are violated, the 
solution is infeasible. However, this approach is 
not applicable, if the constraints are stochastic. In 
the stochastic case the solution has several differ-
ent constraint values varying around some mean 
value. If the mean constraint value is close to the 
constraint boundary, the constraint values will be 
both bigger and smaller than the constraint 
boundary. Therefore, the same solution can be 
considered infeasible or feasible. 

For stochastic systems, the end user must decide 
whether the constraints are absolute (the probabil-
ity of violation a constraint is zero) or soft (the 
probability of violation is less than user specified 
probability p > 0). Equipment and safety con-
straints in the early part of decision horizon must 
be absolute, but at a later part soft: this will leave 
time to react if the evolution of the system is un-
desirable. Constraints based on operational poli-
cies are soft for stochastic systems. 
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Conclusions 
 
Essentially all production decision support sys-
tems neglect the stochasticity. This is the most 
limiting factor of their applicability. We believe 
that decision support for stochastic systems with 
applications to production management is an in-
teresting and highly relevant field, but yet at a 
research phase. One reason for practical imple-
mentations not having attacked large problems is 
the rising of computational costs as the number of 
decision variables increases. 

In this paper we have taken steps to include sto-
chastic elements to the simulation and optimiza-
tion. The presented stochastic elements and the 
ways to deal with them are ingredients of meth-
odology needed in designing practical implemen-
tations. Future work includes further development 
of methods and more complex simulation studies. 
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Abstract 
 
The pyrolysis model presented in this paper consists in a coupling between a heat transfer model, 
a chemical model for the thermal decomposition of the pyrolysed material and a simplified mass 
transfer model for the resulting gaseous phase. In order to avoid the use of complicated partial 
differential equations systems for the description of the heat and mass transfer phenomenons a 
nodal method is employed. The chemistry being directly linked to the heat transfer the model 
allows very simple use of different types of chemical mechanisms suitable for various types of 
biomasses. A simplified approach for the mass transfer model is currently under construction thus 
only some preliminary results are presented. 
Keywords: biomass, pyrolysis, modelling 

 
Nomenclature 
 
Cp specific heat [J/kg/K] 
k reaction constants [s-1] 
K permeability [m2] 
m mass [kg] 
m°

tr mass flow [kg/m3/s] 
p pressure [Pa] 
S surface [m2] 
t time [s] 
T temperature [K] 
u velocity [m/s] 
Vc control volume [m3] 
x distance [m] 
 
Greek letters 
�Us apparent density [kg/m3] 
�H bed void fraction 
�)  heat flux [W] 
�P fluid viscosity [kg/m/s] 
 
Subscripts 
C char 
g, G gaz 

s solid 
T tar 
W wood 
 
Introduction 
 
As a result of the present environmental context 
more and more attention is given to the biomass 
conversion technologies as green energy sources. 
This fact accents the need for accurate models that 
can predict thermal decomposition behaviour and 
that can assist the scale up of new types of 
installations. 
This work aims to investigate the opportunity of 
implementing a new type of model that can 
provide fast but accurate information regarding the 
thermal decomposition of biomass. The model 
combines a nodal numerical method, usually 
employed for heat transfer cases, with a chemical 
mechanism for the thermal decomposition and with 
a simplified mass transfer model. The result is an 
unsteady state model that can predict, depending 
on the material properties and the chosen chemical 
sub-model, the parameters of the pyrolysis process. 
The model also allows the study of the influence of 

*Corresponding author. Phone +33 (0) 2 51 85 82 74 
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different reactor geometries on the global process 
and, as a result, it offers the scale up possibility. 
 
Reactor  geometry 
 
As stated earlier, the model should be able to study 
the influence of the reactor geometry on the overall 
pyrolysis process. However, it is generally 
admitted that the geometry of the reactor can only 
significantly influence its heat transfer capabilities, 
such the surface to volume ratio for example. Since 
the non oxidative pyrolysis is a mainly 
endothermic process it is highly dependent on the 
temperature, thus dependent of the amount of heat 
introduced into the reactor through the walls. From 
this point of view the advantage lies with the 
geometries that provide a bigger heat exchanging 
surface for a constant volume. 
Regarding the numerical the symmetrical 
geometries are preferred since they are more 
representative for the actual industrial installations. 
 
The numer ical method 
 
The nodal method is widely used for the heat 
transfer modelling of non homogenous media in 
steady or unsteady state. It allows the construction 
of simple heat transfer models by linking 
interacting elements and is more adequate for this 
type of problems comparing to the finite volumes 
or finite elements methods. The principles of this 
numerical method are discussed in [1], [2] and [3]. 
For better understanding all the concepts of the 
nodal method will be exemplified on the reaction 
volume presented in figure 1. It is filled with 
spherical biomass particles with the same diameter 
forming a porous bed. If the bed is considered 
homogenous and isotropic an annular 
discretization like the one shown in figure 1 can be 
applied. The result is a two dimensional nodal grid. 
However, if the zone is not homogenous and 
isotropic, a more complex discretization pattern 
has to be employed, by inserting several separation 
planes passing through the axis of the cylinder. 
The nodal numerical method implies that the entire 
control volume is concentrate in a single point in 
the centre of the volume and the temperature is 
assumed uniform within a control volume.  
For the annular shaped volumes the resulting nodal 
grid is presented in figure 2. It represents a half 
axial cross section of the cylinder as it is 
discretized in figure 1. The distance between the 

nodes usually varies from a few millimeters to a 
few centimeters. The filled points correspond to 
the reaction volume wile the unfilled points 
represent the boundaries. The interactions between 
a boundary point and a reaction point are defined 
separately due to the particularity of various 
phenomenons in their vicinity. 
 

 
Figure 1: The reaction volume and the 

discretization 
 

Figure 2: The nodal grid 
 
The algorithm of the nodal method implies that the 
value of a certain parameter at the current time step 
is calculated using the available data from the 
previous time step. This explicit technique allows 
analytical solving of differential equations 
considering that certain parameters remain 
constant during the imposed time period. This 

 

130

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



simplification eliminates the need of iterating or 
solving complex systems of equations and provides 
a fast calculation method with minimal precision 
loss. However, the method requires a low time step 
for some of the occurring phenomenons. An 
analysis of the time step is latter presented. 
 
The heat transfer  sub model 
 
The heat transfer modelling of the porous bed 
during pyrolysis is based on the previous work 
presented in [4]. A number of assumptions are 
made in order to simplify the model. First, 
depending of the heating configuration and the gas 
flow in the reactor, a choice has to be made 
regarding the temperature field of the solid and 
fluid phases. The thermal equilibrium between the 
two phases is best suitable if the cylinder in figure 
1 is heated only on the lateral side for example, 
with the gases escaping through the top side. 
However, if the same cylinder is also heated on the 
bottom side, the hot gas formed in the lower layers 
must pass through the colder superior layers. In 
this case the thermal equilibrium is no longer 
suitable and two temperature fields need to be 
employed for a better description of the heat 
transfer phenomenons. In this work, the latter case 
is retained. 
The heat transfer within the fluid can also be 
simplified by assuming that the fluid phase 
exchanges heat only by convection with the solid 
phase, thus neglecting its own conduction and 
radiation. The solid phase radiation and conduction 
can be quantified together in a parallel mechanism, 
following the heat transfer mechanism proposed by 
the authors in [4].  
The heat transfer equation applicable to the nodal 
model is given by [1] for a node i surrounded by j 
other nodes: 
 

�¦�¦ �)���)� 
k

ki
j

ij
i

pii dt
dT

Cm  (1) 

 
The term �) ij represents the flux exchange between 
the nodes i and j and is expressed by equation 2.  
 

)( jiijij TTG ���˜� �)   (2) 

 
The Gij factor is the conductance between the two 
nodes and it is calculated in function of the 
material properties and in function of the reactor 

geometry. The �) ki flux represents the source term 
for the node i and it is a function of the heat of 
reaction in table 1 and the kinetic constants of the 
chemical process. If two temperature profiles are to 
be taken into account, the equation (1) can be 
applied for each phase and the heat flux resulted 
form the convection between the two phases can be 
included as heat source terms. 
 
The chemical sub model 
 
One of the advantages of this method is its 
versatility in the use of various chemical 
mechanisms. The kinetic models are best suitable 
for the nodal method but combinations between 
such models and equilibrium models are possible. 
Different kinetic models are presented in [6], [7], 
[8] and [9]. The model presented by Mousques in 
[9] and shown in figure 3 is chosen to exemplify 
the use of kinetic mechanisms. 
 

GAS 

 
Figure 3: Chemical model 

 
The wood is decomposed by three simultaneous 
primary reactions producing a solid carbonaceous 
residue (the char), a pseudo species of condensable 
gases (the tar) and a pseudo species of non 
condensable gases (the gas). The secondary 
decomposition of the tar produces more gas and 
char. The reaction constants obey the Arrhenius 
formalism and the kinetic data is presented in table 
1. 
 

Reaction Ai (s
-1) Eai (J /mol) H i (J /kg) 

1 1.43 104 8.86 104 4.18 105

2 4.13 106 1.127 105 4.18 105

3 7.38 105 1.065 105 4.18 105

4 4.28 106 1.08 105 -4.2 104

5 105 1.08 105 -4.2 104

Table 1: Kinetic data for the chemical model [8] 
 
This chemical model supposes that all the reactions 
are first order decompositions. The parameters 

WOOD TAR 

CHAR 

k1 k4 

k2 

k5 

k3 
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used for the expressions of the kinetic laws are 
give by equations 3 and 4. 
 

c

s
s V

m
� �U    (3) 

c

g
g V

m

�˜
� 

�H
�U    (4) 

 
The two parameters represent the apparent 
densities of the solid or gaseous pseudo species. In 
the case of the solids, the density is relative to a 
control volume V,. while for the gases it is relative 
to the void volume available in the same control 
volume. 
The mass balance for the four pseudo species 
involved in the pyrolysis process is given by 
equations (4) to (7). 
 

W
W kkk

dt
d

�U
�U

)( 321 �������   (5) 

TW
C kk

dt
d

�U�U
�U

�˜���˜� 53   (6) 

TW
G kk

dt
d

�U�U
�U

�˜���˜� 41   (7) 

TW
T kkk

dt
d

�U�U
�U

�˜�����˜� )( 542  (8) 

 
The heat of different reactions in table 1 provide 
means of calculation for the �) ki terms in equation 
(1). 
The versatility of this approach lies in the fact that 
for a different material, characterized by different 
reaction mechanism, the equations (5) to (8) are 
easily replaceable with those resulted from the new 
mechanism. However, the mass balance for the 
fluid phase for each control volume must include 
the terms describing the flow of the gasses in the 
reactor. 
 
The mass transfer  sub model 
 
If the heat transfer and the chemistry are easily 
integrated with the nodal method concepts, the 
fluid flow component represents the difficulty of 
this method, mainly due to the transitory nature of 
the global process. 
The first approximation to be made is to consider 
all the gasses as ideal. This allows the evaluation 
of the pressure build up in each grid node during 

the imposed time step. The fluid velocities can be 
obtained knowing the pressures in each node and 
using Darcy’s law for porous media: 
 

x
pK

u
�G
�G

�P
���   (9) 

 
Patankar in [3] recommends defining a secondary 
grid. This new grid will have as nodes the 
interfaces between the adjacent cells and the 
velocities will be disposed as in figure 4. Since the 
pressure data is available in discrete positions, the 
equation (9) has to be slightly modified. Equation 
(10) represents a more suitable form of the Darcy 
law. 
 

x
pK

u
�'
�'

��� 
�P

  (10) 

 
The term �' p represents the pressure difference 
between two neighbor nodes and �' x represents the 
distance between the nodes. 
 
 

Figure 4: The velocities grid 
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The mass transfer between two nodes can be 
evaluated using the calculated velocity and the 
common surface of the two nodes. 
 

g
c

tr V
S

um �U� 
�x

   (11) 

 
Besides the convective mass transfer, a diffusional 
mass transfer component can also be defined using 
a mass transfer coefficient. In this model however, 
there is no need to account for this kind of mass 
transfer. 
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Coupling of the occurr ing 
phenomenons and results 
 
As stated before, the method used to build the 
pyrolysis model links three sub models describing 
three different phenomenons. Some difficulties can 
arise in deciding the order in which the sub models 
are to be applied. The logical chain of events is:  
1. the heat transfer that determines the 

advancement of the chemical reactions; 
2. the chemical reactions caused by the 

transferred heat, causing a rise of the pressure 
in the affected nodes; 

3. the flow of the gas produced by the chemical 
reactions, causing a redistribution of the 
gaseous reactants and determining a new 
convective heat transfer component between 
the gas and the solid. 

The first step of the calculation chain can be one of 
the three, but their calculation order should be 
respected since it represents the causal chain of the 
process. 
Another major difficulty of this method is the 
effective use of the mass transfer sub model as it is 
presented in the previous section. The problem 
consists in the fact that the gas flow phenomenon 
has a very small time constant compared to the 
heat transfer and the chemistry time constants. This 
problem causes unacceptable simulation delays 
and for this reason the mass transfer mechanism 
should be implemented by separating the mass 
flow phenomenon of the rest of the processes. 
The following results are preliminary and they are 
calculated neglecting the occurrence of the gas 
flow in the reactor. While this situation is indeed 
far from the reality the presented results are only 
shown in order to illustrate  the capabilities of the 
nodal method. 
Figure 5 presents a type of result obtained for the 
temperature field within a reactor similar to the one 
in figure 1, heated on the side surface with 800K 
and on the bottom surface with 1000K. The main 
grid has 400 vertical nodes and 200 horizontal 
nodes, for a length of the cylinder of 40cm and a 
radius of 20cm. The simulation time is 1000 
seconds with a time step of 0.5 seconds. Figure 6 
presents the biomass apparent density field �UW ( 
from equation 5) in the same reactor and in the 
same conditions. 
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Figure 5: Solid temperature field (t=1000s) 
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Figure 6: Wood apparent density field (t=1000s) 

 
Preliminary sensibility tests 
 
Even if the results obtained so far are not 
quantitatively accurate they allow a study of 
sensibility of the method to different parameters 
such as the grid discretisation or the time step. 
 
The time step sensibility 
 
The time step influence is very important, 
especially when solving analytically the equation 
(1). The most important differences appear on the 
reaction advancement front, visible in figure 6. The 
tests made in the same conditions and shown in 
figures 7 and 8 sustain this observation. 
Furthermore, it seems that larger the distance 
between the nodes produces an increased 
sensibility to the time step (results not shown 
here). 
Figure 7 represents three temperature profiles 
calculated for a time step between 0.1 and 1 
seconds, at 390mm from the top of the reactor. 
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This zone is the most sensible due to the fact that 
here the gradient of the apparent wood density is 
highest. The profiles in figure 8 at 200mm confirm 
the previous conclusion, this time the differences 
appearing on the vertical reaction front. 
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Figure 7: Solid temperature profiles at 390mm 
from the top (t=1000s) (400x200 nodes) 
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Figure 8: Solid temperature profiles at 200mm 
from the top (t=1000s) (400x200 nodes) 

 
The same effect can be observed for the chemical 
data. In this case however, the differences are 
bigger due to a high sensibility of the kinetic 
constants to the temperature variations. Figure 9 
presents the profiles for the wood apparent density 
on the reaction front at 390mm from the top of the 
reactor for the three considered time steps. In 
figure 10 at 380mm from the top, where the 
temperature is lower and the radial reaction front 
has not reached yet, the more noticeable 
differences are on the axial reaction front, close to 
the wall. 
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Figure 9: Wood apparent density profiles at 
390mm from the top (t=1000s) (400x200 nodes) 
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Figure 10: Wood apparent density profiles at 

380mm from the top (t=1000s) (400x200 nodes) 
 
The meshing sensibility  
 
The test for the grid spacing sensibility are made 
for the same conditions as previous tests, for a time 
step of 0.1s. The retained data is presented in 
figures 11, 12 and 13. 
Figures 11 and 12 compare the temperature 
profiles obtained for the first layers of the bed at 
20mm, 10mm, 8mm and 5mm grid spacing with 
the corresponding profiles at 20mm, 10mm, 8mm 
and 5mm from the bottom of the reactor, 
calculated with a 1mm grid spacing. The results 
show that for a discretisation of less than 10mm, 
the temperature profiles are acceptable. 
The chemical data seems to be more sensible at the 
grid spacing. As the detail in figure 13 shows, the 
wood apparent density profiles at 200mm from the 
top of the reactor has a pronounced sensibility zone 
on the vicinity of the axial reaction front, close to 
the wall. The resolutions obtained for 20mm, 
10mm and 5mm grid spacing are far from the 
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values obtained for a 1mm discretisation, thus, 
from a chemical point of view, a grid spacing 
above the 1mm limit is highly inaccurate and 
inacceptable. 
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Figure 11: Temperature profile comparison at 
10mm and 20mm from the bottom (t=1000s, 

dt=0.1s) 
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Figure 12: Temperature profile comparison at 8mm 

and 5mm from the bottom (t=1000s, dt=0.1s) 
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Figure 13: Chemical data for the discretization 

sensibility (t=1000s, dt=0.1s) 

Conclusion 
This work presents a nodal model of the pyrolysis 
process, as a link between a heat transfer model, a 
chemical model and a mass transfer model. The 
concepts of the method are shown and preliminary 
results are used to describe the sensibilities of the 
method to the spatial discretisation and to the 
imposed time step. 
As a perspective, the  mass transfer model can be 
implemented with the global model to allow the 
quantification of gas flow effects on the overall 
pyrolysis process. 
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Abstract 
 

The two-stage downdraft gasifier process is numerically analysed in this paper. The developed CFD model 
is divided into two parts, the oxidation and reduction zones, whereas the pyrolysis step is taken from 
literature. Chemical reactions are treated either by the “EDC” model (homogeneous reactions) and either by 
the Multiple Surface Reactions model (heterogeneous reactions). The solid phase is simulated by a 
Lagrangian particles tracking.  
Although validation remains not completed, the model is in relatively good agreement with the trends taken 
from the literature. 

 
Nomenclature 

 

                                                   
�
 corresponding author: e-mail: luc.gerun@emn.fr, phone number: (+33) 2.51.85.82.96, fax (+33) 2.51.85.82.99 

 

A: Surface area (m²) 
C: Concentration (kmol. m-3) 
C2: Inertial resistance factor (m-1) 
Cp: Heat capacity at constant pressure (J. kg-1. K-1) 
d: Diameter (m) 
D0,r: Molar diffusion coefficient (kmol. m-3) 
Ea: Activation energy (J. kmol-1) 
h: Heat transfer coefficient (W. m-2. K-1) 
h0: Standard state enthalpy (W. m-1. K-1) 
H: Heat of reaction (J. kg-1) 
I: Radiative intensity (W) 
k: Thermal conductivity (W. m-2. K-1) 
ks: Frequency factor (s-1) 
kc : Arrhenius kinetic rate 
km: Mass diffusion coefficient (kg.m-2.s-1) 
m: Mass (kg) 
M: Molar weight (kg. kmol-1) 
n: Index of refraction  
p: Relative pressure (Pa) 
R: Ideal gas constant (8 314 J. kmol-1) 
Ri,r: Homogeneous reaction rate (kg. m-3.s-1) 
Rj,r: Rate of particle surface species depletion per 
unit area (kg. m-2.s-1) 

rjR , : Rate of particle surface species depletion 

(kg. s-1) 
T: Temperature (K) 

Y: Mass fraction, 
total

i
i m

m
Y �  

 
Greek Letters 
 
�.: Absorption coefficient (m-1) 
�Dp: Permeability (m-²). 

�H: Porosity, 
total

void

real

apparent

V
V

� ��� 
�U

�U
�H 1  

�Hm: Emissivity 
�Kr: Effectiveness factor 
�O: Thermal diffusivity (m². s-1) 
�Q: Kinematic viscosity (m². s-1) 
�U: Density (kg. m-3) 
�VS: Scattering coefficient (m-1) 
�V: Boltzman constant (5,67.10-8 W.m-2.K-4) 
�IT: Thiele modulus 
�\ : Stream function 
 
Subscript 
 
eff: effective 
g: gas 
p: particle 
r: reaction 
s: solid 
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1 Introduction  

With the increasing concern for the environmental 
problems linked to the power production systems, 
the use of biomass as an alternative power source 
to the fossil fuels has become more attractive for 
the investors. In the perspectives of the Kyoto 
agreements, the reduction of CO2 emissions gives 
to the energy production from biomass a 
considerable advantage. 
Furthermore, if so far furnaces were the preferred 
way of energy production, the gasification with gas 
engine-generator technology is beginning to attract 
the interest not only of the scientific community, 
but also the attention of the industry due to its 
efficiency, its environment respect and the 
opportunity of producing both thermal and 
electrical energy [1].  
Biomass gasification is a thermal conversion 
technology where a solid fuel is converted into a 
fuel gas. A partial combustion by a limited supply 
of oxidant, usually air, releases the heat necessary 
to the endothermic reactions of pyrolysis and 
reduction. The low LHV product gas is mainly 
composed by carbon monoxide, carbon dioxide, 
hydrogen, methane, water, nitrogen and various 
contaminants, such as small char particles, ash and 
tars.  
Biomass is a particular kind of fuel. It is indeed 
often considered as a waste and its price is fixed by 
the collecting expenses. That is why small-scale 
installations are well adapted to this market. They 
allow valorising wastes directly on their production 
location. 
In this context biomass downdraft gasifiers present 
indisputable advantages [1]. A traditional example 
is presented in Figure 1 [2]. In further models 
called two-stage, pyrolysis and 
combustion/reduction zones are physically 
separated. This low tar level technology only 
requires a small gas cleaning unit to prevent engine 
fouling problems [3]. Furthermore it is well 
adapted to turnover and biomass diversity. Finally 
its utilisation is relatively easy and can be highly 
automated. 
The technology is experimentally well known as 
such gasifiers have been used for several decades. 
However available kinetics data and the theoretical 
comprehension of the physical phenomena remain 
still insufficient to build a general accurate model. 
Indeed complex chemical reactions occur in the 
reactor. They are moreover significantly dependent 
of temperature. But the turbulent two-phase flow 

and the geometry pattern make difficult to model 
accurately the heat transfer. That is why detailed 
modelling is required to determine the internal 
processes of oxidation and reduction. 
In these perspectives, the objective of this study is 
to build a CFD model of the combustion-reduction 
zone. This tool will then be used to improve the 
knowledge of the physical phenomenon and to 
improve downdraft gasifiers design. Installation 
scale-up and tar level reduction are the two main 
aimed applications. 

This model is coupled to a heterogeneous 
equilibrium based pyrolysis sub-model previously 
developed by Vîjeu and Tazerout [4]. As described 
in Figure 2, they form a global downdraft gasifier 
model. This tool can thus be used to design the 
whole reactor. 
This paper describes the gasifier modelling. Firstly 
general equations and simulations tools are 
explained. The specificities of each submodel are 
then developed. Finally results of simulation are 
discussed. 
 
2 Overall modelling principles 

 
Gasifiers are complex reactors in which two-phase 
reactive turbulent flow occurs. CFD tool is used in 
order to simulate it. Figure 2 shows the geometry 
of the simulated gasifier. 
A segregated solver solves sequentially the 
continuity, momentum (Navier-Stokes equations), 
energy, radiation and species equations (N-1 
equations for N species). 

Figure 1: Traditional downdraft gasifier 
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Governing equations are converted to algebraic 
equations that can be solved numerically by a 
control-volume-based technique through a power-
law scheme. SIMPLE algorithm couples velocity 
and pressure. 
The 2D axisymmetric unstructured grid is 
composed of 10,000 cells. Meshing tests have been 
performed from 5,000 to 24,000 cells to insure 
independence of results. 
Simulation is considered as converged when 
residuals remain constant at a value below 10-4  
(10-2 for momentum). The calculation time is 
approximately fifty hours on a biprocessor 1.2 
GHz computer, when both oxidation and reduction 
submodels are running in parallel.  
The model is indeed split into two submodels, one 
for the oxidation zone, the other for the fixed bed 
where reduction reactions occur, as shown in 

Figure 3. The input of the oxidation part is taken 
from the pyrolysis model. 
 
 

3 Oxidation zone 

 
Reynolds number is around 5,000 at the inlet 
where turbulence rate is 1%. The flow is thus 
turbulent because of the reactor geometry. 
Moreover velocity pattern is complex as 
recirculation may occur. A detailed turbulence 
model is thus required to simulate these 
phenomenon. After a sensitivity study, the RNG k-
�H model was chosen as the best compromise 
between accuracy and efficiency. 
Turbulence is also taken into account in the 
chemical reaction model, “Eddy Dissipation 
Concept” model [5] that calculates Arrhenius rate 
at the turbulence time scale. It seems to suit well to 
this kind of reactive flow [6]. 
As temperature exceeds 1000°C in the reactor core, 
heat transfer by radiation is predominant. They are 
simulated by Discrete Ordinates model [7], a four-
flux method. The gas emissivity is computed by 
the cell-based Weighted-Sum-of-Gray-Gases 
model that takes into account the concentration of 
CO2 and H2O. 
Model equations are listed in Table 1. 
Wall boundary conditions are simulated by a low 
Reynolds number approach [8]. 
The chemical mechanism consists in three 
oxidation reactions (R1-3), the water-gas shift 
reaction (R4) and the methane reformation (R5). 
 

 CO     O 0.5   CO 22 � • � o�•��            (R1) 

(R2)   OH 2   CO    O  1.5   CH 224 ���•�o�•��

 (g) OH     O 5.0  H 222 �•�o�•��             (R3) 

222 H  CO     OH   CO ���•�o�•��                  (R4) 

 H 3  CO    OH   CH 224 ���•�o�•��                      (R5) 
 

Arrhenius rate is calculated from equation (1). 
 

baRT

E

s BAek
a

][][kc

��
�                                           (1) 

 

Figure 2: Global model description
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Constants for are taken from literature. They are 
listed in Table 2. 
Solid phase is simulated by a Lagrangian particles 
tracking. It is observed that particles residence time 
is relatively short (<1s) in a two-stage downdraft 
gasifier. As a consequence heterogeneous reactions 
are negligible, as oxygen reacts far quicker with 
gas phase.  
Heat transfer from fluid to solid phase is calculated 
by equation (2). 
Final particles temperature is then used to set 
initial conditions in the bed.  

� � � �
  )( 44

ppp

r
p

pp
p

pp

TTA

H
dt

dm
TThA

dt

dT
Cpm

����

����� 

�f

�f

�V�H
          (2) 

 
4 Reduction zone: the fixed bed 

 
The gasifier is considered working on a stable and 
steady state, that is that the mass of char depleted 
by reduction reactions is equal to the mass of char 
coming from the oxidation zone. 
Particle mass flowrate is assumed to be uniform 
over the surface and constant. The bed of average 
density 250 kg/m3 consists in 90 colons of ten-
millimetre-diameter particles. They are injected at 
the bed top and put off the calculation at the 
bottom (ash losses). 

4.1 Particles model 
Even if particles velocities are almost null, 
particles are modelled as a discrete phase in a 
Lagrangian frame of reference by the Discrete 
Phase model. The trajectory calculation takes only 
into account interactions with walls, as the grate 
compensate gravity and drag forces. As a result 
particles velocity gradient is almost null.  
Initial velocity is determined by the char mass 
flowrate from pyrolysis model. Their temperature 
is calculated by equation (2). Convection, radiation 
and heat of reactions are included. However 
particles are considered isolated, as conduction and 
collisions are neglected, being smaller by an order 
of 20 compared to radiative heat transfer. 

4.2 Pressure drop 
A source term of friction from Ergun equation (9) 
due to the porosity of the bed is included in the 
momentum equation. 

   
2
1

2 �¸
�¸
�¹

�·
�¨
�¨
�©

�§
����� iii

p
i vvCvS �U

�D
�P

                       (3) 

with �Dp = 3*109 m-2 and C2 = 3.4*107 m-1. 

4.3 Surface reactions 
Only two surface reactions (R6) and (R7) are 
considered. Indeed oxygen has been totally 
consumed in the oxidation zone whereas C-H2 
reaction is far slower than C-CO2 and C-H2O and 
thus is negligible [9]. 

 22 H   CO    OH  C ���•�o�•��                    (R6) 

CO 2     CO  C 2 �•�o�•��                            (R7) 
Arrhenius rate constants are deduced from 
Groeneveld and Van Swaaij [10] (see Table 2). 
Reaction rate are calculated by the Multiple 
Surface Reactions model, based on the works of 
Smith [11].  
From mass-balance considerations the particle 
depletion rate can be expressed as: 
R = D0(Cg - Cs) = kc (Cs)

N                                     (4) 
Implemented for each reaction r and each species j, 
it gives a set of two equations: 
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�f

;  

C1,r is a constant calculated from molar and 
Knudsen diffusion rate coefficient for the mean 
temperature of the bed top; C1,r = 4.968*10-10 for 
CO2 and 7.769*10-10 for H2O; 

and �¸�¸
�¹

�·
�¨�¨
�©

�§
��� 

TTT
r �I�I�I

�K
1

tanh
1 3

.                          (7) 

This set of equations is solved by iteration except 
if N r is equal to 0 or 1. For the last case the 
analytical solution is: 

cr

rc
njrprj RD

DR
pYAR

��
� 

,0

,0
, �K                                (8) 

The particles diameter remains constant by 
simplification while their density is allowed to 
change. Moreover inhibition and degree of 
conversion are not taken into account. 
Oxidation reactions are neglected in the bed as 
oxygen concentration is closed to zero. 
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Table 1: Governing equations 
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Table 2: Reference value for kinetic constants 

 

Reaction ks (s
-1) Ea (J. kmol-1) A B Reference 

(R1) 2.2*1012 1.67*108 1 0.5 Bettahar [12] 
(R2) 5.012*1011 2*108 0.7 0.8 Fluent [13] 
(R3) 4.462*1012 4.2*107 1 1 Di Blasi [9] 
(R4) 124.03 1.26*107 1 1 Di Blasi [9] 
(R5) 312 2.07*108 1 0 Liu [14] 
(R6) 26.25 2.171*108 n = 0.7 Groeneveld [10] 
(R7) 26.25 2.171*108 n = 0.7 Groeneveld [10] 

 
5 Results

The model has been applied to a representative 
downdraft gasifier of diameter 0.9 m. It is feed 
with 15%-humidity beech wood at a mass flowrate 
of 20 kg/h and a mass fuel – air ratio of 1:1 for a 
power of approximately 100 kW thermal. Air is 
preheated up to 670K before injection. 

Pyrolysis is supposed to occur at 870 K. Pyrolysis 
products calculated from the model of Vijeu and 
Tazerout [4] are char, 30%, and gas, 70%. Its mass 
composition is approximately 50% CO2, 25 % 
water, 25% CH4 and traces of CO and H2. 

141

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



The temperature profile in the oxidation zone, 
shown in Figure 4, is conform to the expectations. 
A hot point is localised just at the exit of the air 
injection nozzle, where combustion occurs. 
Elsewhere temperature is relatively uniform in the 
radial direction, with moderate axial gradient. 

Figure 4: Temperature profile in the oxidation zone 
 

A recirculation occurs in the back of the throat (see 
Figure 5). Velocity field show that 1D 
approximation is not correct for the gasifier type. 
Indeed radial velocity may not be neglected. It is 
noticeable that the flow is strongly influenced by 
biomass and air feed rate.  

 
The conjugation of temperature and axial velocity 

(see Figure 6) knowledge is particularly interesting 
 for gasifier design. It is indeed commonly 
admitted in the literature [15] that tar cracking 

depends of the temperature and of the residence 
time.  
In this case the zone of temperature hotter than 
1,100°C is very restricted, that supposes thus a 
relatively low tar cracking. 

 
Oxygen evolution enlightens the zone where 
combustion occurs. Figure 7 shows that oxygen is 
quickly consumed as kinetic rate are high. 

 
Carbon dioxide is main species of the mixture. It is 
produced during combustion and also at a lower 
magnitude by the water-gas (R4) reaction. Its 
concentration decreases because of a the dilution 
by nitrogen as shown in Figure 8. 
Final gas composition, given Table 3, corresponds 
to classical values for downdraft gasifiers [3, 16].  
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Figure 6: Axial velocity field 
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Figure 7: Oxygen mass concentration
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Methane and carbon monoxide concentrations are 
however over-predicted. Tars are indeed not 
simulated and they are also assimilated mainly in 
these two species. 
 

Table 3: Final gas composition 
 CO CO2 H2 CH4 N2 

Volume % 
(dry basis) 

22.5 14.6 24.7 5.6 32.6 

 
6 Conclusion 

 
A downdraft gasifier CFD 2D model has been 
built. Although its validation is only partial, 
particularly in the packed bed, this tool predicts 
detailed process comportment. It takes into account 
turbulence, surface reactions, heat transfer with 
radiation included. 
Results show that the model can be a useful tool 
for designing gasifier. It must however be still 
fully validated to guarantee the accuracy of data. 
Besides the reduction zone model needs to be 
improved so that catalyst effect of ashes, hydrogen 
inhibition and conversion degree would be taken 
into account. 
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INTELLIGENT DISTRIBUTED PARAMETER MODELS
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Abstract
The dynamic models of the solar collector �eld provide a smooth and accurate overall behaviour
achieved with linguistic equations combined special situation handling with fuzzy systems. The
new adaptive control technique tuned with this simulator has reduced considerably temperature
differences between collector loops. Ef�cient energy collection was achieved even in variable oper-
ating condition. The new distributed parameter model is also aimed for control design. It extends
the operability of the simulator to evaluating the controller performance for drastic changes, e.g.
startup and large load disturbances, and local disturbances and malfunctioning.
Keywords:Solar power plant, dynamic modelling, distributed parameter systems, nonlinear models,
linguistic equations, fuzzy set systems

Introduction
Solar power varies independently and cannot be ad-
justed to suit the desired demand. The aim of solar
thermal power plants is to provide thermal energy
for use in an industrial process such as seawater de-
salination or electricity generation. To provide a vi-
able, cost effective alternative for power production,
they must achieve this task despite �uctuations in
their primary energy source, the sunlight. In addi-
tion to seasonal and daily cyclic variations, the in-
tensity depends also on atmospheric conditions such
as cloud cover, humidity, and air transparency.
Any available thermal energy is collected in a usable
form, i.e. at the desired temperature range, which
improves the overall system ef�ciency and reduces
the demands placed on auxiliary equipment as the
storage tank. In cloudy conditions, the solar �eld is
maintained in a state of readiness for the resumption
of full-scale operation when the intensity of the sun-
light rises once again. Unnecessary shutdowns and
start-ups of the collector �eld are both wasteful and
time consuming [1, 2].
The control scheme should regulate the outlet tem-
perature in order to supply energy as constant as

� Corresponding author. Phone: +358-8-5532463,
Fax: +358-8-5532304, E-mail:esko.juuso@oulu.fi

possible despite the disturbances and uncertainties
in solar radiation and energy demand [1, 3, 4]. An
overview of possible control strategies presented in
[5] include basic feedforward and PID schemes,
adaptive control, model-based predictive control,
frequency domain and robust optimal control and
fuzzy logic control. A comparison of different in-
telligent controllers is presented in [6]. A linguistic
equation (LE) controller was �rst implemented on a
solar collectors �eld [1, 2]. Later adaptive set point
procedure and feed forward features have been in-
cluded for avoiding overheating. The present con-
troller takes also care of the actual set points of the
temperature [7].

Trial and error type controller tuning does not work
since the operating conditions cannot be reproduced
since the dynamics depends on the operating condi-
tions. Models have been integrated to various con-
trol schemes. Feedforward approaches based di-
rectly on the steady state energy balance relation-
ships can be based on measurements of solar ra-
diation and inlet temperature [8]. A feedforward
controller has been combined with different feed-
back controllers, even PID controllers operate for
this purpose [9]. A model-based predictive control
is another possibility to take into account nonlineari-
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ties [10]. The classical internal model control (IMC)
can operate ef�ciently in varying time delay condi-
tions [11]. The adaptation scheme of LE controllers
is extended by a model-based handling of the oper-
ating conditions [7].
Dynamic simulators are needed in controller design
and tuning. Also process optimisation could be im-
proved by modelling and simulation. Lumped pa-
rameter models taking into account the sun position,
the �eld geometry, the mirror re�ectivity, the so-
lar radiation and the inlet oil temperature have been
developed for a solar collector �eld [5]. Dynamic
simulators based on linguistic equations are contin-
uously used in development of multilayer linguistic
equation controllers. The robust dynamic simulator
based on linguistic equations is an essential tool in
�ne–tuning of these controllers [12, 13].
In this paper, the data-driven LE modelling approach
is combined with a dynamic energy balance and ex-
tended to developing distributed parameter models
based on process measurements obtained in several
test campaigns at a solar plant.

Solar power plant
All the experiments were carried out in theAcurex
Solar Collectors Field of the Plataforma Solar de
Almerialocated in the desert of Tabernas (Almeria),
in the south of Spain. TheAcurex �eld supply ther-
mal energy (1 MW) in form of hot oil to an elec-
tricity generation system or a Multi–Effect Desali-
nation Plant. The solar �eld consists of twenty rows
of east-west oriented, one-axis elevation-tracking,
parabolic-trough collectors (Figure 1) in ten paral-
lel loops (Figure 2). There are 480 modules in
the �eld. The total re�ective aperture area of the
ACUREX collector �eld is 2,674m2. The hot oil
goes to a 5MWht thermal storage system consist-
ing of a 140m3 thermocline oil tank with automatic
�re-extinguishing and volatile-condensing systems.
Quick cooling can be done with a water-cooled oil
cooler. A desalination plant is is connected to this
storage system.
Control is achieved by means of varying the �ow
pumped through the pipes during the plant opera-
tion. In addition to this, the collector �eld status
must be monitored to prevent potentially hazards sit-
uations, e.g. oil temperatures greater than 300oC.
When a dangerous condition is detected software au-

tomatically intervenes, warning the operator and de-
focusing the collector �eld. As the control is fast
and well damped, the plant can be operated close to
the design limits thereby improving the productivity
of the plant.
The energy balance of the collector �eld can be rep-
resented by expression [9]

Ie f fAe f f = ( 1 � hp) Fr cTdi f f (1)

whereIe f f is effective irradiation( Wm� 2
) , Ae f f ef-

fective collector area( m2
) , hp a general loss fac-

tor, F �ow rate of the oil ( m3s� 1
) , r oil density

kgm� 3, c speci�c heat of oil ( Jkg� 1K � 1
) andTdi f f

temperature difference between the inlet and the out-
let (

oC) . The effective irradiation is the direct irradi-
ation modi�ed by taking into account the solar time,
declination and azimuth. By combining the oil char-
acteristics and geometrical parameters into a term

a =

Ae f f

( 1 � hp) r c
; (2)

a simple feedforward controller is obtained:

F = a
Ie f f

Tout � Tin
: (3)

The temperature increase in the �eld may rise upto
110 degrees which means that the gain of the system
is affected strongly by the variations of density, vis-
cosity, and speci�c heat with the temperature (Fig-
ure 3). The daily operation is started with minimum
�ow, and the �ow increase must be quite moderate
during the whole startup phase since the high viscos-
ity does not allow very high �ow. In the beginning of
the daily operation, the oil is circulated in the �eld,
and the valve to storage system is open when an ap-
propriate outlet temperature is achieved.
An extensive number of daily data sets is available
from various test campaigns as the process must be
controlled all the time. Test campaigns include step
changes and load disturbances but they cannot be
planned in detail because of changing weather con-
ditions. Weather conditions take care of radiation
disturbances.
Modelling is based on process data from controlled
process characterised by time varying transport de-
lays, oscillations and fast disturbances of solar irra-
diation. The model described in this paper have been
developed from the data of the test campaigns of the
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Figure 1: A receiver at the Acurex solar collector
�eld.

Figure 2: Layout of the Acurex solar collector �eld.
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Figure 3: Oil properties: density, speci�c heat, vis-
cosity and volumetric heat capacity,CV = r c.
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Figure 4: Temperatures and temperture differences
in the �eld (June 21, 2002).
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Figure 5: Temperatures on different levels of the
thermocline (June 21, 2002).
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Figure 6: Temperature and temperature differences
in the �eld in cloudy conditions (June 12, 2002).
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Figure 7: Temperatures on different levels of the
thermocline in cloudy conditions (June 12, 2002).

LE controllers [7]. Figures 4 and 5 present temper-
atures in a test with fairly smoothly changing irra-
diation. In the end of the period, there is a slow in-
crease of the inlet temperature followed with a very
large load disturbance. The changes of the tempera-
ture difference are results of the setpoint tracking.
The outlet oil goes to the top of the thermocline,
and the temperatures in the lower levels of the tank
increase gradually when the oil of the lower levels
goes back to the �eld. On cloudy conditions, the
control is much more dif�cult [7]. Figures 6 and 7
present temperatures on a cloudy day with �uctuat-
ing irradiation.
The collector loops do not operate identically: the
difference between the highest and the lowest loop
temperature,dTLoop, increases when the �ow of
the oil is changed rapidly. This happens in the
startup phase and when load disturbances are intro-
duced.

Dynamic modelling
For nonlinear multivariable modelling on the ba-
sis of data with understanding of the process there
are two alternatives: fuzzy set systems and linguis-
tic equations. In intelligent control design, hybrid
techniques combining different modelling methods
in a smooth and consistent way are essential for suc-
cessful comparison of alternative control methods.
Switching between different submodels in multiple
model approaches should be as smooth as possible.
For slow processes, predictive model–based tech-

niques are necessary at least on the tuning phase.
Adaptation to various nonlinear multivariable phe-
nomena requires a highly robust technique for the
modelling and simulation.
Linguistic equation models consist of two parts:in-
teractions are handled with linear equations, and
nonlinearities are taken into account bymembership
de�nitions [6]. The basic element is a compact equa-
tion

m

å
j = 1

Ai j Xj + Bi = 0; (4)

where Xj is a linguistic level for the variablej,
j = 1::: m. The direction of the interaction is repre-
sented by interaction coef�cientsAi j . The bias term
Bi was introduced for fault diagnosis systems. Lin-
guistic equations can be used to any direction. The
membership de�nition is a nonlinear mapping of the
variable values inside its range to a certain linguistic
range, usually[ � 2; 2] . The mapping is represented
with two monotonous, increasing functions, which
must overlap in the center at the linguistic value 0. In
the present system, these functions are second order
polynomials. Coef�cients are extracted from data or
de�ned from expert knowledge. [14]
Dynamic intelligent models can be constructed on
the basis of state–space models, input–output mod-
els or semi–mechanistic models. In the state–space
models, fuzzy antecedent propositions are combined
with a deterministic mathematical presentation of
the consequent. The structure of the input–output
model establishes a relation between the collection
of past input–output data and the predicted output.
Multiple input, multiple output (MIMO) systems
can be built as a set of coupled multiple input, single
output MISO models. Delays are taken into account
by moving the values of input variables correspond-
ingly.
The basic form of theLE model also is a static map-
ping, and therefore dynamicLE models could in-
clude several inputs and outputs originating from a
single variable [6]. However, rather simple input-
output models, e.g. the old value of the simulated
variable and the current value of the control variable
as inputs and the new value of the simulated variable
as an output, can be used since nonlinearities are
taken into account by membership de�nitions. Com-
parisons with different parametric models, e.g. au-
toregressive moving average (ARMAX), autoregres-
sive with exogeneous inputs (ARX), Box-Jenkinsand
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Output-Error (OE), show that the performance im-
provement with additional values is negligible. [14].

Collector �eld models
Distributed parameter model can be based on the en-
ergy balance: energy stored = Irradiance - Energy
transferred - Heat loss. For a unit volume this can be
represented by

r cA
¶T
¶t

= Ie f fWh0 � r cF
¶T
¶x

� hD( T � Tamb) (5)

whereA is cross section of the pipe line( m2
) , c spe-

ci�c heat of oil ( Jkg� 1K � 1
) , D pipe diameter( m) ,

Ie f f irradiation ( Wm� 2
) , h heat transfer coef�cient

( Wm� 2K � 1
) , T oil temperature(

oC) , Tamb ambient
temperature(

oC) , x length coordinate( m) , F �ow
rate ( m3s� 1

) , W width of the mirror ( m) , h0 optical
ef�ciency, r oil densitykgm� 3, t time ( s) .
Conventional mechanistic models do not work:
there are problems with oscillations and irradia-
tion disturbances. Oil properties change drastically
with temperature, and therefore operating conditions
change considerably during the working day, e.g.
during the startup stage, the oil �ow is limited by
the high viscosity.
Equation (5) can be represented by

Ti ( t + Dt ) � Ti ( t )

Dt
= a1Ie f f + a2Ti ( t ) + a3Tamb (6)

where coef�cientsa1, a2 anda3 depend on operating
conditions, and therfore, the process is highly non-
linear.
Location of theith element depends on the �ow rate:

xi ( t + Dt ) � xi ( t )

Dt
=

F ( t )

Vtot
; (7)

whereVtot is the total amount of the oil in the collec-
tor �eld. Actually, the volume of the oil depends on
temperature.
Coef�cients a1, a2 anda3 depend on the operating
conditions. As the linguistic equation models are
based on nonlinear scaling of variables, the corre-
sponding coef�cients of the LE models are constant
on a wide operating area.

Operating areas

The working point variables already de�ne the over-
all normal behaviour of the solar collector �eld. The
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Figure 8: Model surface of a LE model for the work-
ing point variables [15].
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Figure 9: Simulation results for a LE model of the
working point variables [15].

model of typical operation shown in Figure 8 has a
quite high correlation to the real process data (Fig-
ure 9). The differences have a clear relation to op-
erating conditions, e.g. oscillatory behaviour is a
problem when the temperature difference is higher
than the normal. The startup phase needs a spe-
cial model. Separate dynamic models are needed to
capture the dynamic behaviour in different operating
conditions: the model surface of the normal model
is presented in Figure 10. The model shown in Fig-
ure 8 corresponds closely to the model presented by
Equation (6). The typical normal operation shown
here is not always optimal.
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Figure 10: A dynamic LE model for temperature dif-
ference [15].

Lumped parameter models

Dynamic linguistic equation (LE) models provide a
good overall behaviour in different operating con-
ditions. Oscillations are well represented, and the
temperature is on an appropriate range in the case
of irradiation disturbances. In this model, the new
temperature difference between the inlet and outlet
is obtained from the irradiation, oil �ow and pre-
vious temperature difference. The model provides
the driving force for the simulator, and the speed
of the change depends on the operating conditions.
The multimodel approach for combining specialised
submodels provides additional properties since also
equations and delays can be different in different
submodels. In the multimodel approach, the work-
ing area de�ned by a separate working point model.
[13]

Special situations

The functional relationship between the output vari-
able and the input variable are partly smooth and
partly complicated nonlinear [12]. Smooth depen-
dencies can be described easily by linguistic equa-
tions (LE). Complicated local structures are ef�-
ciently detected by the Fuzzy-ROSA method (FRM)
[16]. Thus the cascaded modelling with the LE
and FRM combines the advantages of both methods,
which can result in a considerable improvement of
the quality of the resulting �nal model. Feasibility of
the combined LE–FRM approach was demonstrated
by applying it to a solar power plant [12].
Some special situations activate when the control

system intervenes to dangerous conditions or oper-
ational faults. For example, a part of the collector
�eld may be defocused. The oil �ow can also dis-
tribute in a very uneven way. Different special sit-
uations could be further studied with distributed pa-
rameter models.

Distributed parameter models

The lumped parameter models predict the average
outlet temperature very well, and disturbances can
be detected with the fuzzy part. However, the aim of
the control system is to keep the maximum temper-
ature of the loop outlets within desired range. The
controllers tuned with the lumped parameter sim-
ulators are working well but the actual testing of
local disturbances and malfunctioning can be done
only with the real system. The changes in maximum
temperatures are always faster than the changes in
the average temperature. The distributed parameter
model was developed for this purpose.
Development of a distributed parameter model for
such a nonlinear system is very challenging. All the
necessary parameters are not available in changing
operating conditions. However, the previously de-
veloped lumped parameter models provide a feasi-
ble starting point for this new development. The key
fact was that the dynamic linguistic equation model
needs only the current situation to be able to pre-
dict the new outlet temperature. Introducing the LE
modelling �ts well to the numerical solutions of dis-
tributed parameter models presented in [17].
The solution was to divide the collector �eld model
into modules, and apply the dynamic LE models in a
distributed way. Equation (6) is modi�ed by includ-
ing the oil �ow F to the model:

Ti ( t + Dt ) � Ti ( t )

Dt
= a1Ie f f + a2Ti ( t ) + a3Tamb + a4F

(8)
The previously developed lumped parameter models
calculate the temperature difference over the whole
collector �eld. Here the temperature change in a vol-
ume element is fraction de�ned by the �ow rate, i.e.
the result would be the same as with the lumped pa-
rameter models if the operating conditions are ex-
actly same throughout the collector �eld.
In cloudy conditions, the heating effect can be
strongly uneven. These effects are simulated by in-
troducing disturbances into the irradiation. The �ow
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Figure 11: Temperatures of the collector loops in
startup phase (June 21, 2002).

rate depends also on the density that is decreasing
with increasing temperature. Uneven distributions
of the oil �ow are important if the oil �ow changes
are rapid since some loops may be unable to follow.
The �ow of the oil is changed rapidly in the startup
phase to stop the fast increase of the outlet tempera-
ture. The temperature increases slower in the loops
which far from the storage system (Figure 11). As
the maximum temperature was controlled, the con-
troller stops the fast the fast temperature increase
with high oil �ow. The highest temperature drop af-
ter the �ow peak, and the differences between loop
temperatures keep quite small after this even when
the �ow is again much lower. Obviously, the �ow
of the oil is unevenly distributed if the �ow is very
low, and especially if the �ow is circulating only in
the �eld. As the properties of the oil change very
quickly in these temperature (Figure 3), many dis-
turbances may occur.
A strong load disturbance has similar effects as the
startup: the differences between loop temperatures
increase (Figure 4), and the temperature is chang-
ing faster in the loops which are close to the storage
system (Figure 12).
Cloudy conditions seem to reduce the temperature
differences between loops both in the startup phase
(Figure 13) and in the normal operation (Figure 14).
Obviously, big differences cannot evolve as the heat-
ing effect is not so high. Another reason is that the
spots of high irradiation are continuously moving in
the �eld.
The distributed parameter model was tested by com-
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Figure 12: Temperatures of the collector loops dur-
ing a load disturbance (June 21, 2002).

0
2

4
6

8
10 0 50 100 150 200 250 300 350 400

0

50

100

150

200

250

Time steps
Loop number

T
em

pe
ra

tu
re

 (o C
)

Figure 13: Temperatures of the collector loops in
startup phase in cloudy conditions (June 12, 2002).
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Figure 14: Temperatures of the collector loops in
cloudy conditions (June 12, 2002).
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paring different scenarios on the distribution of the
oil between the loops in smooth irradiation condi-
tions. The cloudy conditions were studied by intro-
ducing random �uctuations on the local irradiation
in the collector �eld.
In the control design, the dynamic simulation mod-
els are used instead of the real process. The mea-
sured variable, the outlet temperature, is generated
by the simulator, and the controller changes the �ow
of the oil to get the outlet temperature to the set-
point. The inlet temperature starts from the ambient
temperature, and later the temperature of the storage
tank is taken into account. Same simulated or col-
lected measurements, e.g. solar irradiation, are used
in the controller and in the simulator.

Discussion
The dynamic LE simulator is a practical tool in the
controller design. The resulting controller combines
smoothly various control strategies into a compact
single controller. The controller takes care of the
actual set points of the temperature. The operation
is very robust in dif�cult conditions: startup and
set point tracking are fast and accurate in variable
radiation conditions; the controller can handle ef-
�ciently even multiple disturbances. Adaptive set
point procedure and feed forward features are es-
sential for avoiding overheating. The new adaptive
technique has reduced considerably temperature dif-
ferences between collector loops. Ef�cient energy
collection was achieved even in variable operating
condition [7].
Exact comparison of the results of the distributed pa-
rameter model with the real system cannot be done
since there are no measurements on �ow distribution
in the collector �eld. There is only one measurement
location for the irradiation, and actually, this mea-
surement location is outside the �eld. This would
be a problem for evaluating the performance of the
simulation model but the model is clearly suitable
for the control design. Different situations can be
generated for the controllers to handle.
Disturbances during the normal operation are han-
dled very well but this was done fairly well even
with the lumped parameter models. The actual ben-
e�t is achieved in modelling of the startup and load
disturbances. In these cases, also the density of the
oil changes considerably.

The solar collector �eld is a small test case for a
methodological extension where nonlinear intelli-
gent models are distributed into volume elements.
These dynamic LE models were similar to those
used in dynamic lumped parameter system, and the
lumped parameter solution corresponds to the situ-
ation where the loops are operating identically, the
�ow is evenly distributed between the loops, and the
irradiation are distributed evenly throughout the col-
lector �eld.

Conclusions
The dynamic models provide a smooth and accu-
rate overall behaviour achieved with linguistic equa-
tions combined special situation handling with fuzzy
systems. The new adaptive control technique tuned
with this simulator has reduced considerably tem-
perature differences between collector loops. Ef�-
cient energy collection was achieved even in vari-
able operating condition. The new distributed pa-
rameter model is also aimed for control design. It
extends the operability of the simulator to evaluat-
ing the controller performance for drastic changes,
e.g. startup and large load disturbances, and local
disturbances and malfunctioning. This extension is
important for controlling the maximum temperature
of the collector �eld as the previous models were
capable only for the simulation of the average tem-
perature.
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Abstract
The objective of this study is to develop a design system for geothermal piping systems. Designing
geothermal piping systems requires expert skills, built on designers experience. This expert knowl-
edge has to be accessible for the organization, as well as less experienced designers. By developing
a design system, it is possible to lead the designer through the design process; expert knowledge will
be available at all times and the design procedure will be more automatic, resulting in shorter design
time. In this study, a design system calledGeoMindis developed. The system is tested by designing
a new piping system, at Iceland'sHellisheidi Power Plant. The results show that the design process
is more accessible and automatic, the designer is led through the design process, all which result in
a shorter design time.
Keywords:Design system, geothermal piping systems.

Introduction
The demand of utilizing reusable energy sources,
such as geothermal power, is increasing around the
world. The design of a geothermal power plant is
a complex distributed problem, and the design of
geothermal piping systems is an important factor in
the design.
Today the design is built upon the designers' experi-
ence and is mostly ad-hoc design for every geother-
mal area. The design process can be time consum-
ing and it is dif�cult, even for the experienced de-
signer, to have an overview of all the different de-
sign options. Therefore, a design system for the de-
sign of geothermal piping systems can save the de-
signer considerable time and keep track of different
solutions. The purpose of this project is to develop
a computer-based design system. Currently, such a
system, which takes into account different factors in-
volved in the design, is not available on the market
for geothermal piping system.
Generally, geothermal power plants are situated in
active seismic areas, and therefore, seismic design is
a major factor in the structural design of geothermal

¤Corresponding author. Phone: +354 585 9203, Fax: +354
585 9299, E-mail:anna@marorka.com

piping systems. The focus here is on the design of
piping systems that lead the geothermal �uid from
the wells to the separation station. The geothermal
piping system has to be �exible enough to allow
thermal expansion but also stiff enough to withstand
the seismic load action.
It has been shown that part of the design process
can be automated [1]; therefore, it is interesting to
study how the designers' experience can be utilized
to make the whole design process more automatic,
making a computer-based design system.
Many computer-based design systems have been de-
veloped, especially on a single computer and now
researches are looking into distributed computer-
based design system utilizing client-server architec-
ture [2]. Agent-based integrated design systems
have been investigated, for example, in aerospace
vehicle design, where the level of automation is pro-
vided by an expert system [3].

Structure of the design system
Design of piping systems in geothermal areas is a
complex, coupled design problem. In order to de-
velop a design system for geothermal piping sys-

155

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



tems, the details of the design process have to be
analyzed and the appropriate architecture for the de-
sign system stated. The model for the design process
is shown in Figure 1.

Figure 1: Model for geothermal piping system.

The product developed is calledGeoMind. The
name describes the purpose of the design system;
Georefers to geothermal areas andMind refers to
the knowledge captured in the system.
GeoMindcan communicate with other programs, for
example, �nite element analysis and CAD software,
using application programming interface,API. Geo-
Mind's output is an XML-document. The XML is a
text based standard for representing data in a struc-
tured format, and it can be used on any platform and
for many applications in different languages.
There is no limitation on the applications or pro-
grams that can communicate withGeoMind, only
the application programming interface for each pro-
gram has to be tailor made according to the program
in question. The application programming interface
reads the XML-document and converts the informa-
tion into a suitable form for the program that is re-
quired. The programming language C# [4] was used
to developGeoMind.
The design process for geothermal piping systems
can be divided into four main subsystems: route se-
lection, dimension design, pressure design and load
design, as shown in Figure 1. The route of the pip-
ing system is dependent on the environment, that is,
landscape and other structures. The pipes can ei-
ther be above ground or underground. The dimen-
sion design gives the pipe diameter which is cal-
culated for a certain mass �ow of geothermal �uid
and the pressure drop in the pipe. The pressure de-
sign gives the pressure class and hence the necessary

wall thickness. Finally, the load design involves the
stress analysis where the layout and types of sup-
ports are decided, keeping stresses below allowable
limits. The support arrangement in�uences natural
frequencies and mode shapes of the piping system,
due to the simultaneous earthquake motion and high
thermal loading, and is a large factor in load de-
sign for geothermal piping systems. Trial and error
processes have been utilized, achieving the optimum
support positions and arrangement, but studies have
shown that a genetic algorithm can been used to ar-
range supports automatically [1].
Standards that are used in the design system are Ansi
B31.1 [5] for pressure piping design, Eurocode 8 [6]
for seismic design and IST12 [7] for snow and wind
load design.
The subsystems interact with each other as shown in
Figure 1. Each subsystem, or module, is designed
to minimize the programming interaction with other
modules. If it is necessary to modify a module, the
modi�cation will not affect other modules.Load de-
sign requires both input fromRoute Selection, Di-
mension DesignandPressure Design.
Route Selectionis dependent on the landscape and
legal issues.GeoMinddoes not have an automatic
process for laying the pipe route, but it offers the
user to open a CAD model and select the piping sys-
tem's route from the CAD model.GeoMind then
generates a �le containing the end points and the
section points of the route. This procedure requires
application programming interface as described ear-
lier. If the application programming interface for
CAD programs is not available,GeoMindcan read
a coordination �le directly.
Dimension Designrefers to the selection of pipe di-
ameter and depends on the pressure drop and mass
�ow of the �uid inside the pipe. Since the focus here
is on two-phase �ow geothermal pipelines, the �uid
�ow and velocity is used to determine the pipe diam-
eter, and the effect of pressure drop is ignored. Di-
mension Design returns minimum pipe diameter re-
quired for transporting the geothermal �uid at given
conditions.
Pressure Designrefers to the calculation of mini-
mum wall-thickness required. The pipe wall has to
be thick enough to withstand the pressure inside the
pipe. The required wall thickness is determined ac-
cording to Ansi B31.1 [5].
Load Designrefers to stresses developed in the pip-
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ing system due to internal and external loading. The
Load Design gives the layout for thermal expansion
loops, location of supports and the types of supports.
The stresses are controlled with different types of
supports, that constrain the motion of the pipe. The
following are the most common types of supports
used in geothermal piping systems. Anchors are
�xed supports which neither allow displacements
nor rotation. They are used to divide large piping
systems into smaller sections, and are therefore al-
ways at the end points of the piping system sections.
Free supports hinder motion in vertical direction. In
order to control the transverse motion of the pip-
ing system, longitudinally guided supports are used.
They allow axial displacement, but no transverse or
vertical displacement. Sometimes, it is necessary
to restrict the longitudinal displacement of the pipe,
but allow transverse displacements. In these cases,
transversely guided supports are used. Finally there
are rotationally guided supports, which allow rota-
tion but not displacements.

The pipe has to be allowed to expand because of
the thermal expansion, but has to be stiff in order
to withstand the vertically and horizontally applied
loads. The vertical loads that act on the pipeline
are the self-weight of the pipe, the �uid weight, the
snow load and the vertical component of the seismic
load. The horizontal loads are the wind load and the
horizontal component of the seismic load.

The distance required between supports is calculated
due to loads acting on the pipeline. Supports may
not be located under bends, because there the pip-
ing system has to be able to expand. Pipe bends are
more �exible than straight pipes and therefore the
support has to be positioned as near the bend as pos-
sible in order to support the pipe without restricting
the expansion.

The start guess for the support arrangement for the
pipeline is as follows. The location of de�ection
points of the pipeline is known, and the supports be-
tween them are located a distanceL apart, whereL is
the required length between supports. The types of
the supports are set in the following manner: end
points are �xed supports, where neither displace-
ments nor rotation is allowed, other supports hinder
vertical motion and are guided longitudinally. Sup-
ports that support bends, only hinder vertical mo-
tion, allowing thermal expansion.

Stresses in the pipeline may not exceed allowable

stresses given by Ansi B31.1 [5]. In order to check
the stresses in the pipeline, a stress analysis has to be
carried out.GeoMindis able to communicate with
stress analysis software as described earlier.
In this study, a module for automatic support ar-
rangement was developed. If stress analysis indi-
cates that the stresses in the pipeline are above the al-
lowable stress limits, the automatic support arrange-
ment changes the types of supports, in order to re-
duce the stresses in the pipeline below allowable
stress limits. Then, the new support arrangement
is then analyzed again. The usage of the automatic
module demonstrates that an optimization module
can be attached to the design system.
GeoMind's output is an XML-document and the
communication with a stress analysis application
requires application programming interface, tailor
made for the �nite element analysis application in
question. The application programming interface
takes the information in the XML-document and
converts it into readable form for the �nite element
analysis application.

Architecture and usage
Architecture of the design system,GeoMind, is
shown in Figure 2.

Figure 2: Architecture of the design systemGeo-
Mind.

The design criteria involves properties of the pipe
material, the geothermal �uid and the insulation,
constants regarding the geothermal area and the pipe
route. The design system takes the input information
and designs the piping system. In order to complete
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the design,GeoMindhas to communicate with a �-
nite element analysis software for the stress analy-
sis part. GeoMind's output is an XML-document,
where all the information about the piping system
is available for the application programming inter-
face, which will convert the data into a mode ac-
ceptable for the �nite element analysis application.
The XML-document includes every detail of the pip-
ing system and can be interpreted by the appropriate
application programming interface for the program
connected toGeoMind.
GeoMind enables engineers to design geothermal
piping systems in the same computer application.
GeoMindcontains all the information needed for the
design, such as, standards and design documents.
GeoMindincludes knowledge formed by designers
andGeoMindcan communicate with other software
needed for the design process, such as, CAD sys-
tems and �nite element analysis programs.
When the designer startsGeoMind, the front site ap-
pears; see Figure 3.

Figure 3: Front site ofGeoMind.

There it is possible to choose between different ac-
tions, ROUTE DESIGN, PIPE DESIGN and INFOR-
MATION .
INFORMATION will lead the designer to a site that
contains design documents and standards available
for pipe design. The newest design documents and
standards should always be updated in the design
system.
ROUTE DESIGN leads the designer to a site where he
can locate a CAD drawing for the pipe route. There,
the designer can generate a �le containing the co-
ordinates of the pipe from the drawing. When the

coordinates' �le is available, the designer can go to
PIPE DESIGN to design the piping system. This pro-
cess requires an application programming interface
for the CAD software used.
PIPE DESIGN site is shown in Figure 4. Here, the
designer has to set the design criteria required and
will get the minimum pipe diameter and the mini-
mum wall thickness required for the project by click-
ing Dimension and Pressure Design. The designer
can select manufactured pipe from pipe catalogs and
enter the standard pipe diameter and wall thickness
into theSelected Pipe DiameterandSelected Wall
Thicknesstext boxes, and use those values in fol-
lowing design process.
The �nal design of the piping system is generated by
selectingStress Analysis. The Stress Analysiscan
not be selected if theDimension and Pressure De-
sign has not been completed. The piping system's
route is needed forStress Analysis. If the applica-
tion programming interface for CAD software is not
available, the designer enters the location of a co-
ordination �le containing the coordinations of pip-
ing system's endpoints and section points intoPipe
Route Coordinates File.
The �nal design of the piping system is shown in
Figure 5. The output is various depending on the
application programming interfaces used. If the it-
eration process in the stress analysis is automatic,
stress analysis �gures exist, if the iteration process
is made manually by the designer, the model for the
�nite element analysis application is available. The
layout of the supports and types can be displayed in
the CAD drawing, and the design information can
be stored in a database. The XML-document, con-
taining information of the �nal design for the piping
system, is always accessible for the designer from
FINAL DESIGN.

Case study
To test the relationship betweenGeoMindand an ex-
ternal program, the professional �nite element anal-
ysis software ANSYS [8] was used for stress analy-
sis.
The application programming interface developed
converts the XML-document generated byGeoMind
into a model for ANSYS. ANSYS is then automati-
cally started where the model is analyzed and the
results sent back to the application programming in-
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Figure 4: PIPE DESIGN site inGeoMind.

Figure 5: FINAL DESIGN site inGeoMind.

terface which translates the output �le into XML-
document read byGeoMind. GeoMindtranslates the
XML-document, reads maximum stress values and
relative supports' numbers, and then runs the auto-
matic support arrangement module, which generates
a new support arrangement, if the stresses are above
the allowable stress limits. ThenGeoMindproduces
a new XML-document which is sent to theGeoMind
- ANSYS application programming interface and the
procedure is repeated. The iteration continues until
the stresses in the piping system are below the allow-
able stress value or until the iterations have reached
a limit set by the user. The architecture ofGeoMind
gives the opportunity to replace the automatic sup-
port arrangement module for an optimization mod-
ule in the future. The procedure described above is
shown in Figure 6.
The design task is to design a new piping system for
theHellisheidi Power Plant. The route is not pinned
down, only a general route is known. The general
route of the piping system is shown in Figure 7.
The piping system is made of straight pipes con-
nected with 90 degrees bends. There are two ther-
mal loops in the piping system and the end points
are �xed.
The design process forDimension and Pressure De-
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Figure 6: Design procedure using application pro-
gramming interface with automatic connections
with ANSYS.

Figure 7: Route proposal atHellisheiði Power Plant.

sign is described earlier. The calculations inDi-
mension and Pressure Designgive minimum diam-
eter 840mm and minimum wall thickness 5:2mm.
In the following design, the manufactured standard
pipe chosen isDN900, which has a pipe diameter of
914mmand the wall thickness is 10mm.
The automatic support arrangement does not give
stresses in the pipeline below allowable stress lim-
its. The result indicates that the pipe layout has to
be changed, to be able to reduce the stresses in the
piping system. One way to reduce the stresses below
allowable stress limits, is to divide the piping system
into two systems using a �xed support.
New coordinates �les are made, dividing the pip-
ing system into two systems, one thermal expansion
loop in each. GeoMind is used to design the two
piping systems. The stress analysis for both piping
systems give stresses in the pipelines below allow-
able stress limits. The support arrangement for the
two piping systems is shown in Figure 8.

Conclusions and further work
A design tool for piping systems in geothermal areas
has been developed in this study.
In an organization where expert knowledge is the
main asset, it is vital to be able to manage the ex-
pert knowledge and making it available and easily
accessible for the employees. That can be done by
using a design system, such asGeoMind.
In order to develop the design system, the design
process was analyzed and divided into subsystems
or modules, which are loosely coupled. By building
the design system up in modules, opens the possi-
bility to add new modules to the system. Of special
interest is an optimization module regarding thermal
expansion loops and support arrangement. From the
design system analysis, an architecture for a knowl-
edge based design system was presented andGeo-
Mind, a design system, programmed.GeoMindhas
three main modules, INFORMATION, ROUTE DE-
SIGN and PIPE DESIGN.
INFORMATION contains all the documents related to
the design process; that is, design documents, CAD
models, standard documents, pipe manufacture cat-
alogs to mention a few. In INFORMATION the user
can �nd every document related to the design. The
responsibility of update of the documents in INFOR-
MATION has to be allocated to an employee in the
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Figure 8: Support layout and arrangement for two the piping systems atHellisheidi Power Plant.

organization usingGeoMind.

ROUTE DESIGN is for designing the pipe route for
the piping system. It can be connected to a CAD
software, using appropriate application program-
ming interface. Then, it is possible to generate a
�le, containing the coordinates of the end points and
section points, describing the piping system. If this
feature is not used,GeoMindreads a �le containing
the end points and section points coordinates of the
piping system.

PIPE DESIGN is the module where the pipe is de-
signed. The input is design criteria for the geother-
mal �uid, pipe material and the insulation material,
as well as limitations from standards. PIPE DE-
SIGN's output is twofold;Dimension and Pressure
Designgives required pipe diameter and wall thick-
ness, andStress Analysisgives the �nal design of
the piping system. Finite element analysis software
has to be used for analyze the stresses in the pip-
ing system. An application programming interface
has to be made for the interaction betweenGeoMind
and the �nite element analysis application, where
the application programming interface converts the
XML-document generated byGeoMindinto an un-
derstandable form for the �nite element analysis ap-
plication. It is up to the user how the application
programming interface is made.

Here, an application programming interface was de-
veloped using the stress analysis application ANSYS

[8]. The application programming interface started
ANSYSautomatically, where the design information
was analyzed, the stress analysis data, generated by
ANSYS, was then converted into XML-document
read byGeoMind, where the support arrangement
was made again, if necessary, according to the stress
analysis data, using the automatic support arrange-
ment module.

A design system for designing geothermal piping
systems, makes the design problem more accessi-
ble. All documents related to the design is accessible
at one site. The designer is led through the design,
�rst asked to design the piping system route, then to
collect the design criteria for the piping system and
the geothermal area. The design system calculates
minimum pipe diameter and wall thickness required
according the to design criteria. The designer can
select manufactured pipe, from pipe catalogs, and
the standard pipe diameter and wall thickness will be
used in the remaining design process. Stress analy-
sis has to be made for the �nal design of the piping
system. Final design information is easily accessi-
ble and can be published in various ways. It is also
possible to store the �nal design information in a
database, if required, making the design information
accessible for every designer in an organization.

The use ofGeoMindwill make the design less trou-
blesome, because all the design documents and cri-
teria are accessible in one location. The design is
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more automatic and the possibility of connecting
different modules, such as different �nite element
analysis applications or optimization algorithms, to
the design system makes the design more �exible.
GeoMindwill reduce the design time, resulting in
reduced design cost.
In the future, the design system should be de-
signed as a distributed system, a server-client sys-
tem, where the several users can work with a de-
signer system interface and the applications needed
for the design, i.e. �nite element analysis software,
CAD programs and optimization packages, are sta-
tioned at servers. Case studies in distributed design
have shown that computational time is reduced sig-
ni�cantly; heterogenous software and platform are
integrated and designers work collaboratively [9].
Agent-based system could be applicable, where the
agents would control the access to the applications
on different servers.
It is of interest to design and optimization module
for the equilibrium between the thermal expansion
and load acting on the geothermal piping system.
The ROUTE DESIGNmodule could offer an arti�cial
intelligence model, where the machine would rec-
ognize restrictions in the landscape and know other
restrictions, such as legal issues and environmental
protection.
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Abstract 
The purpose of this paper is to explain a model that can predict the Polymer Electrolyte 
membrane Fuel Cell (PEMFC) system fuel consumption, and more heat and electricity 
production according to the load. Vice versa it is possible to predict with such model the power 
produced knowing the PEMFC system fuel consumption. Structure and validation of the model, 
including theory, and preliminary results demonstrating the model’s use with the building of a 
simulation program, will be presented. Many mathematic models can be found in the literature 
that evaluate electrochemical fuel cell performance and that seem to produce excellent results, 
however, the aim here is to create a simple evaluation model for fuel cell which can be integrated 
into commercial simulation modular codes. 
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Nomenclature 

am��  Mass flow rate of water into reformer 

[kg/s] 

2Hm��  Mass flow rate of hydrogen [kg/s] 

�D�� exchange coefficient  
G�'  Gibbs free energy change [kJ] 

TG�'  Gibbs free energy change at temperature T  
[kJ] 

FPH�'  Enthalpy change of products formation 
[kJ] 

FRH�'  Enthalpy change of reagents formation [kJ] 

FWH�'  Enthalpy change of OH 2  (vap) formation 

[kJ]  

RH�'  Enthalpy change of reforming reaction [kJ] 

c�H AC/DC converter efficiency [%] 

el�H  Electrical generation efficiency [%] 

f�H  Fuel utilisation efficiency [%] 

h�H  Heat efficiency [%] 

hex�H  Heat exchanger effectiveness [%] 

hp�H  Combined heat and power efficiency [%] 
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i�H Current efficiency [%] 

max�H  Maximun theoretical efficiency [%] 

R�H  Reformer efficiency [%] 

v�H Voltage efficiency [%] 

Ac Cell area [m2] 
b  Tafel slope for oxygen reduction [V] 
i Current density [A/m2] 
F Faraday constant [C/kmol] 

2HH  Heating value of H2 [kJ/kg] 

stI  Operative stack current [A] 

TI  Cell currents [A] 
*K  Equilibrium constant of reaction at 

standard temperature and pressure 
Kp Equilibrium constant of reaction at 

temperature T 
L Losses [W] 
m mass transport coefficient [V] 
ne Number of electrons 

TN  Number of cells 

2Hp  Hydrogen partial pressure [bar] 

2Op  Oxygen partial pressure [bar] 

OHp
2

 Water partial pressure [bar] 

inQ  Heat input [W] 

outQ  Heat output [W] 

mq  Charge per unit mass 

2Hv  Hydrogen stoichiometric coefficient   

2Ov  Oxygen stoichiometric coefficient  

OHv
2

 Water stoichiometric coefficient 

R Perfect gas constant [kJ/kmol K] 
Ri Ohmic resistance of the cell [�: m2] 
S Active cell area [m2] 
T Temperature [K] 
V Cell voltage [V] 
V0 Reversible cell voltage [V] 
Vst Operative stack voltage [V] 
Wmax Maximum electrical power [W] 
WR Reformer power [W] 
WS Stack power [W] 
WDC DC power [W] 
WAC AC power [W] 
z Valency 

1. Introduction 
 
A fuel cell is a device that converts chemical 
energy directly into electrical one and heat without 
combustion. This conversion is facilitated by an 
electrode-electrolyte structure that operates on 
principles similar to chemical batteries. A typical 
scheme of a fuel cell can be seen in Figure 1. The 
electrolyte is usually what the particular fuel cell is 
named after, such as in the case of PEM the 
electrolyte is a thin ion conducting membrane.  
However, while a battery’s fuel and oxidant 
supplies are stored within the cell, fuel cells permit 
fuel and oxidants to continuously flow through the 
cell. This is advantageous, because a fuel cell need 
not be taken offline to be refuelled. PEMFC 
systems consist also of several subsystems, these 
include: the fuel cell stack, the fuel processor, and 
auxiliary systems required for operation. 
 

 
Figure 1: Fuel cell scheme  

 
The purpose of this paper is to explain a model that 
can predict the PEMFC system fuel consumption, 
and more heat and electricity production according 
to the load. Vice versa it is possible with such 
model to predict the power produced knowing the 
fuel cell system fuel consumption. 
While many fuels may react with oxygen to 
produce electricity directly, hydrogen has the 
highest electrochemical potential and yields the 
highest theoretical fuel conversion. Thus, hydrogen 
is typically used to fuel low temperature PEM fuel 
cells. Since natural sources of hydrogen are not 
available, it must be obtained from a hydrocarbon 
fuel such as natural gas. In this simulation the fuel 
used is methane but, as before mentioned, can be 
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used also other fuels such as methanol, ethanol, 
pure hydrogen and so on. When the fuel is chosen 
the program automatically calculates the results. 
The model begins by sorting out the reforming and 
water-gas shift reaction.  
After Gibbs energy and enthalpy of FC reaction, it 
is possible to calculate the electricity and heat 
output vs. hydrogen consumption. As mentioned 
above, two options are available on the program: 
- calculating the heat output and fuel consumed for 

a given electrical power output; 
- calculating the electricity and heat output for a 

given supply of fuel.  
Since a single fuel cell produces a limited voltage, 
usually less than 1 volt, in order to produce a 
useful voltage, a number of fuel cells are 
connected in series. Series connected fuel cells 
form a fuel cell stack. In view of the fact that the 
number of unit cells in a stack depends on the 
desired voltage, a fuel stack configuration had to 
be resolved. Two calculation options are available: 
specify number of cells in series to determine FC 
stack voltage and number of cells required in 
parallel to supply power; specify desired FC stack 
operating voltage to determine numbers of cell 
required in series and in parallel. 
Finally, power conditioning converts the electric 
power from DC into regulated DC or AC for 
consumer use. 
 
2. Reforming process 
 
A fuel cell can be fed with pure hydrogen or 
hydrogen produced on board by a fuel processor. 
This system converts the primary fuel stored in a 
tank to a hydrogen rich gas which is fed to the cell. 
The gas produced by the fuel processor contain 
carbon monoxide; CO molecules contained in the 
hydrogen stream cause catalyst poisoning and a 
significant decrease of the fuel cell performance. In 
order to decrease the CO content to less than 10 
ppm, the fuel processor is composed of three 
sections; the first is an autothermal process 
involving a partial oxidation which produces a 
hydrogen rich stream with CO contents ranging 
from 6 to 18%. In a second step, a further 
conversion (shift) of residual CO to CO2 reduces 
the CO concentration to 0.8-1% with a consequent 
decrease of CO content. In the third section, a 

selective oxidation process (prox) reduces the CO 
concentration to a few ppm. 
The reforming is a fuel process that allows to 
supply relatively pure hydrogen to a fuel cell, 
using a fuel that is readily available or easily 
transportable. For houses and stationary power 
generation, fuels like natural gas or propane are 
preferred. Methanol, ethanol, and natural gas can 
be converted to hydrogen in a steam reformer. 
In this simulation the fuel used is methane. The 
model begins by sorting out the reforming and 
water gas shift reactions. The methane-steam  
reforming can be modelled as occurring in two 
stages by two different pathways, the first one 
(reforming reaction (1)) involves the methane 
reacts with water steam to form carbon monoxide 
and hydrogen gases: 
 

224 3HCOOHCH ���o��      (1) 
 
followed by a second stage where the water steam 
splits into hydrogen gas and oxygen (water gas 
shift reaction (2)), the oxygen combining with the 
CO to form CO2 since it’s important to eliminate 
the carbon monoxide from the exhaust stream, 
because, if the CO passes through the fuel cell, the 
performance and life of the fuel cell are reduced: 
 

222 COHOHCO ���o��            (2) 
 
this gives the overall methane reforming reaction: 
 

2224 42 HCOOHCH ���o��  (3) 
 
The overall process is endothermic and therefore 
requires that external heat is supplied. Excess 
steam and heat is required to shift the water-gas 
reaction equilibrium to the right and maximise the 
hydrogen production from methane.  
The model doesn’t take into account that neither of 
these reactions is perfect; some natural gas and 
carbon monoxide make the FC  through without 
reacting. These are burned in the presence of a 
catalyst, with a little air; such a catalyst converts 
most of the remaining CO to CO2. 
The heat required by reforming process is 
calculated from the enthalpy of reaction [2]: 
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� � � ��¦ �'���'� �' FRFPR HHH . (4) 

 
3. Gibbs energy and enthalpy of fuel cell 
reaction 
 
At this point the next step is to sort out the FC 
reaction and half reactions at the electrodes. For a 
PEM fuel cell it is: 
 

OHOH 222 2
1

�o��        overall equation  (5) 

 

OHeOH 22 2
2
1

2 �o���� ����       cathode  (6) 

 
���� ���o eHH 222                         anode  (7) 

 
These reactions provide also the stoichiometric 
coefficients and the valency. 
By establishing the fuel cell operating temperature 
T, the partial pressures p of products and reagents 
and by taking into account the stoichiometric 
coefficients, the theoretical electrical molar work 
of the fuel cell is calculated from the expression: 
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where [2]: 
 

�� ��pT KRTG ln�˜� �' .  (9) 

 
At this point the open voltage can be calculated by 
[2]: 
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The heat of fuel cell reaction is now calculated by 
[2]: 

�� ���¦ �'���'� �' FRFPFC HHH .  (11) 

 
4. Fuel Cell characteristics and efficiency 
factors 
 
One of the major goals in fuel cell modelling is the 
prediction of the cells voltage-current 
characteristics also called the polarisation curves. 
The voltage-current characteristic is a plot of the 
measured cell voltage as function of the cells 
average current density (defined as the measured 
current output of the cell relative to the active cell 
area), and therefore it shows the potential power 
output at different load conditions and is a good 
indicator of the performance of a fuel cell stack: a 
high cell voltage corresponds to a high efficiency.  
However one should remember that the 
polarisation curve is a macroscopic quantity, which 
describes the output characteristics of the cell and 
does not give detailed information about the 
microscopic cell performance e.g. local current 
flux. Having stated this, it is also important to 
mention that it is an explicit measure of the 
performance one can expect to obtain. The voltage-
current characteristic of a fuel cells system derives 
principally from two factors (Fig. 2): 
�x Voltage losses due to internal resistance and 

electrode activation potentials represented by 
the voltage efficiency [4]; 

�x Current losses due to the effects of fluid flows 
and concentrations due inturn to the utilisation 
ratio of the fuel represented by the current 
efficiency [4]. 

 

 
Figure 2: Ideal and Actual Fuel Cell 

Voltage/Current Characteristic 
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Internal resistance losses dominate except at high 
current densities or high fuel utilisation ratios, 
when mass transfer effects or low concentrations 
of fuel cause fall off of voltage. Other 
concentration effects include humidification of the 
electrodes stream and use of air in place of oxygen. 
These effects are dependent upon the detailed 
construction of the fuel cell and the fluid flow 
channels; because they are hence difficult to model 
theoretically, the electrochemical energy converter 
is assumed with two planar, smooth electrodes and 
the characteristic scale of the feed gas density 
variation along the channel is vastly greater than 
the cell thickness. This means that along the 
channel fluxes of gases and current in porous 
media can be neglected as compared to the fluxes 
and current in the plane, perpendicular to the 
channels so that the complexities of the current 
versus potential with porous electrodes is avoided. 
However, due to the dominance of internal 
resistance the characteristic is substantially linear 
over normal operating conditions and may be 
derived empirically; but a more accurately fuel cell 
voltage-current characteristic may be represented 
by an empirical relationship such as that 
introduced by Kim et al [1]: 
 

ni
i meiRibVV ������� ln0   (12) 

 
where b is the Tafel slope for oxygen reduction, m 
and n are parameters that account for the “mass 
transport overpotential” as a function of current 
density. 
Parameter m affects both the slope of the linear 
region at the V vs. i plot and the current density at 
which there is a departure from linearity. The value 
of n instead has major effect in the mass transport 
limitation region. 
Let us calculate now the electrical generation 
efficiency from the following [2]: 
 

cHH

s
el mH

W
�H

�H
1

22

�˜
�»
�»
�¼

�º

�«
�«
�¬

�ª

�˜
� 

��
  (13) 

 
Likewise the other efficiencies can be calculated: 
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� max�H .  (17) 

 
The previous expression represents the theoretical 
maximum efficiency of conversion from chemical 
to electrical energy. In fact, the theoretical 
maximum amount of electrical energy that can be 
obtained from the electrochemical reactions 
occurring in the fuel cell is equal to the change in 
the Gibbs free energy within the cell, while the 
total amount of energy released in the 
electrochemical reactions is equal to the enthalpy 
change within the cell.  
Thus, the theoretical maximum efficiency of 
conversion from chemical to electrical energy, 

max�H , is obtained as the ratio between the change 

in the Gibbs free energy and the change in the 
enthalpy  that occur in the cell1. 
At this point, it is assumed that a constant DC 
voltage is required for conversion to a constant AC 
voltage, the excess DC voltage is dropped through 
a resistor. Thus, the DC conversion voltage is 
equal to the fuel cell voltage at rated or maximum 
required operating current and the voltage 
efficiency remains constant at partial loads. 
Due to the rapid drop off voltage at low 
concentrations, regulation of fuel flow by voltage 
could be unstable and regulation of fuel flow 
proportional to current is assumed. Thus the fuel 
utilisation ratio or current efficiency is also 
constant. Ancillary loads such as pumps, fans, pre-

                                                      
1 The Second Law of Thermodynamics requires that the 
theoretical maximum efficiency be achieved only when the 
cell operates under reversible conditions, and these conditions 
are approached when there is no electrical load on the stack. 
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heaters, compressor and so on, are identified and 
considered. 
 
5. Electricity and heat output vs. fuel 

consumption 
 
Two options are available: 
- calculating the heat output and fuel consumed 

for a given electrical power output; 
- calculating the electricity and heat output for a 

given supply of fuel. 
 
5.1 Fuel consumed for a required electrical 

output 
 

�x Add ancillary loads referred to AC supply and 
add converter efficiency factor to give DC 
output required from fuel cell stack. 

�x Determine sum of currents through all cells in 
stack by: 

 

V
W

V
NW

I ST
T � 

�˜
� �¦ .  (18) 

 
�x Hence hydrogen utilised in stack from the 

expression: 
 

m
q

TI
Hm

�¦
� 

2
��  (19) 

 
�x Hence hydrogen flow from utilisation 

efficiency. 
�x Fuel flow to reformer from fuel to hydrogen 

mass ratio and reformer efficiency. 
�x Total fuel consumption including external 

pre-heating. 
 
5.2 Electricity output for an available fuel 

supply 
 
The output of a FC is obtained as follows: 
�x Total fuel available minus fuel used in 

external pre-heating. 
�x Hydrogen flow from reformer by reformer 

efficiency and hydrogen to fuel mass ratio. 
�x Hence hydrogen utilised in fuel cell stack 

from utilisation efficiency. 

�x Determine sum of currents through all cells in 
stack from the following: 

 

mHT qmI �˜� �¦ 2
��  (20) 

T

T

N

I
VW �¦�˜�   (21) 

 

�¦�˜� TS IVW .  (22) 

 
�x Hence DC output and AC output from 

converter efficiency. 
�x Total AC power out less ancillary loads 

referred to AC output. 
 
6. Heat output 
 
From SFEE [2]: 
 

�Ÿ�'����� �� HWQWQ outoutinin    

 (23) 

FCRinout HHGQQ �'���'���'� �� 2  

 

inQ includes reformer pre-heating external to 

reformer or fuel cell stack. 
Assuming a fraction xl of voltage losses within the 
fuel cell stack is recovered as heat and correcting 
them trough a fuel utilisation coefficient f�H , with 

this assessment the relation (23) can be rewritten: 
 

�� �� ���'���'� �� fFCinout HGQQ �H  

�� �� Rfvl HGx �'���'���� �H�H 1  (24) 

 
When unutilised fuel is recirculated and burnt in 
order to preheat the fuel internally: 
 

�� � � � � � ����'�����'���'� �� GxHGQQ fvlfFCinout �H�H�H 1  

�� �� �� �� FWfRfvl HHGx �'�����'���'���� �H�H�H 11  (25) 

 
The total heat output and the heat gain are reduced 
by heat losses from the external pre-heater and 
from losses up to the heat exchanger. The usable 

                                                      
2���'G  and  �' HFC  are negative. 
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heat output and heat gain are then further reduced 
by the effectiveness of the heat exchanger. The 
heat efficiency is calculated as: 
 

� h�H
� � � �

R

FC

hexinout

H
LQQ

�H

�H
�'

����
 (26) 

  
 
the denominator is consistent with the electrical 
generation efficiency. 
The heat to power ratio is calculated from: 
 

maxW
LQout

hp

��
� �H .  (27) 

 
7. Fuel stack configuration 
 
Two calculation options are available: 
- specify number of cells in series to determine 

fuel cell stack voltage and number of cells 
required in parallel to supply power; 

- specify desired fuel cell stack operating 
voltage to determine numbers of cells required 
in series and in parallel. 

When the desired operating voltage gives a non 
integer value of cells in series, an integer value is 
chosen and the stack voltage is modified. The cell 
voltage is kept to that originally specified in this 
case, since a small difference in cell operating 
voltage could case a large and undesirable change 
in cell operating current. 
When instead the number of cells in parallel to 
meet the required power is non-integer, an integer 
value is chosen and the cell operating current 
adjusted to fit. The resulting operating point may 
then be compared with the voltage-current 
characteristic. 
Input of the cell thickness, the cell area and the 
total number of cells enables the core volume of 
the fuel cell stack to be calculated3. 
 
 
 
 

                                                      
3 Applicable only to the rectangular sandwich type 
construction. 

8. Water flows 
 
Water is produced not as steam, but as liquid in a 
PEMFC. A critical requirement of these cells is 
maintaining a high water content in the electrolyte 
to ensure high ionic conductivity. The ionic 
conductivity of the electrolyte is higher when the 
membrane is fully saturated, and this offers a low 
resistance to current flow and increases overall 
efficiency. Water content in the cell is determined 
by the balance of water or its transport during the 
reactive mode of operation. 
Water management has a significant impact on cell 
performance, because at high current densities the 
mass transport issue associated with water 
formation and distribution limits cell output. 
Without adequating water management, an 
imbalance will occur between water production 
and evaporation within the cell. Adverse effects 
include dilution of reactant gases by water steam, 
flooding of the electrodes, and dehydration of the 
solid polymer membrane. The adherence of the 
membrane to the electrode also will be adversely 
affected if dehydration occurs. Intimate contact 
between the electrodes and the electrolyte 
membrane is important because there is no free 
liquid electrolyte to form a conducting bridge. If 
more water is exhausted than produced, then it is 
important to humidify the incoming anode gas. If 
there is too much humidification, however, the 
electrode floods causes problems with diffusing the 
gas to the electrode. A smaller current, larger 
reactant flow, lower humidity, higher temperature, 
or lower pressure will result in a water deficit. A 
higher current, smaller reactant flow, higher 
humidity, lower temperature, or higher pressure 
will lead to a water surplus.  
The balance of water emitted from the fuel cell 
reaction and that consumed by the reforming 
reaction is calculated from the mass balances of the 
reaction equations and the fuel utilisation factor. 
This neglects the water flow required to the fuel 
cell anode and cathode in order to prevent damage 
of the electrodes and polymeric membrane due to 
dehydration. 
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9. Case study 
 
Numerous PEMFC systems have been  
simulated, but to test the reliability of our program, 
we have simulated, in detail, the behaviour of a 
stack furnished from Ballard Power System [6]. 
This is based on a 5kW PEMFC fuel cell stack 
model MK-5E, composed of 36 cells; each cell has 
an active area of 232 cm2.  
For the system above mentioned, the polarization 
curve model of an individual cell at different 
temperatures, carried out from our program, can be 
seen in Figure 3. The coefficients of eq. (13), we 
have used to plot the graph below, were obtained 
from literature [6]. These curves are also plotted to 
aid specification of a suitable operating point. In 
Figure 4 is reported a system diagram including 
electric power and mass flows. 
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Figure 3: Polarization curves for different 

temperatures (T���{��°C) 
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Figure 4: system diagram including main 

energy and mass flows 

 
In Table 1 are listed some data, carried out from 
our program for some input data. The fuel used for 
this simulation is hydrogen and this one has been 
obtained from a natural gas with a reforming 
process. We have not taken into account the 
various losses due to pumps, compressors and so 
on. 
 

Input data  
Reformer      

T [°C] p [bar] �HR [%]     
950 3    74       

Fuel Cell           
T [°C] p [bar] V [Volt] Ws [kW] S [m2] NT

24 3 0.99 5.0 232 36

�Hc [%] Ri [W] b [V] m [V] n [A -1]  
95 1.353E-03 4.790E-02 1.2E-03 3.4E-05  

Output data  

4CHm�� [kg/s] [kg/s]
V0 [V] Qout [kW] WR [kW]   

5.45E-04 2.03E-04 1.181 14.8 4.18   

�H�Q [%] �Hi [%] �Hel [%] �Hhp [%] TG�' [kW]  
83.8 27.2 21.6 66.8  -23.1   

Vst [V] I st [A] ln(K p) i [A/m2] IT [A]  
35.64 147.68 0.255 6365.3 112.98  

am��  [kg/s] 
�Hmax [%]     

9.05E-04 94.3     

Table 1: Data carried out from the program for     
some input data 

 
10. Conclusion 
 
The program seems to be versatile and full of 
quantitative calculations that allow to study the 
behaviour of a single fuel cell or a single stack 
with a good reliability. Here has been taken into 
account only a hydrocarbon fuel such as the natural 
gas but the methodology can be simply applied to 
other fuels such as hydrogen, methanol, ethanol 
and so on. For sake of semplicity the model does 
not take into account that neither of the reforming 
reactions is perfect, since some natural gas and 
carbon monoxide make the FC  through without 
reacting. By now we have not taken into account 
the various losses due to pumps, compressors and 
so on. Moreover  the Kim et al. expression here 
adopted is limited to operation at constant stack 
pressure and so it does not include vital system 
parameters as stack temperature and relative 
humidity. However the immediate calculation of a 
lot of parameters with realistic values of FC 
performances can produce a good system to 
evaluate many quantities involved in the FC 
processes. The use of more complicated models 

2Hm��
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should produce likely better results but the 
parameters involved should be very numerous and 
sometimes difficult to estimate.   
The Authors intend to validate this model trough  
laboratory experimentation on PEMFC by the 
Mechanics Department of Palermo University.  
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Abstract 
The program described in this research produces average solar radiation on walls after 
shading effects have been considered by numerical analysis methods. After extensive 
testing, it is hoped that, by integrating a version of this program into existing systems, a 
more realistic solar heat gain may be obtained for the site. As a result of this, more 
economical systems can be installed that will operate at more efficient levels benefiting 
both the user (capital and running costs) and the supplier (more competitive quotes). The 
program developed appeared to successfully deal with the majority of shading cases that 
are liable to be met in load estimating. The program is quick and reasonably accurate (to 
within about 2% of hand calculation) with as few as 100 data points.  
Keywords: Solar radiation, cooling load calculation, shaded wall 
 

Nomenclature 
 

                                                      

1 Corresponding author: Tel/Fax: (+98) 131- 3232204 , E-Mail: naghash@guilan.ac.ir 

AZ = solar azimuth 
AL = solar altitude 
Dpx = x-co-ord of a point to be analyzed 
Dpy = y-co-ord of a point to be analyzed 
Dpz = z-co-ord of a point to be analyzed 
SVX = solar vector x component 
SVY = solar vector y component 
SVZ = solar vector z component 
SOX = shading wall origin point x 
SOY = shading wall origin point y 
 

SOZ = shading wall origin point z 
WAHX = horizontal shading wall length (x direction) 
WAHY = horizontal shading wall length (y direction) 
 WAV = vertical height of a shading wall 
ITH = Total intensity on horizontal surfaces (w/sqm) 
IDH = Direct intensity on horizontal surfaces (w/sqm) 
Idh = Diffuse intensity on horizontal surfaces (w/sqm) 
IDV = Direct intensity on vertical surfaces (w/sqm) 
ITV = Total intensity on vertical surfaces (w/sqm) 

Introduction 
To calculate zone loads, all load components must 
be considered separately as internal or external 
loads. A typical set of loads might be: Solar gain, 
Glass transmission, Wall transmission, Roof 
transmission, Lighting, Other electrical, People and 
Cooling infiltration. Each of these may be further 
sub-divided into sensible and latent to determine 
the overall cooling or heating air supply required. 
The magnitude of the components varies and peak 
at different times. For outside wall zones, the solar 
gain is often a very significant component (for 

instance up to 50% [1]), depending on the position 
of the sun and the size of the glazing. The large 
importance of the solar gain component is rarely 
matched by the sophistication of the calculations 
used. Thus, zone peaks and subsequent sizing may 
be highly influenced by errors generated within 
calculations. 

The estimation of heating and cooling loads on 
a building prior to the installation of an air 
conditioning system is both complex and liable to 
large errors. Most systems are now sized by 
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commercial load estimating computer programs. 
Large errors can be sliced from solar gain 
estimations if shading is included. Load 
estimating programs for determining the size of 
air conditioning programs take into account 
many heat gain sources. One of the most 
significant external gains arises due to solar 
radiation on walls and windows. The calculation 
of solar radiation is often unrealistically high due 
to the lack of consideration given to shading on 
the external walls. 
Most commercial load estimating programs were 
found to be without building shading equations. 
Two programs investigated, (CIBSE Heat Gains 
[2] and Carrier HAP [3]) were found to identify 
shading associated with external wall features. 
A third program was investigated in detail is an 
advanced load estimating program written in 
1976 in the USA [4]. The program was devised 
by the National Bureau of Standards at the 
Centre for Building Technology. 
Objectives: 
To investigate an effective method for the 
calculation of solar radiation on a building walls 
the position and orientation of other interfering 
walls and building. The output should be 
calculated with a view to using it as an input to 
additional program modules (for instance - to 
investigate dynamic heat transfer through the 
building surface). 
The method should be fast, accurate and 
verifiable. It should also be easy to use but 
flexible. The project should relate to programs 
presently in use and how the new programs 
might integrate into existing methods. 
 
Solar  Position Definitions 
The sun position is given by two angles; the solar 
azimuth and the solar altitude. Their definitions 
are as follows: 

 
a: The solar  altitude (al) 
The angle a direct ray from the sun makes with 
the horizontal at a particular place on the surface 
of the earth (Figure 1).  

� � � � � � � � � � � �LATDa sinsinsin 1 �u�                            

� � � � � � � � � � � �hLATD coscoscos �u�u��                       (1)                                                                              

 
b: The solar  azimuth (z) 
This is the angle the horizontal component of a 

direct ray from the sun makes with the true 
North-South axis. It is expressed as an angular 
displacement through 360 degrees from true 
North (in the clockwise direction) (Figure 2). 

To calculate both of the above angles, it is 
necessary to know the sun's position relative to 
the plane of rotation of the Earth (declination) 
and the position of the site on the surface of the 
Earth (latitude). Also the local time must be used 
for the calculation of the 'sun-time'. This 
eliminates the need for the longitude of the site to 
be entered. The following definitions list this 
required information: 

)(tan)(cos)(cos)(sin
)(sin

)(tan
DLAThLAT

h
z

�u���u
� 

                                                                          (2) 
c: Declination (d) 
This is the angular displacement of the sun from 
the plane of rotation of the Earth's equator. The 
value of the declination will vary throughout the 
year between -23.5° and +23.5° because the 
Earth is tilted at an angle of about 23.5° to the 
axis of the plane in which it orbits the sun. Figure 
3 shows the relationship. 

�� ���� ��365284360sin47.23 ND ���u�             (3) 
 Where N is the day number (January 1st=1) 
 
d: Latitude (LAT) 
An angular displacement above or below the 
plane of the equator measured from the centre of 
the earth, gives the latitude of a site (shown in 
Figure 4). 
 
e: Sun time (T) 
This is the time in hours before or after noon. 
 
f: Hour  angle (h) 
The angular displacement of the sun from noon. 

�� �� Th �u� 24360                                              (4) 

 
Figure 1: Soalr  altitude 
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Figure 2: Solar  Azimuth 

  

                                             
Figure 3: Declination 

 
Fig. 4: Latitude 

 
Solar  Radiation 
1- Direct Radiation 
The intensity of direct radiation on a vertical 
surface is easily calculated if the beam radiation 
‘N’ is known. For a wall-solar angle of ‘WAZ’ 
and a solar altitude ‘al’ the intensity of the direct 
vertical component is given by: 

)(cos)(cos 1 WAZaNIDV �u�u�                    (5) 
 
2- Diffuse radiation 
Direct radiation entering the Earth's atmosphere 
is subject to scattering to create ‘sky radiation’ or 
‘diffuse radiation’. 
The processes by which this occurs can be split 
into four categories: 

i) Radiant energy scattered by atmospheric 
molecules of ideal gas (eg. nitrogen, 
oxygen) 

ii)  Scattering due to presence of water vapor 

iii)  Selective absorption of water vapor 
iv) Scattering by dust particles 

 
Sky radiation can’t be assigned a specific 
direction (and hence no shadows are cast by it). 
The intensity of sky radiation is usually much 
less than that for direct radiation but cannot be 
ignored. The quantity of sky radiation varies with 
atmosphere's variation of gas composition, water 
vapor content, and dust content. It also varies as 
the solar altitude changes. 

 
3- Shading by Walls and Buildings 
The main purpose of the program is to provide a 
reliable and fairly quick method of building 
shading analysis. The three dimensional 
geometry is fairly simple but difficult to 
generalize the formula into one simple case. To 
establish whether shading of a point (on the wall 
to be analyzed) occurs, the geometry of the site 
and surrounding buildings require to be known. 
The definition of the walls and buildings on the 
site are covered in detail in the program section. 
However, the walls may be assumed to be 
rectangular and perpendicular to the ground and 
to be completely opaque. 

 
Figure 5: Solar  vector  and shading wall 

intersection 
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Der ivation of the Shading Equations 
The derivation of the following formulae is 
complicated somewhat by the problems of 1/0 
errors (caused by tan(A/B) when B=0; l/cos(A), 
l/sin(A) when A=0). The formulae have to be 
rearranged to cater for such eventualities and a 
test routine at the start of this section would then 
be required to ensure the correct equations are 
used. The diagram (Fig. 5) shows the typical 
situation and the definition of the terms is given 
below: 

 
 General Equation: 

Dpx+k1(SVX)=SOX+k2(WAHX)  (6) 
Dpy+k1(SVY)=SOY+k2(WAHY)    (7) 
Dpz+kl(SVZ)=SOZ+k3(WAV)                  (8)  

Where k1, k2, k3 are three unknown constants to be 
found 
 
Solution to General Equation 
Rearranging general equations (6), (7) and (8): 

)()()( 12 WAHXkCOXEDSVXk ���               (9)                                              

)()()( 12 WAHYkDpySOYSVYk �����    (10) 

)()()( 32 WAVkDpzSOZSVZk �����           (11)  

                                                                                                                 
Multiply equation (9) by

            
)( SVXSVY : 

)()()(2 COXEDSVXSVYSVYk �u�    

                   )()(1 WAHXSVXSVYk �u��       (12)    
Subtracting by equation (10): 
        

)()()(0 DpySOYCOXEDSVXSVY �����u�      

      )))(((1 WAHYWAHXSVXSVYk ���u�� (13) 
So, 
        

� � � �� > � @
� � � �� > � @WAHYWAHXSVXSVY

COXEDSVXSVYDpySOY
k

���u
�u����

� 
)(

)()()(
1

                                                                        (14) 
And from equation (10) we have: 

� > � @
SVY

WAHYkDpySOY
k

)()( 1
2

����
�           (15) 

Also using equation (11) gives: 
        

� � � �� > � @
WAV

DpzSOZWAHYkDpySOYSVYSVZ
k

)()()()( 1
3

��������
� 

                                                                        (16) 
 Subsisting for k1: 
       

�� ��
� � � �)()(

)()()(
3 WAHYWAHXSVXSVYWAV

COXEDSVXSVYDpySOYWAHY
k

���u�u
�u�����u

� 

 

       �� ���> �@
WAV

DpySOYSVXSVYSOZDpz )()( ������
�� (17) 

Spatial Cases: 
This is a list of some possible problems to be 
considered when the general equation is to be 
solved. All those listed below indicate 1/0 errors 
may arise during calculation: 

1 WAHX=0: wall is aligned N-S or S-N 
2 WAHY=0: wall is aligned E-W or W-E 
3 SVX=0: sun is due south (midday) 
4 SVY=0: sun is due east or due west 
5 SVZ=0,<0: sunrise/sunset and during 

night  
 

Solution for  Special Equations: 
Special cases require modification to the 

general solution. These will be dealt with in 
order: 
Case1 (WAHX=0) 

�> �@
WAHY

SOYDpyCOXEDSVXSVY
k

)()()(
1

�����u
� (18)       

 

SVX
COXED

k
)

2

(
�                                             (19) 

Hence: 
�> �@

WAV
SOZDpzCOXEDSVYSVZ

k
)()()(

3

����
�   (20) 

Case 2 (WAHY=0) 
As long as the wall vector WAHY is not zero, 
the expressions derived for the general equation 
can be used with SVY=0. This produces: 

     
�> �@

WAH
SOXDpxDpySOYSVXSVY

k
)())((

1

������
�  (21) 

SVY
DpySOY

k
)(

2

��
�                                     (22) 

�> �@
WAV

SOZDpzDpySOYSVYSVZ
k

)()()(
3

������
�   (23) 

Case 3 (SVY=0) 
 As long as the wall vector WAHY is not zero, 
the expression derived for the general equation 
can be used with SVY=0. This produces: 

WAHY
SOYDpy

k
)(

1

��
�                                     (24) 

�> �@
SVX

SOYDpyWAHYWAHXCOXED
k

))(/()(
2

����
� (25) 
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� > � @

SVX
SOYDpyWAHYWAHXCOXEDWAVSVZ

k
))(/()()(

3

�����u
� 

     
WAV

DpzSOZ )( ��
��                                               (26)     

    
Case 4 (SVX=0) 
Rearranging the general equations and assuming 
that SVY is not zero: 

WAHX
SOXDpx

k
)(

1

��
�                                        (27) 

    
� > � @

SVY
SOXDpxWAHXWAHYDpySOY

k
))(()(

2

������
� 

                                                                        (28)     
� � � �� � � �� �� > � @� �

WAVSVY
SOXDpxWAHXWAHYDpySOYSVZ

k
�u

�������u
� 3

� � � �
WAV

DpzSOZ��
��                                                    (29)   

                
Case 5 (SVZ<0 or SVZ=0) 
This can easily be detected before any 
calculation is carried out and the physical 
interpretation of this is that the sun has not risen. 
The solar data for this case is thus considered to 
be zero and no further shading calculation are 
therefore required. 

 
Calculation of SVX, SVY, SVZ 
The calculation of these vectors may be easily 
achieved by the use of the altitude and azimuth 
angles as derived earlier: 

)sin(

)(cos)(cos

)(sin)(cos

1

1

1

aSVZ

azaSVY

azaSVX

� 

� 

� 

                                (36) 

 
Solar  Data Generation 
This method uses clear sky solar data generated 
by sinusoidal equations that have been fitted to 
experimental data. Assuming that the solar 
angles are already known: 
D = Declination, L = Latitude, A = Solar altitude, 
Z = Solar azimuth, S = Face orientation of 
window analyzed; Then the sun normal intensity 
(N) w/sqm at each hour is: 

)3(sin060.1980)(sin16.1074 AAN �u���u�  
   )7(sin3902.30)5(sin1766.70 AA �u���u��
    (37) )11(sin59234.5)9(sin3842.13 AA �u���u��
   )15(sin606472.0)13(sin93048.2 AA �u���u��

 
It is then necessary to correct the intensities by 
applying an altitude correction factor (Ka) for 
sites with an elevation 300m or greater above sea 
level: 

elevation00002.002.1 �u��� aK        

� �sin(A)1elevation0.00005 � ��u�u��                (38)                      
          

)3(sin7575.14)(sin649.121 AAIdh �u���u�  

     )7(sin47353.3)5(sin72576.7 AA �u���u��  

    )11(sin52539.0)9(sin22222.2 AA �u���u��     

    )15(sin1311.0)13(sin52164.0 AA �u���u��  

    )15(sin7687.0 A�u��                                  (39) 
 
For clear sky conditions: 
I=1 Overall radiation factor, Kc=0.95 Direct 
radiation factor, Kr=0.2 Ground reflection factor, 
c=0   Cloudiness, fc1=l Cloudiness factor 

�� ��IdhIDHfcKIKaITH c �u�u�u�u�u� 1        (40) 

)(cos)(cos SZANIDV ���u�u�                  (41) 
�� ��ITHKIdhIDVfcKIKITV rca �u�u���u���u�u�u�u� 5.05.01

                                                                        (42)                       
Window is specified on, the window will receive 
only diffuse radiation and hence: 
IDV = 0, IDH = 0 
 
Numer ical Analysis 
For a general case solution to all the possible 
geometrical problems posed by shading, 
analytical techniques would be cumbersome and 
very complex, and not necessarily quicker or 
more accurate. Analytical techniques could be 
used to find the shading boundaries of the 
problem; numerical analysis is especially useful 
for calculating the area that is shaded. 

Numerical techniques require the splitting up 
of an area to be analyzed into smaller areas. Each 
area is assigned a central point where the 
equations for that area are evaluated. It is 
assumed that the conditions at this point are then 
valid for the rest of the area. Thus the problem is 
broken down into discrete point analysis rather 
than the calculation of a continuum. This is more 
straightforward, and is relatively easy to convert 
into a computing sequence. 

In previous part, , a set of equations were 
derived to establish whether shading of a 
particular point (Dpx, Dpy, Dpz) occurs due to 
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another arbitrarily positioned wall at a certain 
time. It can be seen that it is fairly easy to 
incorporate the testing of a series of data points 
into the analysis of a single larger area. Thus the 
style of the program emerges: The testing of 
these shading equations on sets of data point co-
ordinates throughout the building will establish 
the fractions of the walls that are shaded. 
 
Results and Discussion 

This section gives an example of which aims 
to demonstrate the advantages of the program. 
This is shown as plan view of the site, a listing of 
the results and graphs of the solar radiation in 
watts per square meter on the windows analyzed. 
The building have been analyzed for two time 
intervals, January 800hrs - 1600hrs and June 
800hrs - 1600hrs. This helps show the annual 
variations of sun position and the consequent 
variations in the shading patterns. The 
significance of the shading is very evident. 

 
Figure 6: plan view of example 
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Figure 8: Total Radiation for  5 Windows in 

Example Building 
Time Interval of January 800hrs – 1600 hrs 
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Figure 8: Total Radiation for  5 Windows in 

Example Building 
Time Interval of June 800hrs – 1600 hrs 

 
Conclusion 
The overall objective of this research was to 
stress how important the effects of shading are on 
the incident solar radiation on the building (and 
consequently the cooling load on the air-
conditioning equipment). 
The program described in this research produces 
average solar radiation on walls after shading 
effects have been considered by numerical 
analysis methods. After extensive testing, it is 
hoped that, by integrating a version of this 
program into existing systems, a more realistic 
solar heat gain may be obtained for the site. As a 
result of this, more economical systems can be 
installed that will operate at more efficient levels 
benefiting both the user (capital and running 
costs) and the supplier (more competitive 
quotes). 
The program developed appeared to successfully 
deal with the majority of shading cases that are 
liable to be met in load estimating. The program 
is quick and reasonably accurate (to within about 
2% of hand calculations) with as few as 100 data 
points. The program apparently indicates the 
shading equations are correct together with the 
methodology behind their use. 
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1- Calculation done using Carrier E20-II 
HAP (version 1.1), August 1989. 

2- CIBSE Heat Gains (version 2.13) program. 
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Shading Radiation Data for Window 1 (100 Data Points) 

Month 
Time 
(hr) 

ITV 
(w/sqm) 

IDV 
(w/sqm) %Direct Rad. Total (w/sqm) 

Total 
Watts 

Jan 8:00 105.71 103.41 100 105.71 2643.1
Jan 9:00 384.52 373.09 100 384.52 9614.2
Jan 10:00 515.07 493.91 100 515.07 12878.4
Jan 11:00 524.28 493.67 100 524.28 13108.8
Jan 12:00 451.73 413.97 100 451.73 11294.8
Jan 13:00 327.00 286.01 100 327.00 8176.0
Jan 14:00 178.76 139.89 100 178.76 4469.5
Jan 15:00 45.94 16.70 100 45.94 1148.8
Jan 16:00 7.47 0.00 0 7.47 186.8

Table 1: Calculation Results for  Window 1 in Example Building in January 
 
 

 

Shading Radiation Data for Window 1 (100 Data Points) 

Month 
Time 
(hr) 

ITV 
(w/sqm) 

IDV 
(w/sqm) %Direct Rad. Total (w/sqm) 

Total 
Watts 

Jun 8:00 569.17 499.74 100 569.17 14231.0
Jun 9:00 617.58 531.06 100 617.58 15441.5
Jun 10:00 604.68 503.12 100 604.68 15119.0
Jun 11:00 532.54 417.95 100 532.54 13315.4
Jun 12:00 408.94 284.46 100 408.94 10224.8
Jun 13:00 246.88 117.25 100 246.88 6172.7
Jun 14:00 126.72 0.00 0 126.72 3168.4
Jun 15:00 113.07 0.00 0 113.07 2827.2
Jun 16:00 94.41 0.00 0 94.41 2360.7

 
Table 2: Calculation Results for  Window 1 in Example Building in June 
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ABSTRACT 

 
Proton Exchange Membrane (PEM) based combined heat and power production systems are 
highly integrated energy systems. They may include a hydrogen production system and fuel cell 
stacks along with post combustion units optionally coupled with gas turbines. The considered 
system is based on a natural gas steam reformer along with gas purification reactors to generate 
clean hydrogen suited for a PEM stack. The temperatures in the various reactors in the fuel proc-
essing system vary from around 1000°C to the stack temperature at 80°C. Furthermore, external 
heating must be supplied to the endothermic steam reforming reaction and steam must be gener-
ated. The dependence of the temperature profiles on conversion in shift reactors for gas purifica-
tion is also significant. The optimum heat integration in the system is thus imperative in order to 
minimize the need for hot and cold utilities. A rigorous 1D stationary numerical system model 
was used and process integration techniques for optimizing the heat exchanger network for the 
reforming unit are proposed. Objective is to minimize the system cost. 

Keywords: Fuel cells; Steam Reforming; Heat Exchanger Network (HEN) Synthesis; MINLP. 
 
NOMENCLATURE 
 
ci  Molar concentration [mol/m3] 
C,�   Area cost coefficient and exponent 
CCU/HU  Cost of cold and hot utility 
Cis    Concentration in solid [mol/m3] 
cp,g        Spec. heat capacity of gas [J/(kg·K)] 
dp   Equivalent particle diameter [m]  
dtcui/j   Approach temp. for match i and utility [K] 
Dt,i/e  Internal-/External tube diameter [m] 
Deff,i  Effective diffusion coefficient [cm²/s] 
Der  Eff. radial diffusivity [mfluid/(mreactor·s)] 
f            Friction factor [-] 
F  Heat capacity flow rate 
Fi          Molar rate of specie i [kmol/h] 
Ftotal,i  Total molar flow rate at inlet [kmol/h] 
� Hi       Enthalpy of reaction [kJ/mol] 
LMTD  Logarithmic mean temperature difference [K] 
p  Total pressure [bar] 
p0  Total pressure at inlet [bar] 
pi  Partial pressure of specie i [bar] 
Pr  Prandtl number [-] 
qcui/huj  Heat exchanged between stream and utility. 
qijk  Heat exchanged between stream (i,j) in stage k. 
r  Radial coordinate [m] 
r j           Reaction rate [kgmol/h/kg cat.] 
rw  Radius at wall [m] 

 
 
 
R  Universal Gas Constant [J/(mol·K) 
Re  Reynolds number [-] 
Ri   Rate for specie [kgmol/h/kg cat.] 
T           Gas temperature [K] 
TIN/OUT  Inlet/outlet temperature of stream [K] 
T0  Inlet gas temperature [K] 
Tis   Temperature within the solid particle [K] 
Twall      Wall temperature [K] 
� Tijk  Approach temperature match (i,j) loc. k [K] 
us         Superficial velocity [m/s] 
z    Axial coordinate [m] 
zcui/huj    Binary variable denoting utility match 
zijk    Binary variable denoting match (i,j) at stage k 
� w    Wall heat transfer coefficient [J/m²·h·K] 
�     Void fraction of packing, [m³fluid/m³bed] 
� eff      Effective radial conductivity [J/(m·s·K)] 
� eff,0    Static eff. radial conductivity [J/(m·s·K)] 
� B        Bed density (incl. porosity) [kg/m3] 
� g        Gas density [kg/m3] 
� s    Density of the solid [kg/m3]  
� i/j         Effectiveness of the catalyst, j~rj&i~R i [-]  
�      Pellet coordinate in active area, [m] 
	          Cross-sectional pipe area [m²] 
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INTRODUCTION 
 
PEM fuel cells are electrochemical devices, which 
efficiently convert energy in hydrogen directly into 
electricity without combustion and with no moving 
parts. The process is the opposite of electrolysis 
and can be compared with the process in a battery. 
The following figure illustrates the principle of a 
single fuel cell: 
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Fig. 1: Single hydrogen fuel cell. 

 
The polymer electrolyte separates the reactants and 
prevents electronic conduction. The electrolyte 
allows protons to pass through via electro-osmotic 
drag. Electrons feed from the reaction then pass 
through an external loop to supply the given load 
and take part in the cathode reactions. 
 
PEM fuel cells have a potential of approximately 
0.6-0.7 volts, which means that serial stacking is 
necessary in order to get the desired voltage. The 
photo below shows a recent 800W Pt-Rt catalyst - 
50 cell PEM stack developed at FACE AAU, IET: 
 

 
Fig. 2: PEM-stack developed by M.Sc. students. 

 
Hydrogen is not available as conventional fossil 
fuels like natural gas, oil and coal so it must be 

produced either from renewable energy driven 
electrolysis or from fuel processing of hydrocar-
bons. This paper deals with hydrogen production 
by steam reforming (SR) of natural gas (NG). 

T [K] p [bar]  

z=0 z=lreactor 

Tinlet=400°C 

Toutlet=750°C pinlet=3bar 

poutlet=1.7bar 

Packed Catalyst Bed 
Natural gas 

Steam 

Hydrogen rich 
  synthesis gas. 

H2, CO2, CO, 
  H2O & CH4 

Heat supply from      side fired burners 

 
Fig. 3. Schematics of a packed bed NG SR. 

 
Steam reforming in catalytic packed beds (fig. 3) 
has been dealt with extensively. The main advan-
tage compared to other fuel processing technolo-
gies is the high efficiency. The catalyst particles 
are illustrated as spheres in fig. 2 but can have 
various other geometrical shapes. The shape de-
pends on a tradeoff between pressure losses 
through the bed and the active surface area.  

 
Practical and theoretical issues about steam re-
forming were described by Rostrup-Nielsen [1] in 
detail. Froment & Xu [2a]+[2b] developed and 
validated a generalized Langmuir-Hinshelwood 
type kinetic model of the process (assuming that all 
molecules at the catalyst surface are adsorbed). 
This model has been widely accepted. Through this 
work, it was recognized that mass transfer limita-
tions within catalyst pellets are significant for this 
process, which is strongly diffusion controlled.  
 
Only a thin layer of catalyst surface contributes to 
the process. Levent et al. [3] investigated this phe-
nomenon further using a simplified approach for 
spherical catalyst particles.  
 
Rajesh et al.  [4] developed a steam reformer 
model based on the work of Froment & Xu 
[2a]+[2b]. They used a genetic algorithm for opti-
mizing plant economy of large-scale hydrogen 
production plants.  
 
Godat et. al. [19] used a process integration tech-
nique to make a preliminary system analysis of a 
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PEM-steam reforming system. They proved that 
the theoretical efficiency could be improved from 
35% to 49% using appropriate process integration. 
 
SYSTEM DESCRIPTION 
 
A simplified PEM fuel cell steam reforming sys-
tem is illustrated on fig. 4. The temperature levels 
of the different processes are illustrated as well. 
The system involves several reactor steps due to 
gas impurity issues [8]. In the following, the indi-
vidual steps needed in producing hydrogen for 
PEM fuel cells will be described. 

 Fig. 4. SR-system with H2-purification system. 
 
Desulphurization 
Natural gas desulphurization is necessary due to 
the sulphur content in most natural gas sources. 
Sulphur compounds poisons to the nickel catalyst 
used in steam reformers and is also severely 
degrades the efficiency of PEM fuel cells. The 
usual DeS-process is hydrodesulphurization 
(convert the sulphur into H2S followed by a ZnO 
bed to convert the H2S into ZnS(s) and steam [9]). 
 
CO-poisoning of PEM-stacks 
Carbon monoxide (CO) is a severe poison in PEM 
fuel cell stacks since it adsorbs to the electrode. 
The efficiency is strongly degraded if the CO con-
tent in the syngas exceeds 10ppm [8]. The effect is 
time dependant [10]. The process, however, is 
reversible, which means that the PEM stack is fully 
recovered again after some time with operation on 
pure hydrogen. Other methods for faster recovery 
are under development. One method is to add a 
little oxygen to the anode gas. This minimizes the 
problem with CO but leads to more advanced heat 
management in the fuel cell stack due to the exo-
thermic nature of the CO-oxidation. 
 
 

Water Shift Converters 
It is necessary with two steps (LTS & HTS) to get 
rid of CO. Typically water gas shift converters are 
used in two temperature steps to minimize catalyst 
volume. Steam reacts with CO and forms CO2 and 
H2 and thus contributes to hydrogen production. 
 
Preferential Oxidation 
Subsequent to the shift conversion steps the carbon 
monoxide content is still 1-2%, which means that 
further purification is necessary. This is done by 
adding a small fraction of air to the gas in a cata-
lytic reactor. This process is strongly exothermic 
so it is usually done in several steps with interme-
diate cooling to be able to control the process. In 
the conversion process a small amount of the hy-
drogen is lost due to reaction with oxygen forming 
water. 0.5-1% of the H2 is lost in this process.  
 
STEAM REFORMER MODEL 
 
For simplicity, it was chosen to use the 1D-model 
developed by Froment & Xu [2a]+[2b]. 
 
Reaction kinetics 
The overall reaction scheme for the process includ-
ing enthalpies of reaction is summarized as: 

 

4 2 23CH H O CO H+ 
 + , �ûH = 224.0 kJ/kmol   (1)          

222 HCOOHCO +
+ , �ûH = -37.3  kJ/kmol    (2)            

2224 42 HCOOHCH +
+ , �ûH = 186.7  kJ/kmol   (3)            

 
Rate expressions expressing the kinetic rate of 
disappearance or production of species as function 
of the partial pressures (i.e. expressions represent-
ing reaction kinetics) can be found in the original 
papers [2a] & [2b]. 

Conservation equations 
Since only reaction (1) and (2) are linearly inde-
pendent it is possible to express the overall conver-
sion in terms of two conversion species. Other 
components can be found in terms of the molar 
rates and the conversion of these. It is chosen to 
select CH4 and CO2 as key constituents. Plug flow 
condition (linear velocity profile) is assumed.  
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The species balance along the reactor coordinate 
may be written: 

 

( )331144

4 rrR
dz

dF
BCHCHB

CH ����� ŠŠ		= =        (4) 

( )332222

2 rrR
dz

dF
BCOCOB

CO ����� +	=	=       (5) 

 
The stationary energy balance of the reactor yields: 
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The momentum equation expressing the pressure 
loss through the packed bed is: 

particle

sgt

d

u
f

dz

dp
2�

Š=                       (7) 

Ergun’s equation [11] was used to calculate the 
friction factor and the equivalent particle diameter 
is defined as the diameter of a sphere with the 
same external surface area per unit volume of the 
catalyst particle, see VDI Wärmeatlas, page Gg 3 
(1974). Initial values for (4), (5), (6) & (7) are zero 
conversion and inlet temperature and pressure. A 
heat transfer model was implemented to calculate 
U and Twall. Thermodynamic properties were calcu-
lated using standard ideal gas mixture rules. Mix-
ture heat conductivity and viscosity were found 
using Wilke’s method. 
 
Calculation of effectiveness factors 
The effectiveness factors in (4), (5) & (6) account 
for intra particle resistance and were calculated 
assuming a simplified slab geometry of the catalyst 
pellets. The factors express the ratio between the 
actual rates due to mass flow resistance in the pel-
lets and the ideal rates based on the catalytic sur-
face. The pellet geometry is illustrated on fig. 5 

 

dp,i = 0.84cm 

H = 1.0cm 

dp,o = 1.73cm 

 0.445cm 

Catalyst surface 

Catalyst carrier Flow 

Tortuous pore 

Surface 

 
Fig. 5. Pellet Geometry. 

For the slab geometry the concentration profiles in 
the catalyst is evaluated at each axial point by the 
following type boundary value problem (BVP) 
differential equation equating the sum of in- and 
outlet fluxes to the species production: 

 

( )isisiss
iseff TCR

d

dC

d
dD

,2
2

�
�

�
��

=�¸�¸
�¹

�·
�¨�¨
�©

�§         (8) 

 
It can be assumed that the pellets have same tem-
perature as the bulk flow so that the mass balance 
in (8) is sufficient to describe the intra particle 
flow. Initial values is zero gradient at � =0 and con-
centrations equal to bulk conditions at � =thickcat.  
 
The BVP was solved using orthogonal collocation 
on finite elements converting the differential equa-
tions into a set of non-linear algebraic equations. 
The solution was approximated using LaGrange 
polynomials. The collocation points were chosen 
as the roots of the Legendre polynomial. See [14] 
for a detailed description of this method. 
 
Average molar fractions produced by the steady 
state steam reformer model are shown on fig. 6: 
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Fig. 6. Species profiles through reactor. 

 
The results correlate very well with simulation 
results publicized in the literature elsewhere 
[2a+2b], [4]. 
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Thermodynamic properties and heat transfer 
Thermodynamic mixture properties were calcu-
lated using standard ideal gas mixture rules. Mix-
ture transport properties such as thermal conductiv-
ity and viscosity were found respectively using 
Wassiljewa’s method as described in [12] based on 
normal boiling points and Wilke’s method as de-
scribed in [13]: 
Mixture data for the transport properties (i.e. ther-
mal conductivity and viscosity) was found using 
Wilke’s method and the regression data for the 
transport properties of the individual species. This 
was done using the interaction coefficients as: 
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Basically, the following procedure can be used in 
calculating the interaction coefficients in for the 
mixture viscosity (10): 
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Effective diffusivities for each gas in the mixture 
have been calculated using the method described in 
[12] as a geometric mean of the Knudsen diffusion 
and binary molecular mixture diffusivities. 
 
In addition [12] gives the wall heat transfer coeffi-
cient and the effective radial conductivity in the 
fixed bed based on the work of De Wasch and 
Froment (1972) as follows [11]: 
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The heat transfer model accounts for radiation and 
conduction between voids in the fluid phase and 
transport between neighboring particles in the solid 
phase. 
 
SHIFT REACTORS & PROX 
 
Fundamentally, the shifts- and PROX reactors are 
modeled with similar assumptions as done in the 
steam reformer model. The reaction kinetics and 
catalyst properties used were taken from [15]. The 
PROX can be modeled using the kinetics in [16]. 
 
MODELING OF PEM STACK 
 
The PEM stack was modeled simplified calculating 
the polarization curve expressing the correlation 
between the stack potential and the current density 
(fig. 7): 
 

Current density [mA/cm²]  

Potential [V]

Activation  
overpotential 
region 

Ohmic 
overpotential 
region 

Concentration 
overpotential 
region 

  
Fig. 7. Typical polarization curve for PEM-stack. 

 
Using the fuel cell model enables calculating the 
inlet flow of natural gas to the reformer needed for 
a certain plant size. 
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In modeling it is assumed that the overall voltage 
is the potential Gibb’s electromotorical force mi-
nus the sum of the individual stack losses: 
 

0 ohmic actV V � �= Š Š                      (16) 

 
V0 is the potential at zero current minus the con-
centration overpotential [V] governed by the 
Nernst-equation. The ohmic overpotential � ohmic 
[V] is modeled as a linear function accounting for 
the various ohmic losses in the fuel cell mem-
branes, gas diffusion layers and contact resistance. 
 
The activation overpotential can be separated into 
the activation at the anode side and the cathode 
side. The anode activation overpotential is several 
orders of magnitude smaller that the cathode over-
potential so it can be neglected. This yields the 
following coupled differential equations for calcu-
lating the cathode activation overpotential using 
Butler-Volmer kinetics and a homogeneous cata-
lyst layer model. The cathode model uses the con-
cept originally described by Springer et al., 1991: 
 

2

2
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0,

exp exp
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O a c c c
cat cathode

O

c F FdI
t i
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 (17) 
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The equations were non-dimensionalized multiply-
ing with the catalyst thickness tcat [m] using the 
catalyst layer coordinate y� [0;1]. I is the current 
density [A/m²], CO2 is the oxygen concentration at 
the catalyst layer interface [mol/m3], F is Faradays 
constant, n is the number of electrons involved in 
the reaction (n=4) and I. 
 
Equations 17-19 is solved with initial values for 
the three constitutive variables and the boundary 
condition that the current density should be I=Iy=1 
at y=1 (i.e. the Nafion surface after the catalyst 
layer). The initial cathode overpotential is fitted 
using a shooting method based on a combination of 
parabolic search and golden section search. 

Integration is stopped when the oxygen concentra-
tion reaches zero in the catalyst layer. A linear 
correlation was used to estimate the overpotential 
at y=1, see fig. 8, which shows the variation of the 
constituents in the catalyst layer at I=0.8A/cm² – 
note that (19) has been non-dimensionalized prior 
to integration putting the initial oxygen concentra-
tion at the catalyst surface in the denominator. 
 

 
Fig. 8. Properties in catalyst layer (I=0.8A/cm²). 

 
Several equations are needed to calculate the oxy-
gen concentration at the catalyst layer surface and 
the effective diffusion coefficient Deff,O2 in the cata-
lyst layer material. A thorough description of the 
catalyst layer modeling is given by Marr & Li, 
2000 in their paper “Composition and performance 
modeling of catalyst layer in a proton exchange 
membrane fuel cell”. The additional parameters in 
the electrochemical model such as �  (proton con-
ductivity [S/m]), i0 (exchange current density 
[A/m²]) and � a & � c (anodic/cathodic transfer co-
efficient) can be found here as well. The exchange 
current density is a measure for the electrochemi-
cal activity of the catalyst layer, and it represents 
the current density for system equilibrium. 
 
OPTIMIZATION OF HEN 
 
Using the system model kinetics it is possible to 
establish the flow capacities needed (mass flow 
times specific heat capacity) for each flow. Tem-
perature intervals are given by catalyst properties.  
In order to optimize the heat exchanger network 
(HEN) the method of Yee and Grossmann [17] can 

Integration is terminated here! 

( ) ( )
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be used. The methodology is to minimize the total 
cost of the HEN, which can be described by the 
following overall objective function [17]: 

 ( )min TotalCost AreaCost FixedCostUnits UtilityCost= + +   (20) 

This method uses a simplified superstructure to 
find the optimum HEN-configuration allowing for 
stream splits. However, it is assumed that the mix-
ing is isothermal. This means that the method is 
correct when no stream splits occur but if this is 
not the case, the method in some cases fails to find 
the optimum solution [18]. An approximation to 
the LMTD method is used to prevent numerical 
difficulties when equal approach temperatures on 
both sides of a heat exchanger occur. Yee and 
Grossmann proposed the Chen approximation (21). 
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         (21) 

A simplified heat transfer model neglecting heat 
conduction was used. The objective function, 
which has to be minimized subject to appropriate 
constraints, was formulated by Yee and Gross-
mann as follows: 
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Feasibility of temperature interval matches and 
approach temperatures are applied as constraints to 
(22). The minimum approach temperature (pinch 
point) can be defined using a constraint as well. 
The minimization of the MINLP problem produced 
by (22) can be performed using GAMS using for 
instance the MINLP solver DICOPT. This is an 

algorithm based on outer approximation for solv-
ing mixed-integer nonlinear programming 
(MINLP) problems that involve linear binary vari-
ables as well as linear and nonlinear continuous 
variables developed by professor developed by J. 
Viswanathan and Ignacio E. Grossmann, 1990. 
 
The area cost of the heat exchangers was assumed 
to follow the simplified cost function: 
 Exchanger Cost [$] = Unit Price + C · (Area)�

 

 

An example retrofit HEN using the temperature 
intervals on fig. 4 & heat capacities and flows cor-
responding to 100kWnet output is shown below:  
 

25°C 
25°C 
80°C 

400°C 
145°C 
120°C 
80°C 

480°C 
100°
C 300°C 
750°C 
405°C 
150°C 
130°C 

23.3kW 

48.8kW 

2.2kW 

5.8kW 

37.5kW 

1.7kW 

8.0kW 

 
It is seen that the need of hot utility has been 
eliminated from the system and cooling is reduced. 
  
DISCUSSION 
 
A model of a natural gas reforming fuel cell sys-
tem has been established. Using the parameters 
found in modeling an optimal heat exchanger con-
figuration can be found subject to the overall cost 
of the system. The method needs further investiga-
tion regarding stream splits and the afterburner 
subsystem should be included. 
 
Moreover, the dynamics of the resulting HEN-
networks should be investigated using dynamical 
models of the HEN and the reactors.  
 
It is however expected that the present model will 
be a useful tool in system design in determining 
the optimum amount of heat integration for a given 
heat/power application. In near future it is expected 
to verify this experimentally at Aalborg University. 
 
In the preliminary calculations, the Shift- and PrOx 
reactors were considered adiabatic. Heating these 
reactors externally should be investigated. 
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Abstract 
The paper describes a time-dependent model for calculating heat flow from buried pipes. The 
model is based on the finite element method. In order to minimize the influence of the fact that 
only a finite part of the ground is modelled, the ground block has to be chosen sufficiently large. 
The factors that mainly influence the choice of ground block size are: Media temperatures, 
ground composition and whether the pipes are insulated or not. For district heating pipes a 
ground block of 10 x 20 m is normally sufficient while corresponding dimensions for pipes used 
for heat gathering for heat pumps are 18 x 36 m. The convective heat transfer coefficient at the 
ground surface has a clear influence on the calculated heat flows. Considering errors introduced 
by the assumptions made, a default mesh created in FEMLAB® for the studied applications was 
found to be more than adequate. Although hard to investigate, ground soil properties are surely of 
significant importance to the calculated heat flows. This is especially the case if the medium 
temperature is close to the ground temperature. In the paper it is shown that, particularly when 
studying cases with media temperatures close to the ground temperature, stationary models can 
produce results that differ greatly from time-dependent calculations. 
Keywords: Finite element method, heat flows, buried pipes, time-dependent model 
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Abbreviations 
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a

b c d

c

DH

f
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�
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2

2

Thermal diffusivity [m /s]

Distances [m]

Specifik heat [kJ/kgK]

District heating

A general function

Heat flow [W]

Temperature [ C]

Overall heat transfer coefficient [W/K]

Convective heat transfer coeff. [W/m

°

3

K] 

Density [kg/m ]

Conductive heat transfer coeff. [W/mK]

Average deviation between results [%]

Time [days]

Subscripts 
air

air/ground

casing

 

Property related to air

Surface between air and ground

Property related to casing pipe

 
ground

ins

pipe

ret

sup

water/pipe

Property related to ground

Property related to insulation

Property related to medium pipe

Return medium (low temperature)

Supply medium (high temperature)

Surface between water and pipe

Introduction 
Heat flows to and from buried pipes are of interest 
in a number of applications. Two common fields 
are district heating and heat gathering for heat 
pumps. In a district heating system heat flows from 
the pipes are adverse to system performance. In the 
case with heat pumps, during wintertime heat 
extraction from the ground gives a heat 
contribution to the building and during 
summertime heat could potentially be rejected to 
the ground in order to obtain a cooling effect on 
the building. Thus, a low resistance to heat transfer 
is positive in this case. The aim of this paper is to 
provide the reader with information needed to _________________________ 
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perform accurate heat flow calculations for buried 
pipes. The calculations are based on the Finite 
Element Method (FEM). The commercial software 
FEMLAB® was used for the calculations. For 
details on the theory of the FEM the authors refer 
to Ottosen et al [1].   

Description of a time-dependent 
FEM-model 
The geometry for the FEM-model and definitions 
used in the paper are shown in Figure 1. 
 

Tsup= fsup(� ) Tret = fret(� ) c 

d 

b b 

b 

Ground 

Tair = fair(� ) �.air/ground

�.water/pipe 

0Q =��

0Q=�� 0Q=��

 
Figure 1 Geometry for FEM-model 

The model consists of a ground block of size b x 
2b metres and two pipes located in the horizontal 
centre of the block with an internal distance of c 
metres. The distance from the pipe head to the 
surface is d metres. In Figure 1 the pipes are shown 
as DH pipes and are thus insulated. The details for 
the DH pipes used in the calculations are shown in 
Figure 2.  

 
Casing Insulation 

Medium pipeMedium

88.9 82.5174 180 

[mm] 

 
Figure 2 Details for DH pipe 

The air and media temperatures are functions of 
time. The boundaries towards the air and the media 
are set as convective. Both the convective heat 
transfer coefficient at the ground surface and at the 
pipe walls are regarded to be constant. The 
boundaries between the ground block and the 
surrounding ground are set as perfectly insulated 
(i.e. symmetry). Unless otherwise is stated the 
assumptions according to Table 1 and Table 2 are 
used throughout the paper. 

Property Value 
Convective heat transfer 
coefficient, air/ground, �.air/ground 

15 W/m2K 

Convective heat transfer 
coefficient, water/pipe, �.water/pipe 

2500 W/m2K

Size of ground block, b 10 m 
Distance between pipes, c 
(insulated pipes) 

0.2 m 

Distance between pipes, c 
(uninsulated pipes) 2 m 

Pipe depth, d (insulated pipes) 0.6 m 
Pipe depth, d (uninsulated pipes) 1.5 m 

Table 1 Assigned values to various properties 

 
Material Heat 

conductivity, 
��, [W/mK] 

Density, 
�!, 

[kg/m3] 

Heat 
capacity, 
c, [J/kgK]

Pipe 
(steel) 

76 7850 480 

Insulation 
(PUR) 

0.030 60 1700 

Casing 
(PEH) 

0.43 940 1900 

Ground 
(moraine)

1.5 1800 1200 

Table 2 Thermal properties of pipe, insulation, 
casing and ground 

Since the scope of this paper is to investigate the 
influence of various assumptions on the calculated 
heat flows it is easier to interpret the results if the 
material properties are constant, see Table 2. 
However, when performing calculations for a 
specific case dependence on temperature, time or 
location should be regarded and can easily be 
implemented in FEMLAB®. 
 
In the model, only heat conduction in the ground is 
considered. Based on a discussion in Sundberg [2] 
it is concluded that conduction is the most 
important heat transfer mechanism in most types of 
soil. The largest error related to this simplification 
is probably due to the fact that energy 
bound/released at the phase-change ice/water is 
neglected. 

Initialising the model 

In order to obtain a realistic temperature 
distribution in the ground at the beginning of all 
calculations in the paper, an initial calculation 
covering a period of 4 years is performed. The 
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states at the end of this calculation are then 
mapped as the initial state to the calculations that 
are analysed. The FEMLAB® commando 
“asseminit” is used for the mapping. 

Ground temperature distribution in 
reality and in model 
A description of stationary calculations of heat 
losses from DH pipes is found in Jonson [3]. The 
results presented there are very close to 
specifications from pre-fabricated district heating 
pipe manufacturers. The main objection to this 
kind of calculations is that the problem, which is 
clearly time-dependent, is treated as a stationary 
one. As a consequence of the time-dependent 
reality a correct ground temperature distribution 
can never be obtained using a stationary model. 

Real ground temperature distribution  

Figure 3 shows a typical yearly range of ground 
temperature variation at different depths. In this 
case the ground temperature varies around an 
average value of 8 °C. Due to the thermal inertia of 
the ground the temperature at the surface varies 
between -4 – +23 °C while at depths below 6 m it 
is relatively constant. The exact details of how the 
temperature will vary with depth during a year 
depends on the composition of the ground, as will 
be shown below, and the climate.  
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Figure 3 Ground temperature variations during a 

year in Ottawa, Canada, adapted from Williams & 
Gold [4] 

Modelling the ground 

If a material is considered as homogenous (i.e. 
��(x,y,z) = constant) and there is no internally 
generated heat, the equation of heat conduction can 
be simplified to: 

2 2 2
2 2

2 2 2
 (1)

T T T T
T a T

c cx y z

� �
� � �

� § � ·� � � �
= + + = � = �� ¨ � ¸

� � � �� © � ¹

The term (��/�!c) is called the thermal diffusivity 
and is denoted a. According to (1) the thermal 
diffusivity is a measure of how the temperature in 
a material changes with time, �2, when exposed to a 
disturbance. In Figure 4 is shown how the 
temperature varies with depth according to FEM-
calculations in two extreme cases approximately 
representing dry moraine and granite with a high 
fraction of quartz, respectively, as specified in 
Table 3. The model shown in Figure 1, apart from 
the pipes, with b=20 m was used. 
 
Material ��, 

[W/mK] 
�!, 

[kg/m3] 
c, 

[J/kgK]
Moraine, dry 0.6 1800 1600 
Granite, high 
fraction of quartz 4 2700 800 

Table 3 Thermal properties of ground, extreme 
cases 

The air temperature in Figure 4 was varied as:  

2
7 11sin                                       (2)

365airT
��� § � ·= + � ¨ � ¸

� © � ¹  

 
Figure 4 Calculated ground temperature variations 

during a year 

Figure 4 shows that the thermal properties of the 
ground significantly influences how the air 
temperature penetrates the ground. For instance, in 
the left case, the ground temperature is essentially 
constant at a depth of 6 m while for the right case it 
varies with an amplitude of about 2.5 °C.   
 
An alternative way to display the results from the 
calculations is to study how the temperature varies 
with time at different depths. In Figure 5, temp-
erature variations at depths 0-10 m is shown. 

191

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



0 100 200 300 400
�ï5

0

5

10

15

20

Time [days]

T
em

pe
ra

tu
re

 [
°C

]

Moraine (dry), a=2e �ï7 m2/s

0 100 200 300 400
�ï5

0

5

10

15

20

Time [days]
T

em
pe

ra
tu

re
 [

°C
]

Granite (high quartz content), a=19e �ï7 m2/s

depth=0 m 

depth=10 m 

depth=0 m 

depth=10 m 

 
Figure 5 Calculated ground temperature variations 

at depths of 0, 2, 4, 6, 8 and 10 m 

In Rosén et al [5] it is stated that temperature 
variations in the ground normally decrease 
exponentially with depth and that it can be 
compared to harmonic oscillations that are 
dampened and phase shifted compared to the 
temperature variations at the ground surface. This 
is a good description of the results in Figure 5 and 
thus it seems that the model produces realistic 
results. 

Influence of introduced assumptions 
In this section the influence of some of the 
assumptions made will be investigated. All 
calculations are based on the model in Figure 1. 
Since the influence of the assumptions made may 
depend on the situation studied three different 
cases, according to Table 4, will be regarded. The 
cases were chosen in order to compare some 
qualitatively different situations. Considering real 
applications the first two cases can be taken to 
approximate high/low temperature DH while the 
third case corresponds to heat gathering from the 
ground for a heat pump. 
 

Case 
nbr 

Insu-
lation 

Supply 
temperature 

Return 
temperature 

1 Yes 
2

110 10sin
365
��� § � ·Š � ¨ � ¸

� © � ¹
 

2
40 5sin

365
��� § � ·+ � ¨ � ¸

� © � ¹
 

 

2 Yes 2
70 10sin

365
��� § � ·Š � ¨ � ¸

� © � ¹
 

2
20 5sin

365
��� § � ·+ � ¨ � ¸

� © � ¹
 

 

3 No 2
2 5sin

365
��� § � ·+ � ¨ � ¸

� © � ¹
 

2
6sin

365
��� § � ·

� ¨ � ¸
� © � ¹

 

 

Table 4 Description of studied cases 

The studied period is one year and the heat flows 
are calculated every 48 hours. The deviation in 
calculated results between a case k and a reference 
case is estimated as: 

( ) , ,
1,

1
               (3)

N

k i ref i
iref i

Q Q
N mean Q

�
=

= Š
	

�¦ � � � �
��

  

According to (3) �1 represents the average deviation 
between the reference case and case k in percent of 
the mean value in the reference case. Thus, as �1 
approaches zero the difference between case k and 
the reference case is small. 
 
The calculated net heat flows from the return and 
supply pipes for the three cases in Table 4 are 
shown in Figure 6. 
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Figure 6 Net heat flows from pipes in three cases 

In Figure 6 a net heat flow from a pipe is assigned 
a negative value while a net heat flow to a pipe is 
positive. For the cases with insulated pipes (cases 1 
and 2) there is a net heat flow from the pipes to the 
surrounding. The heat losses are larger in case 1 
than in case 2 due to the higher temperatures in the 
first case. Since the distance between the pipes is 
only 0.2 m the temperature fields around the two 
pipes coincides. This causes the heat losses to be 
smaller compared to if the two pipes are placed at a 
large distance from each other. In the case with the 
uninsulated pipes, case 3, the net heat flow is 
positive for both the return pipe and the supply 
pipe. Since the temperature in the supply pipe is 
closer to the surrounding ground temperature the 
net heat flow to this pipe is lower than to the return 
pipe. 

Ground block size 

In order to reduce the influence of the finite ground 
block studied it has to be chosen sufficiently large. 
On the other hand a larger ground block will 
increase the computational time and thus it should 
not be unnecessarily large. In Figure 7 it is shown 
how the calculated heat loss in the three cases 
changes as the distance b in Figure 1 is varied. For 
all cases the calculated heat flows at b = 20 m is 
used as reference in (3). 

192

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



4 6 8 10 12 14 16 18 20
0

5

10

15

20

D
ev

ia
tio

n,
 �

 [%
]

Ground size, b [m]

�
ret,case 1

�
sup,case 1

�
ret,case 2

�
sup,case 2

�
ret,case 3

�
sup,case 3

 
Figure 7 Change in calculated heat flows as a 

function of b 

The overall tendency of the curves in Figure 7 is 
that the derivative of �1(b) decreases as b increases. 
I.e. the incremental gain, considering accuracy, 
with increasing the ground size block becomes 
smaller for large values of b. Considering the 
gentle slope of the curves to the right of Figure 7 
the calculated heat flows at b = 20 m must be close 
to the value when b is infinity and is therefore 
considered as the ‘true’ values. When the results in 
Figure 7 are studied it should be remembered that 
the distance between the pipes is 2 m in case 3 and 
0.2 m in cases 1 and 2. 
 
According to Figure 7 the difference between the 
cases is large regarding the influence of the ground 
block size, b. For instance, the deviation �1 is below 
0.7 % at b > 6 m for cases 1 and 2, while for case 3 
b has to be chosen as > 14 m to obtain this. The 
large difference in required b value cannot be 
explained solely by the difference in internal pipe 
distance. First, in cases 1 and 2 the pipes are 
insulated, and since the temperature gradient is 
steep within the insulation the influence of the 
pipes on the surrounding ground temperature is 
small. Second, since the temperature difference 
between the media in the uninsulated pipes and the 
surrounding ground is small, an incorrect ground 
temperature will have a large influence (in percent) 
on the calculated heat flows. The magnitudes of 
the temperature difference is also the reason that �1 
is greater for the return pipe than for the supply 
pipe in cases 1 and 2 and the opposite in case 3. 
Particularly in cases 1 and 2 the greater deviation 
for the return pipes can also be explained by the 
fact that heat flows from the supply pipe to the 
return pipe. As the ground block around the pipes 

is increased the influence of the insulated 
boundaries decreases, and therefore also the heat 
flow between the media decreases. 
 
Finally, considering the great influence the ground 
properties has on the ground temperature 
distribution, according to Figure 4, the selection of 
the distance b must be influenced by the ground 
properties. This will be studied later on in this 
paper. 

Mesh size 

The fundamental idea of the finite element method 
is to divide the geometry into small elements. In 
each element a rather crude estimation of how the 
property varies within the element is made. If the 
size of the elements is too large this can introduce 
errors. For this reason it is of interest to investigate 
how the calculation results changes when the 
element size is decreased. The default mesh 
generated by FEMLAB® consists of 18568 
elements in cases 1 and 2 and 6650 elements in 
case 3 (due to the less complex geometry). The 
refined meshes consist of 74272 and 26600 
elements, respectively. Due to lack of data storage 
capacity the computer used (having 736 MB 
RAM) could not compute cases 1 and 2 using the 
refined mesh and therefore only case 3 could be 
investigated. 
 
As the mesh was refined in case 3 the deviation, �1, 
between calculated heat flows using a refined mesh 
and the default mesh was 0.091 % for the return 
pipe and 0.061 % for the supply pipe. Considering 
the influence of other assumptions made and the 
increase in computational time when using a 
refined mesh the default mesh created in 
FEMLAB® is more than adequate. It is assumed 
that the general result also holds for cases 1 and 2. 

Boundary conditions 

Regarding the choice of boundary conditions the 
convective boundaries at the ground surface and 
inside the media pipes is a natural choice. Figure 8 
and 9 demonstrate how the calculated heat flows 
are influenced by the values of �.water/pipe and 
�.air/ground. The heat flows at �.water/pipe = 4500 W/m2K 
and �.air/ground = 25 W/m2K are used as reference 
values in (3). 
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Figure 8 Change in calculated heat flows as a 

function of �.water/pipe 
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Figure 9 Change in calculated heat flows as a 

function of �.air/ground 

If a single pipe in the ground is considered the heat 
flow from it can, simplified, be expressed as: 

/ /

/

/

                                              (4)

1 1 1 1 1 1

water pipe air ground

tot media surr

media surr

pipe ins casing ground

Q U T

T

U U U U U U� �

= 	 
 =




+ + + + +

��

For a well-insulated pipe, 1/Uins is dominating in 
the denominator in (4) and therefore a change in 
the heat resistance for the other components will 
only have a limited influence on the heat flow. For 
this reason the influence of �.water/pipe is negligible in 
cases 1 and 2. For a pipe with no insulation the 
term corresponding to insulation in (4) is not 
present and therefore the influence of �.water/pipe is 
larger (but still small). As �.water/pipe and �.air/ground is 
increased it holds that the incremental influence 
they have on Utot decrease. For this reason the 

derivative of the curves in Figure 8 and Figure 9 
decrease when moving to the right. 
 
The value of �.air/ground has a much greater influence 
on the calculated heat flows than �.water/pipe. This is 
partly due to the fact that �.air/ground, according to (4), 
influences Utot, but apart from this it also indirectly 
influences the ground temperature. The closer the 
media temperatures are to the ground temperature 
the greater the influence of �.air/ground, i.e. the ground 
temperature, will be on the calculated heat flows. 
This trend is apparent when studying the results in 
Figure 9. 
 
At large distance (in all directions) from the pipes 
the ground temperature distribution is not 
influenced by the presence of the pipes. If a cut is 
made in the undisturbed ground, the temperature is 
exactly the same on both sides of the cut. In other 
words, symmetry prevails. Thus, considering that 
perfectly insulated boundaries also can be regarded 
as symmetry planes the vertical ground boundaries 
in Figure 1 should be set as 0Q =�� . The boundary 
condition on the lower ground boundary can be 
chosen either as 0Q =��  or as a constant temperature 
(equal to the average temperature at the depth). As 
long as the ground block is chosen to be of 
sufficient depth, these alternatives will produce the 
same result. An advantage with using a perfectly 
insulated lower boundary is that it is not necessary 
to know the average temperature of the soil. Apart 
from this it is also easier, by studying if the 
temperature variations at the bottom of the ground 
block is relatively constant or not (compare with 
Figure 4), to determine if the ground depth is set 
sufficiently large when using 0Q =�� . 

Ground properties 

Considering the large influence the properties of 
the ground has on the ground temperature 
distribution, according Figure 4, the calculated heat 
flows must also depend on ground material 
properties. In Table 5 the calculated heat flows in 
cases with ground properties according to Table 2 
(reference cases) is compared to calculated heat 
flows using the quite extreme ground properties in 
Table 3. 
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Case �1return  [%] �1supply [%] 

1, moraine 24.0 11.0 
1, granite 13.3 5.7 
2, moraine 33.9 10.5 
2, granite 19.0 5.4 
3, moraine 58.5 57.8 
3, granite 155.5 151.3 

Table 5 Deviation between calculated heat flows 
depending on ground properties 

According to the results in Table 5 the ground 
properties have a large influence on the calculated 
heat flows. As the thermal diffusivity is increased 
the temperature variations at a given depth will 
increase, Figure 4. Thus the heat flow to/from the 
pipes will increase during some periods and 
decrease during others. Apart from this the 
insulating capacity for granite is lower than for 
moraine and this also affects the resulting heat 
flows. From Table 5 it can be concluded that the 
assumed ground properties for most applications is 
of great importance to the calculation results. 
Unfortunately the exact ground composition is 
often time consuming to investigate.  
 
As the influence of the ground properties is studied 
we will return to the previous discussion regarding 
the selection of the ground block size. A 
temperature source will influence a greater part of 
the ground as the thermal diffusivity of the ground 
is increased. Considering this it is relevant to study 
how the results in Figure 7 are affected if the 
reference ground is replaced by granite with a high 
fraction of quartz (Table 3), see Figure 10. 
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Figure 10 Change in calculated heat flows as a 

function of b, ground with large thermal diffusivity 

Stipulating that the deviation, �1, should be below 
0.5 % for both the supply and return pipe, the 
required distances b according to Figure 7 is 6, 8 
and 14 metres in cases 1, 2 and 3, respectively. The 
corresponding b values in Figure 10 are 8, 10 and 
18 metres. Thus, as the thermal diffusivity of the 
ground is increased the ground block should be 
chosen larger. However, it should be pointed out 
that the assumed thermal diffusivity of the granite 
in Figure 10 is very high and considering this a 
distance b in Figure 1 of 16-18 metres should be 
sufficient for most cases.   

Comparison between stationary and 
time-dependent models 
In this section the time-dependent model is 
compared to a stationary model. Heat loss 
calculations are performed using the air and media 
temperatures in (2) and Table 4. In the stationary 
model heat flows are calculated using momentary 
values of the temperatures. In the time-dependent 
model the heat flows are calculated continuously. 
The deviation in calculated heat flows between the 
stationary and the time-dependent model, using the 
time-dependent model as reference, is shown in 
Table 6. 

Case
nbr �1return  [%] �1supply [%] 

1 8.2 2.3 
2 22.5 3.7 
3 59.9 93.7 

Table 6 Comparison of calculated heat flows using 
a time-dependent or a stationary model  

From the results in Table 6 it is obvious that a 
stationary model can introduce significant errors. 
The deviation in percentage is greater the closer to 
the ground temperature the media temperature is. 
For this reason the deviation in calculated heat 
flows between the stationary and the time-
dependent model is very large in case 3 and much 
less in case 1. While the assumption of stationary 
conditions in some situations, at best, is acceptable, 
case 1, it might be catastrophic in other 
applications, case 3. 

Using measured data as input to 
FEM-model 
A nice feature in FEMLAB® is that it is possible to 
use measured data as input to the FEM-model and 
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thereby simulating real situations. An example of 
this can be found in Persson & Wollerstrand [6] 
where heat losses from a DH culvert were 
calculated using measured media and air 
temperatures. 
 
When implemented in FEMLAB®, both the value 
of the measured property and the derivative of the 
property must be defined. Both values can be 
specified using a look-up table and the Matlab 
commando “flinterp1” . When using look-up tables 
it is important to choose a sufficiently short sample 
time. In our case the “measured” properties varies 
as sinus waves with a period of 365 days. In  
Figure 11 the calculated heat flows using look-up 
tables with different samples times are compared 
to the corresponding values when the analytical 
expressions in (2) and Table 4 are directly 
implemented in FEMLAB®. 
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Figure 11 Comparison of calculated heat flows 
using analytical expressions and look-up tables 

According to Figure 11, the sensitivity to sample 
time is dependent on the situation studied. A 
general trend seems to be that when the amplitude 
of the variations is large, compared to the mean 
value of the property, a short sample time should 
be chosen. Considering computational times, see 
below, it is advised to use as short sample times as 
possible and at least not greater than 1/30 of the 
period of the variations of the measured properties. 

Computational times 
Finally, some comments will be made on the 
computational times for the three cases studied 
using different models. The computational times 
are displayed in Table 7. The computations were 
performed on an Intel Pentium 4 2.4 GHz with 736 

MB RAM and Windows XP as operating system. 
Version 2.3 of FEMLAB® was used. 
 
Type of model Case 1 Case 2 Case 3
Reference case 2024 2024 750 
b=20 2160 2090 801 
Refined mesh — — 3615 
Stationary model 2171 2163 876 
Look-up table, 
sample time 12 h 2084 2082  773 

Look-up table, 
sample time 1200 h 6673 6295 2675 

Table 7 Computational times in seconds for 
different cases using different models 

According to Table 7 the computational time is not 
affected by the temperature difference in cases 1 
and 2. Neither has the size of the ground block a 
significant influence on the computational time. 
The less complex geometry of case 3 is 
significantly faster to compute than cases 1 and 2. 
Considering this, and the certainly small influence 
of the pipe and the outer casing, the DH pipes in 
Figure 2 could be reduced to only consisting of the 
insulation if computational time is crucial. Using 
look-up tables with a relatively short sample time 
only has a small effect on the computational time 
while greater sample times actually increases it. 
The authors’ guess is that this is due to the 
occasionally rapid changes of the derivative when 
stepping through the look-up table.    
 
Using a refined mesh greatly increases the 
computational time. The computational time using 
a stationary model is actually almost identical to 
the time-dependent model. However, since the 
time-dependent model always has to calculate for 
the whole period studied as well as for an 
initialising period the comparison is greatly 
dependent on the sample time. The computational 
time decreases when using the stationary model if 
the sample time is increased. 

Conclusions 
Factors that influence the choice of ground block 
size are: Media temperatures, ground composition 
and whether the pipes are insulated or not. For DH 
pipes a ground block of 10 x 20 m should be 
sufficient, while the corresponding value for cases 
with heat gathering for heat pumps from the 
ground is 18 x 36 m. The value of the convective 
heat transfer coefficient at the ground surface has a 
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clear influence on the calculated heat flows. Of the 
factors studied in this paper the ground properties 
has the greatest influence on the calculated heat 
flows. A stationary model may produce results that 
differ greatly from those calculated with a time-
dependent model. This is especially the case if the 
media temperatures are close to the ground 
temperature. When using look-up tables in 
FEMLAB® the sample time should be chosen 
small considering both accuracy and computational 
time. 
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Abstract 
The paper describes a dynamic model of a domestic hot water circulation system. The 
components of the system are described in mathematical terms and it is shown how they are 
implemented in Simulink®. The components studied are: pipes, self-acting thermostatic valves, 
circulation pumps and heat exchangers. Apart from this, two methods to calculate flow distri-
bution in systems with extraction points are described. The first method is a further development 
of an explicit method based on Kirchoff’s law for calculating flow distributions in closed sys-
tems, Persson [1]. The second method is based on the fact that the net pressure drop in a closed 
loop is zero (known as the Hardy-Cross method). To reduce computational time both methods 
should involve two flow calculation modes, one iterative and one explicit, depending on if flow is 
extracted from the system at the current time step or not. Flow calculations are established 
primarily in a form adapted for implemention in Simulink®. When numerical problems arise an 
equation solver in Matlab® can be used since this code, in contrast to the iterative solver within 
Simulink®, can be supplied with an initial guess, thus making the solver more stable. Considering 
computational time the Matlab® call-back should be converted to an S-function. It is also shown 
that the application Real-Time Workshop® greatly speeds up the calculations. 
Keywords: Domestic hot water circulation, Simulink, dynamic model, flow calculation 

Nomenclature 
Abbreviations 

DHW
p

v

vs

prop

e

A
c

F
k
k
m
m
N
p

T
t
U
V
V
X
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3

Area [m ]
Specific heat [kJ/kgK]
Domestic hot water
Control error [ C]
Ratio [-]
Flow capacity [m /h]/bar
Maximum flow capacity at 1 bar [m /h]
Mass [kg]
Mass flow [kg/s]
Number of branches [-]
Pressure d

p

°

� =

3

3

ifference [Pa]
Temperature [ C]
Time [s]
Overall heat transfer coeff. [W/mK]
Volume [m ]
Volume flow [m /s]
Proportional band [ C]

°

°

z
�
�

 2

Valve opening degree [%]
Convective heat transfer coeff. [W/m K] 
Velocity [m/s]

 

 
Subscripts 
br

eq

ret
sup

c

h
i
in
o
out
p

surr
T
transp
w
wall

Branch
Cold side
Equivalent
Hot side
Inside
Ingoing property
Outside
Outgoing property
Pipe
Return
Supply
Surrounding
Temperature
Transport
Water
Heat exchanger wall
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Introduction 
A typical domestic hot water (DHW) system in a 
residential building consists of a DHW heater (1), 
distribution pipes (2), circulation pipes (3), a 
circulation pump (4) and connecting pipes (5), 
Figure 1. The water is circulated through a number 
of risers situated at different distance from the 
heater in the building. As pressure losses increase 
with increasing distance from the heater, the water 
flow distribution among the branches will be 
uneven unless hydraulic balancing has been 
employed. If the same temperature level on the 
return from all the branches is to be kept, the 
circulating flow in the outermost branches must be 
higher than the flow in the branches closer to the 
heater. This is due to the temperature drop along 
the system caused by heat losses. This topic is 
treated more extensively in Wollerstrand & 
Persson [2]. 

 

DH, supV��

Riser nbr: 1211 2 

(1) 

Thermostatic valve  

(2) 

(4) 

(3) 

(3) 

1 

(5) 

DH, retV��

DHWV��
DHWCV��

 
Figure 1 Principal scheme of a DHW circulation 

system 

Description of the components in a 
DHW circulation system 
The DHW system studied in this paper is shown 
in Figure 1: It consists of a heat exchanger, pipes, 
thermostatic valves and a pump. In this section 
these components are described mathematically 
and it is shown how they are implemented in 
Simulink®. The mathematical descriptions are 
based on previous work by the authors and by 
others as well; for a more detailed discussion cf. 
Persson [1], Gummérus [3] and Hjorthol [4].  

Pipe model 

Both when modeling pipes and heat exchangers 
the components are divided into a number of 
sections. By writing energy balances for each 
section the components can be modeled. First the 

water in a pipe section is studied. By formulating 
a heat balance for the water in a pipe section and 
then differentiating it the following expression is 
obtained, Persson [1]: 
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Next an energy balance for the pipe wall can be 
formulated, and by differentiating we obtain: 
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In (2) heat conduction within the pipe wall is 
disregarded and the mean temperature difference 
between the medium and the pipe is based on the 
arithmetic mean value of the inlet and outlet water 
temperatures. By modeling the pipe according to 
(1) and (2) it is assumed that the water is being 
perfectly stirred. One negative aspect of this 
assumption is that water having the inlet 
temperature when entering the pipe will have an 
immediate influence on the outlet temperature. 
This is not physically correct and therefore the 
inlet temperature should be delayed. The transport 
time for the flow through the pipe can be 
calculated as, Persson [1]: 

 
                                                         (3)p

transp

V
t

V
= ��  

However, due to the heat exchange between the 
flowing water and the pipe wall the temperature 
front will propagate somewhat slower than ttransp. 
As a measure of the difference in transport 
velocity between the temperature front, ��T, and the 
flow, ��, Larsson [5] defines: 

                                                                (4)TF
�
�

=
 

F is <1 and decreases as the ratio between the pipe 
wall thickness and inner diameter increases. 
According to (4), the transport time for the 
temperature front is obtained by dividing the right 
hand side of (3) by F. In Simulink® this can be 
implemented as shown in Figure 2. 
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Figure 2 Implementation of transport time for 

temperature front in Simulink® 

Treating the pipe wall as given by (1) and (2) 
results in a significant computational time. Thus, 
depending on the type of investigation made it 
could be desirable to make a simplification and 
disregard the pipe wall. Equations (1) and (2) are 
thereby replaced by: 

( ) ( ), , , ,
,

, ,

1

                  (5)
2

w out w p w w in w out
w p w

w in w out
surr

T m c T T
t m c

T T
U T

� �ª= Š Š�¬�

�º+� § � ·
Š �»� ¨ � ¸

� © � ¹�¼

��

 

In Figure 3 is shown how (5) can be implemented 
in Simulink®. In (5) a Logarithmic Mean 
Temperature Difference, LMTD, between the 
medium and the surroundings can also be used. If 
the surrounding temperature, Tsurr, is regarded as 
constant a look-up table can be used for deciding 
LMTD. The use of a look-up table is 
advantageous considering computational time. 

 

Figure 3 Implementation of (5) in Simulink® 

Since the pipe wall is not considered in Figure 3 a 
“Transfer Fcn”-block, as shown in Figure 2, can 

be used for introducing some additional inertia to 
the system. The physical interpretation of this time 
constant is that it represents the thermal inertia of 
the pipe wall. 

Heat exchanger model 

The mathematical formulation of a heat exchanger 
and a pipe is quite similar. For the heat exchanger, 
equations must be formulated for hot water flow, 
cold water flow and for the wall separating them. 
By formulating energy balances for these three 
parts and differentiating the following equations 
are obtained: 
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Considering the fact that many of the terms in (6) 
–(8) are identical, the equations can quite easily be 
implemented in Simulink®. If reduced computatio-
nal time is considered essential mainly elementary 
blocks such as “Sum” and “Product”  should be 
used. The temperature fronts for the hot and cold 
water flows within the heat exchanger should be 
delayed, as in the case with the pipe in Figure 2.  
 
When approximating the temperature profile to be 
linear, as in (6) – (8), the heat exchanger must be 
divided into sufficiently many sections so that the 
theoretically correct temperature profile, which is 
logarithmic, can be accurately estimated. 
However, the computational time increases with 
the number of sections and for this reason not too 
many sections should be used. For most 
applications a suitable choice is to divide the heat 
exchanger into 3-5 sections, Persson [1]. 
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Pump and thermostatic valve models 

Thermostatic valves used in DHW circulation 
systems are normally self-acting and linear. In 
Figure 4 is shown how such a valve can be 
modeled. This model will be discussed next. 

 

Figure 4 Thermostatic valve model 

Since the valve is self-acting no actuator is 
needed, and as a consequence the main inertia 
within the controller is due to the time constant of 
the temperature sensor. Hjorthol [4] has shown 
that sensors placed directly in flowing water with 
an adequate accuracy can be described only by a 
single time constant. Due to internal friction in the 
valve there is always some degree of 
play/hysteresis within the valve. To reduce wear 
of the valve some hysteresis can also be 
introduced deliberately. 
 
The proportional band, Xprop, is a measure of how 
large the control error, e=Tset – T, must be for the 
valve to fully open and is defined as: 

0% 100%                                      (9)prop z zX T T= == Š
 

The valve opening degree, z, must be within the 
limits 0-100 %. Apart from this also some 
minimum opening degree > 0 % is sometimes 
introduced in order to facilitate the control. If an 
actuator had governed the valve position also the 
movement rate of the valve should be limited 
using a “Rate limiter” -block. 
 
Once the valve position is known the 
corresponding kv-value can be decided. In Figure 
4 the valve is linear and the current kv-value is 
obtained as the valve position times the kv-value 
for a fully open valve. If the valve is not linear a 
look-up table containing the valve characteristics 
can be used. Once the kv-value of the valve is 
known the flow can be calculated using (10) (see 
below). 
 
Pumps used in DHW circulation systems are 
normally run at constant speed. The pump model 
used in the DHW circulation model is very simple 

and consists of a 1-D look-up table describing the 
pump characteristics. The input to the look-up 
table is calculated flow and the output is 
differential pressure across the pump. The 
interaction with the rest of the model then results 
in a new flow and so on. For a variable speed 
pump a 2-D look-up table can be used with the 
additional input of speed. 

Calculation of flows in a DHW 
circulation system 
In this section two methods of calculating flows in 
a DHW circulation system will be described. 
From this kind of systems water is frequently 
drawn off in the tapping-cocks. The size of the 
extracted flows is here regarded as known and is 
input to the calculations. Before the methods are 
described some general theory will be reviewed. 
 
For fully turbulent flows the relationship between 
volume flow and differential pressure across a 
component can approximately be expressed as: 

                                                      (10)vV k p= � ���  

Where (for linear valves): v vsk k z= �
 

I.e., the volume flow is proportional to the square 
rot of the differential pressure and the 
proportionality factor is kv. For valves the kvs-
value is frequently used to describe the capacity of 
the valve at 1 bar pressure drop. It should be noted 
that throughout this paper all components are 
defined by flow capacity, which should not be 
confused with flow resistance. By using (10) the 
equivalent kv-value for N components connected 
in parallel/series can be calculated as, Persson [1]: 
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Method for calculating flows based on an 
analogy to Kirchoff’s law  

Schematically the DHW circulation system as in 
Figure 1 could be regarded as: 
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�ûppump 

Branch nbr: 1 i  N-1 N 

 
Figure 5 Schematic sketch of a DHW circulation 

system 

Now study one of the branches (risers) in Figure 
5. In detail each branch can be represented in the 
following way: 

 
 
 

,br iV��  

,DHW iV��

, ,br i DHW iV VŠ� � � �

kv,br,i1 

kv,br,i2 

kv,br,i3 Variable flow resistance 

Flow resistance in pipe 

Extraction point 

 
Figure 6 Details of one branch in Figure 5   

The pressure drop across a branch, �ûpbr,i, where 
flow is extracted in one point can be expressed as: 
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From this we obtain: 
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Once the equivalent kv-value for each branch, 
kv,br,i,eq, is known the next step is to calculate the 
equivalent kv-value for the whole system. The 

calculations start at the outer-most branch, cf. 
region A in Figure 7. 
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Figure 7 Calculation regions 

The equivalent kv-value for this region can be 
calculated according to (13). Note that the 
extracted flow in branch N has already been 
considered when calculating kv,br,N,eq and is not to 
be accounted for again in the term corresponding 
to the pressure drop in the branch. However, it 
should be accounted for in the term corresponding 
to the pressure drop in the return pipe. We obtain: 
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For region A, cN = aN, but otherwise ci �• ai if water 
is extracted in a branch j>i. Once kv,eq,A has been 
formulated the equivalent kv-value for region B 
according to (11) becomes: 

, , , , 1, , ,                                 (15)v eq B v br N eq v eq Ak k kŠ= +

The next step is to calculate kv,eq,C and since this is 
a direct analogy to the formulation of kv,eq,A it is 
only stated that: 
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By performing corresponding calculations for the 
rest of the system until j=1, the equivalent kv-
value for the whole system, kv,system, can be 
calculated. With an overall, known differential 
pressure for the system, �ûpsystem, the total flow is 
then obtained from (10). 
 
As the total flow through the system is known, �ûp 
across the first branch can be calculated. With 
known kv-value for the first branch it is possible to 
calculate the flow through the branch and 
consequently the flow that continues further out in 
the system is also known. In this way the flow 
calculations propagate through the system until all 
flows are known. 
 
It should be noticed that in the special case when 
no flow is extracted from the system, both ai and ci 
become unity. The equations then take the form of 
a direct analogy to Kirchoff’s law, and all flows 
can be calculated explicitly. But as soon as a flow 
is extracted anywhere in the system, the equations 
have to be solved iteratively. 

Calculating flows using the Hardy-Cross 
method 

An alternative method of calculating the flow 
distribution in a DHW circulation system is to 
simply follow the flow through each branch. 
Starting at the beginning of the system and 
moving along the supply pipe, through a branch, 
back along the return pipe and finally across the 
pump the net pressure drop must be zero when 
returning to the point of origin. I.e.: 

0                      (17)sup br ret pumpp p p p� + � + � Š � =
 

Using kv-values and the notations in Figure 6 and 
Figure 7 this can for branch number i be expressed 
as: 
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By expressing (18) for branches 1 to N as many 
equations as unknown branch flows are obtained, 
making it possible to calculate iteratively the 
flows in each branch. The method is often called 
the Hardy-Cross method. 

Regarding flow direction 

In both methods described above the flow 
direction is regarded as known. In theory the 
extracted flow could be of such magnitude that the 
flow direction in the return pipe is changed. 
However, it can be shown that for correctly sized 
systems these situations are extremely rare and 
they are therefore disregarded in this work. 

Comparison of flow models and how to 
implement them in Simulink® 

The method based on Kirchoff’s law and the 
Hardy-Cross method, as described above, from 
now on will be called the Kirchoff method and the 
Hardy-Cross method, respectively. Next will be 
described how to implement the models in 
Simulink®. Furthermore advantages and disadvan-
tages with the two methods are discussed. 
 
When water is extracted from the system both the 
Kirchoff and the Hardy-Cross method is iterative. 
In the case when no water is extracted the flow 
distribution can be calculated explicitly. Since the 
explicit calculations are much more rapid than the 
iterative ones it is important not to use an iterative 
method if not necessary. In Figure 8 is shown how 
an “Enable” -block can be used in Simulink® to 
switch between the iterative and explicit 
calculations. By checking if water is extracted or 
not and only using the iterative solver when 
needed the computational time can be reduced 
significantly. 
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Figure 8 Method to switch between iterative and 
explicit flow calculation 

If a system only consist of none-variable flow 
resistances it should be sufficient to calculate the 
flow distribution only once when a flow extraction 
starts or stops. This will reduce the computational 
time even further. The system modeled in this 
paper contains variable flow resistances (i.e. the 
thermostatic valves in Figure 1) that change often. 
For this reason there is little to be gained from 
only calculating the new flow distribution when 
there is a change in the system.  
 
In Figure 8 the Kirchoff method is used when no 
water is extracted and otherwise the Hardy-Cross 
method is used. The Hardy-Cross method is not 
directly implemented in Simulink® and is instead 
formulated as a Matlab® function. Using the 
command “fsolve” in Matlab® the equation system 
according to (18) can be solved. An advantage 
with using “fsolve” is that it is possible to supply 
the iterative solver with an initial guess. An 
appropriate choice of initial guess each time there 
is a change in the system improves stability and 
decreases computational time. Here, the initial 
guess for the branch flows is chosen as the flow 
distribution when no water is extracted (supplied 
by the Kirchoff method, Figure 8) plus the 
extracted flow in each branch. It should be noticed 
that it would also be possible to implement the 
Hardy-Cross method directly in Simulink®.  
 
When using the Hardy-Cross method 
implemented as a Matlab® function, the computa-
tional time can be decreased further by using the 
Matlab® Compiler command “mcc” and convert 
the Matlab® function to an S-function. This in 
addition makes it possible to use the Real-Time 
Workshop®, RTW, accelerator (which don’t 
accept Matlab® functions). RTW normally greatly 
speeds up a Simulink® model, but due to the S-

function the speed gain in this case is not as big 
when flow is extracted.   
 
Despite the merits of the described methods to 
increase the simulation speed the fact remains that 
the Hardy-Cross method, when implemented as 
described, involves time-consuming calculations. 
The reason is the well-known fact that calling 
external functions in Simulink® considerably 
slows down the model. For this reason one should 
as far as possible use elementary blocks and not 
use Matlab® functions. 
 
If instead the Kirchoff method is used also when 
flow is extracted from the system this could quite 
easily be implemented in Simulink®. Since the 
calculations are iterative, a so-called algebraic 
loop is obtained. RTW does not support algebraic 
loops and therefore the model cannot be 
accelerated. Still, since the flow calculation is 
performed within Simulink® no external 
application has to be called and the computational 
speed greatly exceeds the S-function calculations. 
From this vantage point the Kirchoff method 
appears very attractive, but it has one draw back: 
In Simulink® it is not possible to provide the 
iterative solver for the algebraic loop with an 
appropriate initial guess when there is a change in 
the system. If this would have been possible, the 
computational time could probably be decreased 
further, but above all such a feature could be 
expected to improve the stability of the solver. 
The latter fact would be desirable since, when 
solving the algebraic loop, some stability 
problems have in fact been observed. Since there 
is an increased risk of numerical problems the 
Kirchoff method, when implemented directly in 
Simulink®, should be used with some caution. 

Computational time 

In this part the computational times for some 
different types of models are investigated for two 
different situations. The purpose of the model is to 
calculate the flow distribution for the DHW 
circulation system in Figure 1. The system 
consists of 12 branches and 12 potential extraction 
points. The two situations studied is one case 
when no water is extracted from the system (no 
iterative calculations needed) and one case when 
water is extracted (iterative calculations needed). 
The period studied is 24 hours long and, in the 
case with extractions, flow is extracted during 
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45 % of the time. The flows are calculated using 
the models described in Table 1. Models 2 and 3 
contain an algebraic loop and can therefore not be 
accelerated with Real-Time Workshop®. For 
models with both explicit and iterative solvers the 
latter is called only during extractions. The 
computational times for the two cases and the five 
different types of models are shown in Table 2. 
The computations were performed on an Intel 
Pentium 4 2.4 GHz with 736 MB RAM and 
Windows XP as operating system. Version 5.0 of 
Simulink® was used. 
 

Model 
nbr 

Description 

1 Kirchoff method (explicit), implemented in 
Simulink®, RTW 

2 
Kirchoff method (iterative), implemented 
in Simulink® 

3 
Kirchoff method (explicit and iterative), 
implemented in Simulink® 

4 
Hardy-Cross method (iterative) and 
Kirchoff method (explicit), implemented as 
a S-function, RTW 

5 
Hardy-Cross method (iterative), implemen-
ted as an S-function, and Kirchoff method 
(explicit), implemented in Simulink®, RTW

Table 1 Description of models for calculating flow 
distribution 

Model type 1 2 3 4 5 
Comp. time no 
extractions [s] 

0.8 822 2.8 25 1.0 

Comp. time with 
extractions [s] 

– 2000 1345 7279 7208

Table 2 Computational times for different cases 

According to Table 2 the iterative models are 
time-consuming compared to the explicit models, 
compare 2 to 1 with no extractions. Also, it is 
more efficient to calculate flows within Simulink® 
than to call an S-function, compare 4 and 5 to 2 
and 3 for the extraction case. It can further be 
noticed that the RTW accelerator may speed up a 
model greatly when it is possible to use this 
facility, compare 1 and 5 to 3 with no extractions. 

Conclusions 
In this paper it has been shown how the 
components of a DHW circulation system can be 
described in mathematical terms and implemented 

in Simulink®. When implementing the models 
elementary blocks should be used as far as 
possible. Also look-up-tables should be adopted 
instead of time consuming calculations within 
Simulink®. Two methods of calculating flow 
distribution in a system with extraction points are 
described. When implementing these methods, 
calculations should primarily be performed within 
Simulink® since this reduces the computational 
time. If numerical problems arise, an equation 
solver facility of Matlab® can be used since this 
enables the user to provide the solver with an 
initial guess. The equation solver should be called 
using an S-function. If possible, the RTW-
accelerator should be used since it may greatly 
speed up calculations. 
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ABSTRACT 
The heat released from HVAC systems and/or industrial process should be rejected to the 
atmosphere. In the past, cooling water was supplied from tap water or river, and rejected to the 
sewerage or the river again. Recently, conventional methods cannot satisfy either economic 
criteria or environmental regulation because the cost of supply and discharge of cooling water is 
increasing tremendously, and the thermal pollution is regulated severely as well. 
Cooling tower enhances its application due to the low power consumption and, especially, low 
water consumption down to 5% of the direct water- cooling system. Heat rejection is 
accomplished within the tower by heat and mass transfer between hot water droplets and ambient 
air. 
Counter-flow type cooling tower dominates the Korean market, and is widely used in the 
petrochemical industry, iron industry, and HVAC plant. However, the design of a cooling tower 
depends on the existing data and/or the procedure is lack of consistency. Design and off-design 
performance analysis has not been completed yet, which is one of the key parameters in the 
cooling tower performance evaluation. In this study, existing theories on cooling tower design 
were reviewed and summarized.  
A program which computerizes the design procedure has been completed to keep consistency in 
the design. The off-design performance analysis program has been developed to analyze easily the 
performance characteristics of a counter-flow type cooling tower with various operating conditions. 
Through the experiments on various operating conditions, the off-design program has been 
verified. Finally, the operation characteristics with various operating conditions were evaluated by 
using this program. 
Keywords: Counter-flow cooling tower, Operation characteristics, Design condition, Off-design 
performance. 
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1. INTRODUCTION 
 
The heat released from HVAC systems and/ or 
industrial process should be rejected to the 
atmosphere. For example, cooling media such as 
water are often used to remove heat from 
condenser or heat exchanger of the energy system. 
In the past, cooling water was supplied from tap 
water or river, and rejected to the sewerage or the 
river again. Recently, conventional methods 
cannot satisfy either economic criteria or 

environmental regulation because the cost of 
supply and disemboguement of cooling water is 
increasing tremendously, and the thermal 
pollution is regulated severely as well. 
Air-cooled heat exchanger can be an alternative, 
but it requires high initial investment cost and 
high fan power consumption. Cooling tower 
enhances its application due to the low power 
consumption and, especially, low water 
consumption down to 5% of the direct water- 
cooling system. Heat rejection is accomplished 
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within the tower by heat and mass transfer 
between hot water droplets and ambient air. 
The operation theory of cooling tower was 
suggested by Walker in 1923, however, the 
generally accepted concept of cooling tower 
performance was developed by Merkel in 1925. A 
simplified Merkel theory has been used for the 
analysis of cooling tower performance and 
Lichtenstein introduced a graphical method. 
Baker and Shryock tried to minimize the error due 
to the assumptions of Merkel theory [1]. 
ASHRAE developed the cooling tower 
performance curves based on the Merkel theory in 
1975, and several researchers have paid attention 
to the cooling tower performance by numerical 
analysis or experiments on the fluid flow 
phenomena and combined heat and mass transfer 
in cooling tower [2-6]. 
Counterflow type cooling tower dominates the 
Korean market, and is widely used in the 
petrochemical industry, iron industry, and HVAC 
plant. However, the design of a cooling tower 
depends on the existing foreign data and/or the 
procedure is lack of consistency. Design and off-
design performance analysis has not been 
completed yet, which is one of the key parameters 
in the cooling tower performance evaluation. 
In this study, existing theories on cooling tower 
design were reviewed and summarized. Previous 
design methodology of the company is thought to 
be lack of the theoretical background in choosing 
the characteristic curve of the tower and, thus, the 
design point. In this sense, a program which 
computerizes the design procedure has been 
completed to keep consistency in the design. 
The off-design performance analysis program has 
been developed to analyze easily the performance 
characteristics of a counterflow type cooling 
tower with various operating conditions. Through 
the experiment on various operating conditions, 
the off-design program has been verified. 
 
2. BASIC THEORY 
 
2.1 Merkel equation 
 
Heat transfer rate in the cooling tower is 
represented by the difference between the 

enthalpy of moist air at bulk water temperature 
and the enthalpy of moist air. 
Merkel equation describes the heat transfer 
characteristics of a filler at the design condition. It 
needs several assumptions: (1)effect of 
evaporation does not exist, (2)thermal and mass 
diffusion coefficients of air/water system are the 
same. The analysis combines the sensible and 
latent heat transfer between air and water droplets 
in the tower. 
Total heat transfer rate per unit volume of a 
filler(dV) from the interface to the air is the sum 
of sensible heat(dqS) and latent heat(dqL). 
 

�� ��TTadVUdq GS ���c�c�   (1) 
 

� � � �WWadVKhdmhdq fgfgL ���c�c�c� �  (2) 

 
Energy conservation principle with the 
assumption that the interface temperature is same 
as the air temperature derives the following 
equation. 
 

�� ��hhKadVdtLcpw ���c�   (3) 

 
Integration of Eq.(3) results in Eq.(4). 
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2.2 Counterflow type cooling tower 
 
Left-hand side of Eq.(4) is a dimensionless 
parameter called NTU(number of transfer unit) 
which is the characteristic value of the filler and 
represents the heat transfer capacity, that is, the 
required heat transfer area. It is a function of air 
and water temperature, independent of the size of 
the tower or the shape of the filler. Counterflow 
cooling diagram shown in Fig.1 is convenient to 
integrate Eq. (4). The curves indicate the drop in 
water temperature (Point A to Point B). The 
temperature difference between the water entering 
and leaving the cooling tower(A-B) is the range. 
The difference between the leaving water 
temperature and the entering air wet-bulb 
temperature(B- C) is the approach of the cooling 
tower.  
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Fig. 1 Enthalpy-temperature diagram of air  

and water 
 
The equations are not self-sufficient, therefore, 
Tchebycheff integration is applied to get the 
approximate value.  
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where is the air enthalpy at the interface with bulk 
water temperature, and means the air enthalpy 
with the air stream temperature. 
The enthalpy of point C and D in Fig.1 can be 
represented as Eq.(6) based on the energy balance. 
 

� � � �1212 tt
G
L

chh pw �����   (6) 

 
The slope of the air operating line CD equals L/G, 
the ratio of the water flow rate to the air flow rate. 
Packing characteristic curve represents the heat 
transfer characteristics of the filler, which is 
shown in Fig.2. It is a typical correlation of the 
performance characteristic of a cooling tower 
showing the variation of available KaV/L with 
L/G for a constant air velocity on logarithmic 
coordinates. If the air flow rate decreases with 
constant water flow, the heat transfer at the filler 
will diminish as in Fig.2. 
Packing characteristic curve represents the heat 
transfer characteristics of the filler, which is shown 

 

 

Fig. 2 Characteristic curve of a cooling tower  

 
in Fig.2. It is a typical correlation of the 
performance characteristic of a cooling tower 
showing the variation of available KaV/L with 
L/G for a constant air velocity on logarithmic 
coordinates. If the air flow rate decreases with 
constant water flow, the heat transfer at the filler 
will diminish as in Fig.2. 
The cooling tower characteristic curve in Fig. 2 
corresponds to the following relation from the 
experimental results [7]. 
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where A is the frontal area, and c, m, and n are 
experimental constants. 
 
3. DESIGN AND OFF-DESIGN ANALYSIS 
3.1 Design analysis 
The design procedure of a cooling tower is as 
follows; 
(1)Input design conditions: water inlet & outlet 
temperature, water flow rate, air inlet temperature. 
(2)Assume the ratio L/G, and evaluate the exit air 
enthalpy using Eq.(6). 
(3)Calculate required NTU from Eq.(4). 
(4)Calculate characteristic NTU from Eq.(7). 
(5)Iterate until the required NTU equals the 
characteristic NTU. 
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(6)Set design NTU. 
 
3.2 Off-design analysis 
Off-design performance analysis is required to 
check whether the equipment operate normally. 
Because the equipment does not always operate 
on the design condition in the field, the off-design 
performance analysis is inevitable to the efficient 
and energy saving operation. 
The procedure of the off-design analysis of a 
cooling tower is as follows; 
(1)Evaluate the ratio L/G at the off-design 
condition. 
(2)Evaluate the exit air enthalpy by assuming inlet 
water temperature. 
(3)Calculate outlet water temperature and 
approach. 
(4)Calculate required NTU using Eq.(4). 
(5)Evaluate characteristic NTU with characteristic 
curve of design stage. 
(6)Iterate until the required NTU equals the 
characteristic NTU. 

Table 1 Design data  (base case) 

Item Unit  

Circulation water flow rate 
Hot(inlet) water temp. 

Cold(outlet) water temp. 
Inlet air wet bulb temp. 

Relative humidity 
Nominal capacity 

m3/hr
oC 
oC 
oC 
% 

kcal/hr

3.9 
37 
32 
27 
60 

19,500
  
(7)Set corresponding L/G and characteristic NTU. 
 
3.3 Verification 
Field test was run to verify the off-design 
performance analysis procedure. The temperature 
of the water reservoir is raised to a setting value. 
The heated water is drawn into the tower and 
cooled by air. Flow rate and inlet & outlet 
temperature of water, and temperature and 
humidity of inlet air are measured. 
The design data used in the test are summarized in 
Table 1. The capacity of the tower is 

Table 2 Off-design performance data (experiment and prediction) 

 Design condition Case I Case II Case III Case IV 

Water flow rate(x103 m3/s) 
Inlet air dry bulb temp.( oC) 

Relative humidity(%) 
Inlet air wet bulb temp.( oC) 

Hot water temp.( oC) 
Cold water temp.(Exp., oC) 
Cold water temp.(Cal., oC) 

0.9 
32.8 
70 

28.1 
40 
34 
34 

3.0 
27.2 
64 
22 
38 

34.5 
36.1 

2.98 
29.3 
40.3 
19.6 
39 

35.4 
35.8 

3.02 
25.4 
34.7 
15.6 
30 

28.5 
27.8 

1.1 
26.7 
50 

19.3 
34.5 
30.4 
30.9 

 
 
Table 3 Comparison of the design data (current calculation, CTI Bluebook, company’s own design) 

Item Unit Case I Case II Case III Case IV Case V 

Circulation water flow rate 
Hot water temp. 
Cold water temp. 
Wet bulb temp. 
Cell quantity 

m3/hr 
oC 
oC 
oC 
ea 

680 
53 
35 
27 
1 

600 
45 
35 
28 
5 

772.5 
43 
32 
28 
3 

800 
37 
32 
27 
2 

220 
43 
32 
28 
2 

(L/G)CAL/(L/G)CTI 
(NTU)CAL/(NTU)CTI 
(L/G)CAL/(L/G)company 

(NTU)CAL/(NTU)company 

0.975 
0.969 
1.625 
1.409 

1.033 
0.944 
1.188 
1.245 

0.932 
1.006 
1.186 
1.275 

0.993 
0.962 
1.15 
1.268 

.932 
1.006 
1.717 
1.53 

 

210

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



19,500kcal/hr, which is designed by the DHTech 
corporation, Korea(Model No. DCT-5R). 
Both measured and calculated outlet water 
temperature are represented in Table 2, and it 
shows that the off-design analysis predicts the 
performance fairly well. By comparing the 
measured and predicted values, the design and 
off- design analysis procedure is verified. 
Existing design data and the results of this study 
are compared in Table 3. Existing design data, 
hand calculated data using CTI Bluebook, and 
data from this analysis program are shown. CTI 
Bluebook is the handbook for the design of 
cooling tower, say, NTU by CTI(Cooling Tower 
Institute) of U.S.A. 
Results of this study are well consistent with the 
data of CTI Bluebook, and also predict the 
existing data with moderate error. The existing 
data are relatively subjective because the selection 
of the characteristic curve is dominated by the 
design engineer. Case I and V of the existing data 
are far away from the CTI Bluebook and this 
study. This seems to be due to the engineer's 
choice on the factors irrelevant to the thermal 
performance of a cooling tower such as the size of 
the tower and fan consumption. 
The selection of the characteristic curve in Fig.2 
changes everything such as thermal performance, 
cost, and power consumption. This is the reason 
why the design procedure should be computerized 
to prevent the engineer's subjective criteria. 
 
3.4 Off-design performance of a cooling tower 
It is very difficult to maintain the actual operating 
conditions of a cooling tower at the design 
condition. Also the off-design performance on the 
various operating conditions should be provided 
to the customer. The importance of an off-design 
performance analysis cannot be overemphasized. 
Through the validation procedure of the current 
study, the performance characteristic of a cooling 
tower with various operating conditions is 
reviewed in the following sections. The design 
data in Table 1 are used as the reference condition. 
 
3.4.1 Variation of wet-bulb temperature 

The influence of a wet-bulb temperature on the 
performance of a cooling tower is studied under 
constant  water  flow,  air flow,  and  water  inlet  

�^�c�a�V

�Q�Q�Q�a�V

�Q�c�a�V

 
Fig. 3 Effect of wet bulb temperature on the 

exit water temperature  
 
temperature. Water outlet temperature as a tower 
performance is represented in Fig.3. Also air flow 
rate is changed by �· 20% from the design point. 
Even with the wide range of wet bulb temperature 
change more than 15�E, water temperature varies 
within a relatively small range, 5�) 6 �E . 
Considering that the heat capacity of water is 
much higher than that of air in cooling tower 
operation, it can be predicted that the effect of a 
wet-bulb temperature on the water temperature is 
not so critical. 
Water outlet temperature decreases and the effect 
of the wet-bulb temperature becomes more 
sensitive with increasing air flow. When the wet-
bulb temperature is too high, little effect on the 
performance is seen even with 20% increase of air 
flow. 
These trend will be different for each cooling 
tower and each operating condition, respectively, 
so it should be suggested to the customer that the 
off-design analysis be done to predict the extent 
of change. For example, it could be suggested that 
increasing air flow be not helpful on the 
performance if the wet-bulb temperature of inlet 
air is above a threshold value. 

  
3.4.2 Variation of range of water temperature 
Cooling performance with range of water is 
shown in Fig.4. Larger range means higher water 
outlet temperature. This means that increasing 

air flow rate
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cooling load can be met by the larger range for a 
given heat exchanger. If the range is changed, the 
user has to set the water inlet temperature to a 
different value for the required performance. 
Water outlet temperature decreases with 
increasing air flow. 

 
3.4.3 Variation of water flow rate 
The effect of a water flow on the performance is 
represented in Fig.5. Even with �· 20% variation 
of water flow, the outlet water temperature 
changes within 1�E.  

�̂ �c�a�V

�Q�Q�Q�a�V

�Q�c�a�V

 
Fig. 4 Effect of cooling range on the exit  

water temperature 
 

�̂ �c�a�V

�Q�Q�Q�a�V

�Q�c�a�V

 
Fig. 5 Effect of water circulation rate on the 

exit water temperature  
 

Cooling capacity becomes higher with increasing 
air flow, but it does not practically change when 
the water flow rate increases about 20%. 
 
Sensitivity of such parameters on the cooling 
tower performance will be different for each 
cooling tower, therefore off-design analysis is 
inevitable and the feedback of actual performance 
data from the field is also necessary for the setup 
of a characteristic curve of a cooling tower. 
 
4. SUMMARY 
(1)Cooling tower design procedure is 
computerized and the results are compared with 
existing design data. The procedure is necessary 
to prevent the subjective judgement of a design 
engineer and the appropriate selection of a 
characteristic curve is also important. 
(2)Off-design analysis is setup and verified. This 
can be used for the evaluation of a cooling tower 
performance on every different operating 
conditions. 
(3)The effects of some parameters such as wet-
bulb temperature, water flow, range of water 
temperature are studied by off-design analysis. 
The changes of inlet air wet-bulb temperature and 
range of water temperature affect the cooling 
tower performance considerably but the effect of 
water flow on the performance is not so high. Off-
design performance should be carefully reviewed 
at the design stage because it will be different for 
every equipment and operating condition. 
 
NOMENCLATURE  
 
A : frontal area [m2] 
a : area of water interface per unit volume 
[m2/m3] 
cp : specific heat [kJ/kg �� ] 
G : mass flow rate of air [kg/s] 
H : enthalpy [kJ/kg] 
K : overall mass transfer coefficient [kg/s m2] 
L : mass flow rate of water [kg/s] 
M : mass [kg] 
q : heat transfer rate [kJ/s] 
T : dry bulb temperature [�� ] 
t : water temperature [�� ] 
U : overall heat transfer coefficient [kW/m2�r ] 
V : cooling tower volume [m3] 

air flow rate 

air flow rate 
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W : absolute humidity 
 
Superscripts 
�Ð : at bulk water temperature 
�Ñ : at interface 
 
Subscripts 
a : air 
G : between interface and air 
L : latent heat 
S : sensible heat 
w : water 
1,2 : inlet and outlet of cooling tower 
 
ACKNOWLEDGMENTS 
This study was supported by Korea Institute of 
Science & Technology Evaluation and 
Planning(KISTEP) and Ministry of Science  & 
Technology, Korean Government through its 
National Nuclear Technology Program(Project 
number:M20362000001-03B0500-02310). 
 
REFERENCES 
[1] Baker DR, Shryock HA. A comprehensive 

approach to the analysis of cooling tower 
performance. J. of Heat Transfer 1961; 
August: 339-350. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[2] Bernier MA. Cooling tower performance: 
Theory and experiments. ASHRAE 
Transactions 1994; 3794: 114-121. 

[3] Webb RL, Villacres, A. Cooling tower 
performance. ASHRAE Journal 1984; 
November: 34-40. 

[4] Lee HC, Bang KH, Kim MH., Experimental 
study on the thermal performance of a 
cooling tower. Korean Journal of Air-
Conditioning and Refrigeration Engineering 
1998; 10(1):88-94. 

[5] Lee KH, Choi, WY, So HY. Comparison of 
performance of cooling tower with various 
shape of packings. Korean Journal of Air-
Conditioning and Refrigeration Engineering 
1998; 10(3):358-367. 

[6] Kim YS, Seo MK, Lee SK. A study on the 
counter-flow cooling tower performance 
analysis using NTU- method. Korean Journal 
of Air-Conditioning and Refrigeration 
Engineering 1999;11(5):598-604. 

[7] ASHRAE. ASHRAE handbook-HVAC systems 
and equipmen(Ch.37), Atlanta: American 
Society of Heating, Refrigerating and Air-
Conditioning Engineers, Inc., 1996 

 

213

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



214

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



Proceedings of SIMS 2004
Copenhagen, Denmark
September 23–24, 2004

ANALYSIS ON THE PERFORMANCE OF SHELL-AND-TUBE 
HEAT EXCHANGERS WITH CONVENTIONAL 

AND SPIRAL BAFFLE PLATES 
 

Young-Seok Son*1, Sung-Kwon Kim2 and Jee-Young Shin1 
1School of Mechanical Engineering, Dong-Eui University 

2Dept. of Mechanical Engineering, Graduate School, Dong-Eui University 
995 Eomgwangno, Busanjin-Gu, Busan, 614-714, Korea 

 
ABSTRACT 

In a conventional shell-and-tube heat exchanger with vertical baffle plates, fluid 
contacts with tubes flowing up and down in a shell, therefore heat transfer is 
deteriorated due to the stagnation portions occurring near the contact regions of the 
shell and baffles. It is, therefore, necessary to improve heat exchanger performance by 
changing fluid flow in the shell. In this study, a shell-and-tube heat exchanger with 
spiral baffle plates is considered to improve the performance of the conventional shell-
and-tube heat exchanger. In this type of heat exchanger, fluid contacts with tubes 
flowing rotationally in the shell. Therefore, it could improve heat exchanger 
performance considerably because stagnation regions in the conventional shell-and-
tube heat exchanger could be eliminated. The shell-and-tube heat exchangers with 
conventional and spiral baffle plates are simulated three-dimensionally using a 
commercial thermal-fluid analysis code, CFX4.2, and the results are compared. It is 
proved that the shell-and-tube heat exchanger with spiral baffle plates is superior to the 
conventional heat exchanger in terms of heat transfer. 
Keywords: Heat exchanger performance, Shell-and-tube heat exchanger, Conventional 
baffle plate, Spiral baffle plate. 

 
1. INTRODUCTION 
Heat exchangers are devices that provide the flow 
of thermal energy between two or more fluids at 
different temperatures. Heat exchangers are used in 
a wide variety of applications such as power 
production, process and chemical industries, 
cooling of electronic systems, environmental 
engineering, waste heat recovery, manufacturing 
industry, air conditioning, and refrigeration.�� 
There are many types of heat exchangers. A shell-
and-tube heat exchanger is built of round tubes 
mounted in a cylindrical shell with the tubes 
parallel to the shell. One fluid flows inside the 
tubes, while the other fluid flows across and along 
the axis of the shell. Shell-and-tube heat 
exchangers offer great flexibility to meet almost 
any service requirements. They can be designed for 
high pressure difference between fluid streams. 
                                                      

��*Corresponding author. Phone:+82-51-890-1648, 
Fax:+82-51-890-2232, E-mail:ysson@deu.ac.kr 

They are widely used in process industries, in 
power plants as condensers, steam generators, and 
feed water heaters, and in air conditioning and 
refrigeration systems  [1, 2]. 
The thermal and flow analyses of heat exchangers 
have been performed [3, 4]. The flow and heat 
transfer characteristics of a conventional shell-and-
tube heat exchanger have been studied 
experimentally [5-8] and numerically [9, 10]. 
In shell-and-tube heat exchangers, vertical baffles 
are installed in the shell side to increase the 
convection heat transfer coefficient of the shell-
side fluid by inducing turbulence and a cross-flow 
velocity component. Also baffles support tubes for 
structural rigidity, preventing tube vibration and 
sagging. However, the stagnation area occurring 
near the contact regions of the shell and baffles in a 
conventional shell-and-tube heat exchanger has an 
unfavorable effect on the heat transfer between the 
shell and tube side fluids. Fins are attached to the 
tubes in order to increase heat transfer efficiency, 
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but there exists a limit in the enhancement of heat 
exchanger performance. 
The efforts to improve the shell-side flow 
characteristics are made using the spiral baffle 
plates instead of vertical baffle plates in a 
conventional shell-and-tube heat exchanger. The 
new design of the shell-and-tube heat exchanger 
with spiral baffle plates is proposed to eliminate 
the stagnation area in the shell-side flow in a 
conventional shell-and-tube heat exchanger. 
Rotational flow in the shell side caused by the 
spiral baffle plates eliminates the stagnation region 
and improves heat transfer significantly. 
In this paper, three-dimensional numerical analyses 
are performed for the shell-and-tube heat 
exchangers with conventional and spiral baffle 
plates using the commercial thermal-fluid analysis 
code, CFX4.2 [11]. Shell and tube side flow fields, 
pressure drops, and heat transfer characteristics in 
the heat exchangers are analyzed. The results of 
the shell-and-tube heat exchanger with spiral baffle 
plates are compared with those of the conventional 
shell-and-tube heat exchanger. 
 
2. NUMERICAL ANALYSIS 
 
2.1 Numerical model 
Shell-and-tube heat exchangers are built of round 
tubes mounted in a large cylindrical shell with the 
tube axis parallel to that of the shell. In a 
conventional shell-and-tube heat exchanger with 
vertical baffles, the shell-side stream flows across 
pairs of baffles, and then flows parallel to the tubes 
as it flows from one baffle compartment to the next 
as shown in Fig. 1. The stagnation region occurring 
in a conventional shell-and-tube heat exchanger 
has an unfavorable effect on the heat transfer 
between the shell and tube side fluids. 
The spiral baffle plate is one of the methods to 
improve the shell-side flow characteristics. The 
baffle has a spiral shape like a screw and does not 
have baffle cut as depicted in Fig. 2. Flow in the 
shell side rotates circumferentially along the spiral 
baffle plate, and it contributes to the elimination of 
the stagnation region and enhancement of the heat 
transfer significantly. 
Fig. 3 shows the basic model with 7 spiral baffle 
plates of this study. The inter-baffle spacing is 72 
mm, and the physical dimensions are same as those 
of the conventional heat exchanger, shell diameter 
and axial length of 114.3 mm and 667 mm, tube 
diameter and thickness of 28.4 mm and 2 mm. One 

 
�G

 
 
 
Figure 1: Conventional shell-and-tube heat 

exchanger with vertical baffle plates 
 
 
 

 

 
Figure 2:  Shell-and-tube heat exchanger with 

spiral baffle plates 
 
 

 
Figure 3:  Schematic internal view of the shell-and- 

tube heat exchanger with spiral baffle 
plates 

 
shell pass and four tube passes system is assumed, 
and there is one tube per tube pass. 
 
2.2 Governing equations and boundary 

conditions 
The model of CFX4.2 uses conservation of mass, 
momentum, and energy principles. 
The continuity equation is 
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The general momentum equation is 
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where �V is the stress tensor as in equation (3). 
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where �U is the fluid density, U
�&

 is the fluid 

velocity, t is the time, and B
�&

 is the body force. P 
is the pressure, �P is the viscosity, and �[  is the 

bulk viscosity. The k-�H turbulence model is 
included. 
The energy equation is 
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where H is the total enthalpy(static enthalpy plus 
kinetic energy) as shown in equation (5), h is the 
static enthalpy, k is the thermal conductivity, and T 
is the temperature. 
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Thermodynamic equations of state are added to 
solve these sets of equations as �� ��PT,�U�U� , 

� � � �PThh ,� . Heat conduction equation for solid 
regions is as follows. 
 

� � � � � � � �0� �’�˜�˜�’��
�w
�w

TkH
t ss�U        (6) 

 

For the boundary conditions, uniform velocity and 
temperature are given at the inlet boundaries of 
tube and shell. Pressures are given at the outlet 
boundaries, and the gradients of other variables are 
set to zero. Inlet velocity for turbulent case is set as 
ten times higher than that of laminar case. 
Boundary conditions are summarized in Table 1, 
and water flows in both tube and shell sides. 
 
2.3 Numerical method 
CFX4.2 uses finite volume method [12], and the 
SIMPLEC algorithm [13] is employed. The 
discretized equations are under-relaxed using the 
relaxation factors 0.7 and 0.65 for energy and 
momentum equation, respectively. Orthogonal 
coordinate system and body fitted grid are used for 
computation. The grid shape is also important in 
the accuracy of the solution. CFX4.2 employs 
multi-block grid structures and uses elliptic 
smoothing that provides smooth meshes to ensure 
good grids of smoothness and near orthogonality 
[11]. During computation, it is assumed that the 
convergence is reached when the error in 
continuity, the mass source residual which is 
defined as equation (7), has fallen below 0.1. 
 

�¦ �¦ �)�����)� 
domainall

ppnbnb abaR                       (7) 

 

Table 1:  Boundary conditions 

  Unit Laminar Turbulent
U,V m/s 0 0 
W m/s 0.07893 0.7893 

Tube 
inlet 

T K 303.15 303.15 
Tube 
outlet P Pa 0 0 

U, W m/s 0 0 
V m/s - 0.03316 - 0.3316

Shell 
inlet 

T K 373.15 373.15 
Shell 
outlet P Pa 0 0 

 

Table 2:  Summary of grid independence study 

Mass balance (kg/s) Energy balance (W) No. of 
cells 

No. of 
iteration 

Computation 
time (days) Inlet Outlet Error (%) Inlet Outlet Error (%)

166,976 600 7 0.5643 0.5643 0.0 94855 93717 1.2 
214,208 1400 18 0.3069 0.3069 0.0 75370 74710 0.8 
276,540 1000 21 0.3070 0.3070 0.0 75370 71080 5.6 
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3. RESULTS 
To select appropriate number of cells guaranteeing 
accuracy and efficient computation time, grid 
independence study has been performed. Table 2 
shows the effects of the number of cells on the 
results. As seen in the table, the coarse grid 
provides small error in the mass and enthalpy 
balance at the inlet and outlet, however, the 
difference in the absolute values between the 
coarse grid and the intermediate grid is so 
significant. Fine grid shows relatively large error in 
enthalpy balance because the number of iteration 
was limited considering the excessive computation 
time. Intermediate grid offers nearly same values 
as those of fine grid, and relatively small error in 
the enthalpy balance. Therefore, among the coarse, 
intermediate, and fine grids, intermediate grid was 
selected considering both the accuracy of the 
solution and the computation time. 
Figure 4 shows velocity vectors on a transverse 
plane at X = 0.023 m for (a) the whole plane and 
(b) Z = 0.237 ~ 0.478 m plane in a conventional 
shell-and-tube heat exchanger. This plane shows 
the flow fields in the two tubes and the shell, 
which is moved by 0.023 m from the center in the 
radial direction. As seen in the figure, the tube-side 
fluid flows at nearly uniform velocity. The shell-
side fluid flows up and down along the baffle 
plates. However, it flows parallel to the tubes 
within a baffle window, because the resistance is 
lower in the axial direction compared with the 
cross-flow direction. Stagnation regions occur near 
the contact regions of the shell and baffle plates, 
which could partially explain the ineffectiveness of 
heat transfer in the conventional heat exchanger. 
Figure 5 shows velocity vectors on a transverse 
plane at X = 0.037 m for (a) the whole plane and 
(b) Z = 0.241 ~ 0.435 m plane in a shell-and-tube 
heat exchanger with spiral baffle plates. This plane 
shows the flow fields in the one tube and the shell. 
The shell-side fluid flows along the spiral baffle 
plates accompanying rotation. The magnitude of 
the velocity vector is seen very small in the figure 
because only the component in this plane could be 
seen. However, it is also the evidence of the 
rotation of the flow field itself along the spiral 
baffle plates. Stagnation region seems to be 
reduced evidently as compared with the 
conventional shell-and-tube heat exchanger. 
Figure 6 shows velocity vectors on a vertical plane 
at Z = 0.15 m in a conventional shell-and-tube heat 
exchanger. Again we could observe that the shell- 

�G
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(b) 
 

Figure 4: Velocity vectors on a transverse plane at 
 X = 0.023 m for (a) the whole plane and 
(b) Z = 0.237 ~ 0.478 m plane – with 
 conventional baffle 
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Figure 5: Velocity vectors on a transverse plane at 

 X = 0.037 m for (a) the whole plane and 
(b) Z = 0.241 ~ 0.435 m plane – with 
spiral baffle 
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Figure 6: Velocity vectors on a cross-sectional 

plane at Z = 0.15 m – with conventional 
baffle 

 
side fluid flows up and down along the baffles. The 
flow field at the bottom of the shell is quite stable 
in this cross-section, so the heat transfer 
enhancement is not substantial. 
For the shell-and-tube heat exchanger with spiral 
baffle plates, the velocity vectors on a vertical 
plane at Z = 0.19 m are shown in Fig. 7. The shell-
side fluid flows rotationally along the spiral baffles, 
and   the   fluid   accelerates   at  the  narrow  space 

�G
 
Figure 7:  Velocity vectors on a cross-sectional 

plane at Z = 0.19 m – with spiral baffle 
 
between the tube and the shell. The flow vorticities 
occurring at the shell side between the tubes 
increase the heat transfer between the tube and the 
shell. 
Table 3 summarizes the analyses results for the 
shell-and-tube heat exchangers with conventional 
and spiral baffle plates. The sizes of tube and shell 
and the boundary conditions are all the same. The 
number of baffles is 7 for both cases. The overall 

y 

x 

y 

x 

Table 3:  Comparison of the performance of the shell-and-tube heat exchanger with conventional and 
                spiral baffle plates 
 

Type of baffle Conventional Spiral  
Flow Laminar Turbulent Laminar Turbulent
Inlet temp.(Th,i), K 373.15 373.15 373.15 373.15 
Outlet temp.(Th,o), K 369.55 369.77 369.11 368.64 
Inlet pressure(Ph,i), Pa 669 67900 9880 980000 
Outlet pressure(Ph.,o), Pa 0 0 0 0 
Temp. drop(�Î Th), K  3.60 3.38 4.04 4.51 

 
Shell 
side 

Pressure drop(�Î Ph), Pa 669 67900 9880 980000 
Inlet temp.(Tc,i), K 303.15 303.15 303.15 303.15 
Outlet temp.(Tc,o), K 325.90 324.13 324.30 326.76 
Inlet pressure(Pc,i), Pa 21.2 1630 35.2 3050 
Outlet pressure(Pc.,o), Pa 0 0 0 0 
Temp. rise(�Î Tc), K  22.75 20.98 21.15 23.61 

 
Tube 
side 

Pressure drop(�Î Pc), Pa 21.2 1630 35.2 3050 
Heat transfer rate (Q), W 4680 43163 4351 48569 

Log mean temperature diff.( lmT�' ), K 56.28 57.37 56.76 55.39 

Overall heat transfer coeff.(U), W/m2K 348.0 3148.0 379.5 4340.9 
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heat transfer coefficient is calculated as follows. 
 

lmTAQU �'�         (8) 

 
where Q is heat transfer rate, �' Tlm is log mean 
temperature difference, and A is the surface area of 
the tubes. 
As seen in the table, heat transfer is enhanced for 
the heat exchanger with spiral baffle plates 
compared with the conventional heat exchanger. 
This is explained by elimination of the stagnation 
region in the shell side due to the spiral baffle 
plates causing rotational flow in the shell side. The 
9% higher overall heat transfer coefficient for 
laminar flow, and 38% for turbulent flow are 
observed with spiral baffle plates. Tube-side 
pressure drops are negligibly small for both cases, 
however, shell-side pressure drop of spiral baffle 
case is greater than that of conventional baffle case 
due to the increased shell-side fluid velocity. At 
the present model, heat transfer enhancement for 
the heat exchanger with spiral baffle plates 
compared with the conventional heat exchanger is 
not so large as expected because only one tube and 
four tube passes system is assumed for the 
convenience of modeling and computation time. 
However, it is expected that heat transfer will be 
enhanced more considerably when the number of 
tubes increases. 
 
4. CONCLUSIONS 
Three-dimensional numerical analyses are 
performed for the shell-and-tube heat exchangers 
with spiral baffle plates and conventional vertical 
baffle plates using the commercial thermal-fluid 
analysis code, CFX4.2. Shell and tube side flow 
fields, pressure drops, and heat transfer 
performances are analyzed. The results of the 
shell-and-tube heat exchangers with spiral baffle 
plates are compared with those of the conventional 
shell-and-tube heat exchanger. The results show 
that 
(1) The shell-and-tube heat exchanger with spiral 
baffle plates improves heat exchanger performance 
because rotational flow in the shell caused by the 
spiral baffle plates eliminates the stagnation region 
that occurs near the contact regions of the shell and 
vertical baffle plates in the conventional heat 
exchanger. 
(2) Spiral baffle plates introduce vortices in the 
shell-side flow and enhance heat transfer between 

shell and tube side fluids, even though they 
increase pressure drop significantly. 
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Abstract 

In order to develop different energy and fuel production and consumption scenarios and 
comparisons in Latvia, sufficiently detailed data characterising energy supply system need to be 
collected and analysed. Since there are large regional differences in Latvia regarding energy and 
fuel consumption and structure, the data need to be region-specific. Summarised national fuel and 
energy balance does not give sufficiently representative overview. Thus information were 
collected and used as baseline data for modelling with MESAP model. The results of modelling 
process were practised for strategic analysis of energy problems in Latvia. Besides planning 
departments of ministries, consulting companies, developmental agencies, research institutions 
and energy enterprises can use it. 
Keywords: modelling, prognosis 

 

INTRODUCTION 

Analysis of all programmes and prognosis 
available in Latvia so far show that the issues of 
fuel and energy are hardly touched upon. In order 
to develop different energy and fuel production 
and consumption scenarios in Latvia and to 
compare them, MESAP programme was used [1].  

DESCRIPTION OF MESAP PROGRAMM 

The Modular Energy System Analysis and 
Planning (MESAP) software has been designed as 

a decision support system for energy and 
environmental management on a local, regional or 
global scale. MESAP consists of a general 
information system based on relational database 
theory, which is linked to different energy 
modeling tools. In order to assist the decision 
making process in a pragmatic way MESAP 
supports every phase of the structured analysis 
procedure (SAP) for energy planning. MESAP 
offers tools for demand analysis, integrated 
resource planning, demand – side management and 
simulation or optimization of supply systems. In 
addition, MESAP can be used to set up statistical 
energy and environmental information systems to 
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produce regular reports such as energy balances 
and emission inventories. 
The main design principles of MESAP are: 

- centralized data management with a 
standardized data interface and 
information system capabilities; 

- flexibility in the time and regional scale; 
- availability of different suitable 

mathematical methodologies for different 
scopes of analysis; 

- user friendliness concerning data entry, 
consistency checking and report 
generation; 

- decision support for the scenario technique 
through transparent case management. 

MESAP is based on an independent database 
management system. Database collects and stores all 
data necessary for the modeling process. Database is 
one of the basic elements or module layers of 
MESAP. MESAP system includes several modules 
that can be used for energy planning and analysis. 
Figure 1 shows the architecture of MESAP. With the help 
of MESAP module PlaNet, using the built-in scenario 
technology, the possible development of the energy 
system can be simulated. Modeling of energy 
development scenarios in Latvia used this module. 
 

INCA PlaNet TIMES PROFAKO Xtractor CalQlator
Investment Energy System Energy System Operational GAMS General
Calculation Simulation Optimization Planning for Model Equation

Electricity and Interface Editor
District Heating

DATABASE
DataSheet Analyst

Master Data Explorer DataCube

RES-Editor Internet Interfaces
Excel, csv, ASCII

Case Manager Im/Xporter DataLink

 

Figure 1: MESAP modeling architecture 

Time Series Navigator allows the definition of 
time series, creation, update, and documentation of 
data values. Case Manager allows creation, 
description, and registration of scenarios, and to 
carrying sensitivity analysis. For visualisation of 
results, creation of tables and graphs, Analyst 
module is used. Input data and the results can be 
imported and exported from/to MS Excel. 
Simulation modules PlaNet-Flow and PlaNet-
Cost calculate energy and emission balance for 
any energy system, and the necessary capacities 
for energy transformation technologies. Cost 

calculation module is able to calculate annual 
necessary investments, fuel costs, fixed and 
variable costs for each technology, as well as 
specific production costs. It allows calculation 
of all costs of energy system. 
 

FUEL AND ENERGY BALANCE OF 
LATVIA 

Table 1 summarised data on total inland 
consumption of fuel and electricity. 
 

Energy 
Resource 

Total Local Imports 

Coal 2.9  2.9 
Wood 53.7 53.7  
Peat 1.0 1.0  

Heavy oil 6.2  6.2 
Natural gas 60.0  60.0 
Electricity 17.6 7.4* 10.2 

Other 6.9  6.9 
Total 148.3 62.1 86.2 

Table 1: Fuel and Electricity Consumption, 
2002, PJ [2], [5], [7] 

* - Produced in Hydro Power plants 
 
Due to rapid increase in oil product prices, 
consumption of heavy oil has significantly 
decreased over the last few years, and utilisation of 
natural gas has grown. Renewable energy 
resources accounted for 41% in the fuel balance of 
Latvia of 2002. Share of wood fuel is increasing. 
Utilisation of coal and peat is gradually falling, but 
there is increase in consumption of other fuels, 
including liquefied gas and diesel. These processes 
are presented in the Figure 2. 
In the electricity balance of Latvia, hydro energy 
takes the major share. The amount significantly 
varies depending on the climate. E.g. hydro energy 
accounted for 47% of the total supply in 1997, 
68% in 1998, 43% in 1999, 45% in 2000 and 37% 
in 2002. It is assumed that the annual average 
production in hydro power plants is 2200 GWh or 
7.4 PJ of electricity. 
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Figure 2: Fuel Balance 1995-2002, PJ 

Electricity balance of Latvia in the last few years is 
presented in Figure 3. 
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Figure 3: Electricity Balance of Latvia, 1997 - 
2002, PJ [5] 

ENTRY OF BASELINE DATA IN THE 
MODEL 

Heat Demand 

Total heat demand in Latvia increased by 8,5% in 
2002, if compared to 2000, and accounted for 7,5 
million MWh. Distribution of the demand by 
regions is presented in the following Table. 

Region 2002 
Centrs 3691,8 
Kurzeme 938,7 
Latgale 1444,3 
Vidzeme 561,4 
Zemgale 552,3 
Ziemelvidzeme 311,5 

Total 7500,0 

Table 2: Heat Demand By Regions, Latvia, 
2002, GWh  

The following distribution of heat demand among 
consumer groups is used: 
-   industries 29,5%; 
-   households 63,6%; 
-   other consumers 6,9%. 
This distribution varies in different regions. The 
following Table presents distribution of heat 
demand among consumer groups in different 
regions. 

Centrs 
Industries 16 

Households 64 
Other consumers 20 

Kurzeme 
Industries 27 

Households 54 
Other consumers 19 

Vidzeme 
Industries 23 

Households 56 
Other consumers 22 

Latgale 
Industries 45 

Households 42 
Other consumers 13 

Table 3: Distribution of Efficient Heat 
Consumption among Consumer Groups in 
2002, % [6], [7] 

 
Zieme�ºvidzeme 

Industries 35 
Households 43 

Other consumers 22 
Zemgale 

Industries 27 
Households 43 

Other consumers 30 

Table 3 (continued): Distribution of Efficient 
Heat Consumption among Consumer Groups in 
2002, % [6], [7] 

Heat losses 
In 2002, heat losses accounted for 17,8% in Latvia. 
This amount has been used for all regions.  

Fuel types 
The following fuel types are used for the 
production of heat in the district heating systems: 
natural gas, heavy oil, coal, diesel, peat, and wood. 

225

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



Heat is produced in CHP plants and boiler plants.  

Electricity Demand 

In 2002, electricity demand in Latvia was 5 046 
million kWh, which is by 7% more than in 2000. 
Distribution of electricity demand among regions 
of Latvia is presented in Table 4. 

Region 2002 
Centrs 2325,3 

Kurzeme 899,6 
Latgale 653,2 

Vidzeme 436,1 
Zemgale 394,8 

Zieme�ºvidzeme 337 
Total 5046 

Table 4: Electricity Demand by Regions, GWh 

 
Table 5 shows electricity production and supply 
sources, and the produced electricity in 2002. 

Electricity losses 
 
In 2002, electricity losses in Latvia accounted for 
16.7%1. This amount has been used in calculations 
for all regions.  
 
Total supply 6,5 
Electricity production 3,7 
Latvenergo 3,6 

Hydro plants 2,4 
CHP 1,2 

Block plants etc. 0,1 
Wind generators 0,002 
Imports 2,8 

Table 5: Electricity Production and Supply 
Sources in Latvia, 2002, TWh 

End Consumption of Fuel 

Total end consumption of fuel was 19.1 million 
MWh in Latvia in 2002. Of these, 6.6 million were 
consumed by industries, 8.6 million by households, 
and 3.8 million by other consumers. The following 
Table presents distribution of end consumption 
among regions. 

                                                      
1  - Latvia has so high electricity losses – the 
electrical system was built in soviet time and in 
this time were other norms of efficiency 

Region Total Industries House-
holds 

Others 

Centrs 7858 2969 3647 1242 
Kurzeme 2475 744 1265 467 
Latgale 3047 1370 1253 424 

Vidzeme 2501 750 1066 686 
Zemgale 1494 372 755 366 
Ziemel-
vidzeme 

1690 442 581 667 

Total 19 065 6647 8566 3852 

Table 6: End Consumption of Fuel in 2002, 
GWh 

DESCRIPTION OF ENERGY 
PRODUCTION SOURCES OF LATVIA 

In the calculation model, the following energy 
producing units are separated as specific processes: 
CHP plants TEC-1, and TEC-2, small CHP plants, 
hydro power plants of the Daugava cascade, small 
hydro power plants, wind power plants, and boiler 
plants grouped according to fuel type. If several 
fuel types are used, the boiler plant is theoretically 
divided into parts. Further in the text, each of these 
processes is described in more detail including the 
main indicators necessary as input data for the 
model. 

TEC-1 and TEC-2 

TEC-1 has four turbine sets, six steam boilers, and 
two water boilers. Installs electric capacity is 129,5 
MW, and heat capacity - 616 MW. 
TEC-2 is the largest CHP plant in Latvia. It has 
four turbines and four water boilers. Installed 
electric capacity is 390 MW, and heat capacity - 
1237 MW. 

Item Unit TEC-1 TEC-2 
Electricity output GWh 240 923 

Heat output GWh 921 1825 
supplied 

electricity/ 
supplied heat 

GWh/
GWh 

0.26 0.48 

Total efficiency % 72 80 

Table 7: Main Operation Indicators of TEC-1 
and TEC-2, 2002 

Small CHP plants 

Besides the abovementioned TEC-1 and TEC-2 of 
the electricity supply company LATVENERGO, 
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there are several other CHP plants belonging to 
industries and heat supply companies.  
In 2002, these plants produced about 17 GWh of 
electricity. 
The following Table summarises data on fuel types 
in these CHP plants, specified by regions. 

Region Natural 
gas 

Heavy oil Peat 

Latgale 80,5 7.2 12.3 
Vidzeme 1.0 99.0 0.0 
Kurzeme 19.4 80.6 0.0 
Zemgale 83.0 17.0 0.0 

Table 8: Fuel Mix in Small CHP Plants in 2002, 
Specified by Regions,  % 

The indicator of supplied electricity/supplied heat 
in these plants, compared to TEC-1 and TEC-2, is 
rather low - 0.022 on average. 

Hydro power plants of the Daugava Cascade 

The Daugava Cascade consists of three hydro 
power plants: Plavinu, Keguma, and Rigas. Their 
total installed capacity is 1517 MW. In 2002, 
output of these hydro power plants was about 2434 
GWh of electricity3. 

Small hydro power plants and wind power 
plants 

On Latvian rivers in 2002, there were small hydro 
power plants with total installed capacity of about 
30.1 MW. Annual output is about 60.2 GWh. 
Latvenergo owns a wind power plant in Ainazi, 
with total installed capacity 1.3 MW. In 2002, it 
produced 2.1 GWh of electricity. Capacity of the 
wind power plant in Ventspils rajons Uzavas 
pagasts is 1 MW. 

Boiler plants 

In 2002, 4,2 million MWh was produced in boiler 
plants of general use, and 0.9 million MWh  – in 
boiler plants belonging to industries. The following 
Table summarises data on average efficiency of 
boiler plants using different fuels. 

 
                                                      
2 - small CHP plants has very low installed 
electrical load  compared with installed heat load 
3  - the output of electricity from HPP is low 
compared with installed load because the river 
Daugava has a small fall, HPP were built in soviet 
time, too 

Fuel Efficiency, % 
Coal 0.55 

Natural gas 0.9 
Diesel 0.9 

Heavy oil 0.84 
Peat 0.69 

Wood 0.65 

Table 16: Boiler Plant Efficiencies, 2002 

Emission Factors 

The model determines amounts of SO2, CO2, and 
NOx  emissions. 
In order to find emission factors, the Second 
National Report of Latvian under UN General 
Convention on Climate Change was used [3]. 
On 10 December 1997, Latvia signed the Kyoto 
protocol, which requires reduction of greenhouse 
gas (GHG) emissions. According to the protocol, 
Latvia needs to reduce emissions of greenhouse 
gases by 8% by the period 2008-2012. CO2 
accounts for major part of GHG (about 90% in 
1995). One of the CO2 emission sources is 
combustion of fossil fuel. Heavy oil causes by 37% 
more SO2 emissions than the natural gas (78:56,9 
kg/GJ). Combustion of coal makes 95 kg CO2/GJ. 
Thus, to foster fulfilment of Kyoto requirements, 
utilisation of coal and heavy oil should be reduced, 
replacing these fuels with natural gas and wood, 
where possible. 

PROGNOSIS ON FIXED MODEL 
PARAMETERS (ELECTRICITY, HEAT, 

AND END CONSUMPTION)  

Electricity Consumption Prognosis 

Table 8 shows electricity consumption prognosis. 
In the period 2000 to 2020, a small and gradual 
increase is expected. It will mainly be caused by 
the consumption growth in household and service 
sectors. Life standard will increase, and consumers 
will buy more household appliances, and limit their 
needs less. No significant changes are expected in the 
sector of industry. Consumption will also increase in 
other sectors, e.g. commercial sector, transport, street 
lighting. 
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 Figure 4: Electricity Consumption Prognosis, 
GWh 

 Heat Demand Prognosis 

Prognosis say, that the heat demand (Figure 5) 
could decrease by about 35% in the period 2000 to 
2020. There are two basic reasons: 
1.decrease of the heat load connected to district 
heating systems ; 
2.efficient heat consumption will be reduced 
significantly by installation of automatic regulation in 
heat substations. The process is already ongoing, and 
it will even speed up due to implementation of heat 
meters. Consumption of domestic hot water will be 
the first to decrease, as installation of DHW regulation 
equipment requires less resource. Efficient heat 
consumption for heating will fall when independent 
heating connection will gradually replace current 
system. Energy efficiency measures in buildings will 
also contribute to the reduction of heat consumption 
by reducing the overheating effect. 
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Figure 5: Heat Demand Prognosis, GWh 

Fuel End Consumption Prognosis 

Current development tendencies show that end 
consumption of fuel in industry will not change 
significantly in the modelling period, as neither 
rapid growth nor decrease in production is 
expected.  

End consumption in households will rise a little due to two 
factors: 

- Increase in living standard. People will not limit 
their consumption so much; 

- Part of the consumers using district heating will 
disconnect and install their own local heat 
sources. 

End consumption by other consumers will also increase 
due to: 

- New consumers; 
- A significant part of consumers of this 

sector will choose local heat supply. 
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 Figure 6: Fuel End Consumption Prognosis, 
GW 

In order to develop different energy and fuel 
production and consumption scenarios by using a 
MESAP programming model and comparisons in 
Latvia, sufficiently detailed data characterising 
energy supply system need to be collected and 
analysed. 

CONCLUSIONS 

The information of energy and fuel production in 
Latvia were collected and used as baseline data for 
modelling with MESAP model. The results of 
modelling process were practised for strategic 
analysis of energy problems in Latvia. Besides 
planning departments of ministries, consulting 
companies, developmental agencies, research 
institutions and energy enterprises can use it. 
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Abstract 

 
This paper focuses on the simulated performance and pollutant emissions of a direct injection diesel engine. 
A zero-dimensional – two-zone combustion model is described and used to develop a new correlation to 
predict indicated performance. The combustion model and its hypothesis are presented first. Numerical 
results are then compared with experiments on a direct injection diesel engine for validation. The model 
shows that engine performance is well correlated with different running settings. A new correlation to 
predict the indicated efficiency is thus proposed and its interest is demonstrated. Finally, this study leads to 
enhance a simulation tool previously created. 
Keywords: combustion modelling, simulation tool, cold start, car heating. 

 
Nomenclature 

 

                                                      
�
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AHS Additional Heating System 
BTDC Before Top Dead Center 
cp Specific heat at constant pressure [J/kg/K] 
cv Specific heat at constant volume [J/kg/K] 
ds Engine bore [m] 
Ea Activation energy [J/mol/K] 
EGR Exhaust Gas Recirculation 
h Enthalpy per mass unit [J/kg] 
hg Heat transfer coefficient [W/m2/K] 
k Reaction rate constant [m3/mol/s] 
LHV Low Heating Value [J/kg] 
m Mass [kg] 
N Engine rotation speed [rev/min] 
P Pressure [bar] 
Q Heat [J] 
R Gas constant [J/kg/K] 
S Area [m²] 

T Temperature [K] 
Tm Torque [N.m] 
u Internal energy per mass unit [J/kg] 
upis Mean piston speed [m/s] 
V Volume [m3] 
W Work [J] 
xb Burned mass fraction [-] 
 
Greek Letters 
�' �� Variation��
�Ki Indicated efficiency [-] 
�Kv Volumetric efficiency [-] 
�I Equivalence ratio [-] 
�2ID Ignition delay [s] 
�2comp Engine compression ratio [-] 
�1 Quantity of air at stoechiometry [kg/kg] 
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Introduction  

The quality of combustion significantly improved 
over the last few years thanks to severe 
antipollution standards (EURO IV in Europe). 
Consumption benefits are thus results of reduced 
heat losses towards the coolant circuit and the 
cabin heating system [1]. During unfavourable 
atmospheric conditions, acceptable comfort for the 
user is therefore provided with an Additional 
Heating System (AHS). Various studies describe 
cold start thermal deficit and compare the 
effectiveness of several technologies used by 
equipment suppliers [1,2,3]. 
Technical and financial constraints for AHS 
development have forced the emergence of 
computer aided engineering. The only constraints 
remain computing time, flexibility in use and 
adaptation to different engines. Pirotais [4,5,6] 
developed a complete simulation tool based on a 
single zone combustion model linked with nodal 
method for predicting available heat flux. Its 
objectives were to simulate the effects of different 
AHS and analyse global car behaviour during cold 
starts. The interactions between the engine and 
cabin heating systems are solved by computing the 
instantaneous heat transfer from the combustion 
chamber. The global model architecture (Fig. 1) 
requires cartography of heat losses towards the 
coolant loop (Fig. 2), depending on engine load 
and speed conditions described by a driving cycle. 
An example of simulation results regarding a warm 
up test is presented in Fig. 3. 
 

Fuel mass 
mc 

Engine speed 
Nm 

Mean wall temperature
< Tw > 

One-zone combustion model 

Engine Torque Tm 

Results post-treatment 

Cartography 

Nm 
 

Tm 
 

< Tw > 

mc 
Tex 
Tadm 

… 

 
Figure 1 - Global model architecture [6]. 
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Figure 2 - Cartography of thermal losses towards 
the coolant circuit [5]. 
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Figure 3 - Predicted impact of additional heating 

systems [4]. 
 
Cartographies are unfortunately unable to take into 
account variations of other mean parameters 
(injection timing and profile, mean wall 
temperature…) without a fastidious battery of 
simulations. 
The objective of this study is to enhance the global 
simulation tool previously presented [4,5,6]. A “2-
zone” combustion model is developed for a greater 
precision and pollutant formation aspects. 
Simplified architecture is obtained thanks to a new 
correlation linking engine settings or parameters, 
and thermal power lost in the coolant circuit. The 
final simulation tool architecture is presented in 
Fig. 4. 
The first part of this paper describes the 
combustion model hypothesis and structure. A 
description of experimental set-up used to validate 
the model is then demonstrated. The final part 
proposes the development of correlations and 
perspectives. 
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Figure 4 - Final model architecture. 

 
 
Two-zone model descr iption 

General outlines 
Two-zone models describe more precisely the 
combustion process than single ones because 
chemical reactions are taken into account. The 
unburned zone is crossed by the flame front where 
products are formed.  They are included in the 
burned zone, whose temperature Tb is assumed to 
be homogeneous (Fig. 5). The pressure is assumed 
to be uniform in the whole chamber.  
During admission, compression and exhaust 
phases, the gas is homogeneous. Its composition is 
assumed to be constant after combustion (the effect 
of temperature on molar fractions are not taken 
into account). 
 

Volume 
control 
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Unburned zone 

Inlet Exhaust

Fuel injector 

 

 
Figure 5 - Two-zone combustion sketch 

 
Mass losses such as blow-by are thus not taken 
into account in order to simplify equations and 

reduce computing time. Future studies will be 
more descriptive on this point. 

Equations 
The energy conservation applied to each zone 
gives the differential equations of burned and 
unburned zones temperature.  
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The ideal gas law gives the expression of the 
cylinder pressure. 
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P
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The mass and volume conservation give relations 
about Vu, Vb, mu and mb. 

cylbu VVV � ��  (4) 

cylbu mmm � ��  (5) 

The burned fraction xb follows the largely used 
predictive Wiebe’s relation, [8]: 

�¸
�¸

�¹

�·

�¨
�¨

�©

�§
�¸
�¹

�·
�¨
�©

�§
�'

��
����� 

��1

0.exp1
wM

wb ax
�T
�T�T

 (6) 

Parameters of this relation are aw (fixed at 6,908 
for a final burned fraction of 0,999), the crank 
angle for start of combustion ��0 and combustion 
duration �û��. The form factor Mw describes the 
energy distribution during combustion processes 
that is Gaussian if equal to unity. In the present 
case Mw = 0.9. 
 

Ignition Delay 
Ignition delay is defined as the time between start 
of injection and start of combustion. Many 
correlations are proposed in literature. They are 
validated on different kinds of engines and running 
conditions. Assanis and al. [9] developed a 
correlation based on steady-state and transient 
operations for direct injection diesel engines, that 
suits to the present study. �2ID depends on the 
equivalence ratio, the mean temperature T (K) and 

Combustion model / 
Correlation 
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the pressure P (bar) over the ignition interval 
according to the following equation: 
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Ea/Ru is held constant at a value given by Watson 
(1980) and used by Assanis. Finally combustion 
starts when condition (8) is reached. 
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Wall temperature 
The wall temperature is naturally non uniform in 
the whole chamber. However, Pirotais showed that 
a unique temperature based on a balance carried 
out on the 3 main areas of the chamber is 
acceptable [6]. The spatial average considers the 
piston, the cylinder liner and the cylinder head 
(with valves). The average time is obtained with 
integration of the temperature on the entire cycle. 
The simulation tool then reconsiders this mean 
wall temperature after each cycle for heat losses 
calculation (Fig. 6). 
 

 
Figure 6 - Computation of mean wall temperature 

 
Heat transfer  
The expressions of the wall heat transfer and the 
convective coefficient are presented in Eq. 9 and 
10. The heat transfer between the cylinder trapped 
mass and the surrounding walls is calculated using 
the Hohenberg relation [10] (Eq. 10).  
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This correlation is relatively well adapted to direct 
injection diesel engines since high pressure 
injection systems allow reduction in soot particles 
formation. Thus the radiative part of heat transfer 
is not taken into account in Eq. 10. However, the 
convective heat transfer will be accurately 

determined within future studies on current 
automotive engines. Wall areas of burned and 
unburned zones are calculated thanks to the burned 
fraction correlation presented in Eq. 6, [11]. 
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Chemistry of combustion 
The combustion reaction was written for a 
C10,8H18,7 fuel with properties found in [12]. The 
combustion equation is: 
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where �-  is the equivalence ratio. CO2, H2O, N2 
and O2 come from the complete combustion, CO, 
H2, H, O, OH, and NO from dissociation and 
recombination reactions. �#i represents the mole 
fraction of the constituent i, and �0 is the fuel 
quantity for one mole of products at stoechiometry. 
Species conservation relations combined with 
equilibrium constants expressions give a non linear 
system solvable with different methods. Olikara 
and Borman [13] described a complete method 
using a Newton–Raphson algorithm. This method 
is also used in this study. Specific heat and molar 
enthalpies expressions are temperature dependent 
according to relations of Kee and al. [14]. 
 
Modelling of nitr ic oxides formation 
In the present study the nitric oxide formation is 
assumed to follow the largely used extended 
Zeldovitch mechanism [15]. The following three 
equations are considered (Eq. 14). 

�¸
�¹

�·
�¨
�©

�§�u� 

���l��

T
38000

-.exp107,6 7
,1

2

fk

NONON

 (14.a) 

�¸
�¹

�·
�¨
�©

�§�u� 

���l��

T
19500

-.T.exp105,1 3
,2

2

fk

ONONO

 (14.b)

�- wall

Wind

Texh

…

Nm

Tm

<Tw> 
Combustion model / 

correlation 

Global nodal 
model 

Tpis

Tliner

Thead

236

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



�¸
�¹

�·
�¨
�©

�§�u� 

���l��

T
23650

-.exp102 8
,3 fk

OHNHNO

 (14.c) 

ki represents the reaction rate constants. 
Correlations were taken according to Heywood 
studies [16]. 
 
According to chemical dissociations and assuming 
that [N] concentration remains constant, the 
evolution of [NO] concentration is expressed in 
Eq. 15. 
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and index e denotes equilibrium. 
 
Time step 
A 0,1 crank angle resolution gives a good 
compromise between computing time and 
accuracy. 
 
 
Compar ison of calculated and 
measured data 
 
Test bench 
Any prediction model has to be validated thanks to 
diagrams measured on the test bench. 
Experimental results on a naturally aspired single-
cylinder direct injection diesel engine are 
available, [17]. The main design parameters are 
presented in Tab. 1. The complete description of 
tests can be found in [17]. 
 

Constructor  Listter – Petter 

Bore 95,2 mm 

Stroke 88,94 mm 

Displacement 633 cm3

Compression ratio 19.22 : 1 
Cooling system Forced air circulation 

Table 1 – Engine technical features 

Compar ison 
These measurements are compared to the results of 
the previously described model. An example of 
pressure diagrams comparison is plotted in Fig. 7. 

 
Fig. 7 – Comparison between the experimental and 

numerical pressure diagrams 
 

Computer modelling gives good agreements with 
experiments for pressure diagrams and efficiency 
coefficients. The indicated efficiency ��i, Indicated 
Mean Effective Pressure IMEP and volumetric 
efficiency ��v comparison are shown in Tab. 2. 

 
 Model Experiment 
��i (%) 50,2 49,7 
IMEP (bar) 4,9 5 
��v (%) 85,2 85,7 

Table 2 – Engine performances comparison 
(1500 rev/min, 40% load) 

 
In the whole range of tests, the low average error 
between numerical results and measured values 
proves reliability of the model. 
 
Simulation results and correlations 

Objectives 
As already mentioned, the previous simulation 
program of Pirotais [6] needs a complete 
cartography of thermal losses towards the coolant 
loop. The aim of this study is to remove this step 
by using a correlation for indicated performance, 
deduced from two-zone modelling results. 
 
Theoretical analysis 
IMEP can be expressed from volumetric 
efficiency, equivalence ratio and indicated 
efficiency definitions (Eq. 18-22). 
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Speed and load var iations 
The experimental design method was applied to 
determine which parameters have a significant 
effect on indicated efficiency. The results revealed 
that speed, load and injection timing have major 
influence. The effect of rotation speed and load are 
studied first. The results are presented in Fig. 8. 
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Fig. 8 – Evolution of efficiency with different 

engine speeds and loads 
 

When the equivalence ratio is under 0.5-0.6, 
efficiency increases with a negative exponential 
trend. It decreases for higher values. Considering 
transient conditions and low loads during cold start 
driving tests, this study focuses on the first part of 
the curves.  
 
The relation deduced from results for equivalence 
ratio under 0.5 is given in Eq. 23. 
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Each parameter follows a linear dependence with 
engine speed (Eq. 24). 

NBAp iii .���  (24) 
where pi represents ��0, �. or �- 0. Ai and Bi are linear 
results from fitting database (Tab. 3). 
 

Parameter Ai Bi

��0 53,3 -2,1.10-3

�. 34,6 5,3.10-3

�-  0 5,9.10-2 1.10-5

Table 3 – Linear coefficients for Eq. 24 
 

Considering the whole range of load and rotation 
speed, the maximum error between simulated and 
correlated indicated efficiencies remains under 
10% (Fig. 9). 
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Fig. 9 – Error between simulated and correlated 

indicated efficiencies 
 
This correlation only takes into account speed and 
load variations. For combustion engine behaviour, 
it should be completed by adding other physical 
parameters. Nevertheless the accuracy of the 
present correlation proves that this predictive 
method can be explored. 

Injection timing var iations 
Injection timing and combustion duration are 
physically linked [16]. However the experimental 
design method shows that combustion duration has 
a minor effect on indicated performance compared 
to injection timing. A sensitivity study on injection 
timing is then shown. 
Fig. 10 presents the evolution of pressure curves 
with injection timings between 5 and 25 degrees 
BTDC. As is well known, peak pressure increases 
with injection timing [7].  
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Fig. 10 – Pressure diagrams for different injection 

timings 
 
Fig. 11 shows the evolution of efficiency with the 
injection timing in a larger range. Maximum value 
appears around 15 deg. BTDC. These results show 
that injection timing must appear in global 
indicated efficiency correlation. Studies are 
currently carried out to define how this parameter 
must be taken into account in the reduced model. 
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Fig. 11 – Indicated efficiency evolution with 

injection timing (1500 rpm – 50% load). 
 
Nitr ic oxide formation 
As already shown, the main purpose of this paper 
is to predict engine performance. Last objectives of 
this study are AHS development and 
characterization of their effects on the warm up 
phase, including emissions. Simulations of NO 
formation are thus computed. An example is given 
in Fig. 12. The diagram trend agrees with 
Rakopoulos results [19] and validates the model. 
After reduction of the combustion model and its 
introduction in the global simulation tool, the 

comparison of the effects on emissions can become 
decisive for the AHS future classification. 

 
Fig. 12 – Nitric oxide formation (N = 1500 

rev/min, �3 = 0.5) 
 
Conclusions and perspectives 
 
A correlation for the prediction of indicated 
efficiency has been demonstrated. This correlation 
was based on numerical results from a two-zone 
combustion model detailed in this paper. For the 
direct injection diesel engine addressed in this 
paper, simulations proved that performance and 
engine settings can be correlated. Future studies 
aim to validate the present method in a larger range 
of engine types and specially car engines (turbo-
charged, direct injection, etc…). Correlations must 
also include other parameters such as injection 
timing. 
Further studies on the convective transfer 
coefficient must also be realised. Technical 
literature proves how difficult it is to well express 
the wall heat transfer. The most accurate 
correlation must be adapted and validated on 
turbocharged direct injection diesel engines. 
Exhaust Gas Recirculation (EGR) will be taken 
into account. Its effects on NO, soot emissions and 
on engine efficiency must appear in the final 
conclusions of the study. A single fuel injection 
type was computed here considering the 
experimental engine equipment. According to real 
trends several injections can be used for pollutant 
formation reduction. 
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Abstract 
 
Recent interest in natural refrigerants has created a new impetus for studies of CO2 as a working fluid in 
vapour compression systems for refrigeration and air conditioning. Two major drawbacks to its use are the 
very high pressure differences required across the compressor and the large efficiency losses associated 
with the throttling process in the refrigeration cycle. It is shown how these disadvantages can be minimised 
by the use of a screw machine both to compress the gas and use the expansion process to recover power. 
Both these functions can be performed simultaneously, using only one pair of rotors, in a configuration that. 
partially balances out the forces induced by the pressure difference and hence, reduces the bearing loads to 
an acceptable level.  A further feature is the use of rotors which seal on both contacting surfaces so that the 
same profile may be used for the expander and the compressor sections. This enables the rotors performing 
both these functions to be machined or ground in the same cutting operation and then separated by 
machining a parting slot in them. Computational Fluid Dynamics and Structural Analysis are used in this 
paper for investigation of the fluid and solid interaction in such machines. 
 

Key Words: Screw Compressor, Screw Expander, Computational Fluid Dynamics, Mathematical Modelling 

 
Nomenclature 
 
C - turbulence model constants 
f - body force  
i - unit vector 
I  - unit tensor 
k - kinetic energy of turbulence 
m  - mass 
m��  - source in the pressure correction equation 
p - pressure 
P - production of turbulent kinetic energy  
q - source term 
Q��  - source in the energy equation 
s - control volume surface 
t  - time 
u - displacement in solid 
v - fluid velocity 
V - volume 
x - spatial coordinate 

z - axial coordinate 
�* - diffusion coefficient  
�H - dissipation of turbulent kinetic energy 
�I  - variable 
�O - Lame coefficient 
�P - viscosity  
�K - Lame coefficient 
�U - density  
�V�� - Prandtl number 
�' t - time step used in the calculation 
 
Indices 
 
add - added or subtracted 
eff  - effective 
rec - receiver 
T - turbulent 
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Introduction  
Nearly 20% of the electricity produced in 

developed countries is used to drive compressors. 
The majority of these are required for air-
conditioning and refrigeration systems. There are 
therefore considerable environmental advantages 
to be gained by improving the efficiency of such 
systems and the compressors that drive them. 

A further requirement for environmental 
protection is the need to minimise the use of 
refrigerants which may lead to the breakdown of 
the ozone layer in the upper atmosphere. 

As a result of the latter requirement, in the last 
few years there has been a growth of interest in the 
use of natural fluids as refrigerants, in place of the 
halogenated hydrocarbons now widely used. One 
of these natural refrigerants is CO2, which is totally 
free from ozone breakdown effects.  Despite the 
environmental advantages of CO2 as a working 
fluid in vapour compression systems for 
refrigeration and air conditioning, there are two 
major drawbacks to its use. These are the very high 
pressure differences required across the 
compressor, which may be as high as 60 bar, and 
the large efficiency losses associated with 
throttling over such a large pressure drop in the 
near critical region.  To overcome the latter, some 
form of power recovery from this expansion 
process is essential if the resultant coefficient of 
performance (COP) is to be acceptable.  

A number of proposals have therefore been 
made to use various types of positive displacement 
machine, mainly of the vane type, in such a 
manner that compression in one part of them is 
combined with recovery of work from 
simultaneous expansion in another part. However, 
how well they operate with high pressure 
differences across the vanes has not yet been 
confirmed. 

For many years, the authors have been 
investigating the use of twin screw machines as 
both expanders and compressors of conventional 
halocarbon refrigerants. These have many 
potential advantages over other types of positive 
displacement machine. Unfortunately, when 
applied to CO2 the huge bearing forces 
associated with the pressure distribution within 
them have hitherto made them appear to be 
unsuitable. 

In this paper, it is shown how twin screw 
machines can be designed to carry out both the 
expansion and compression processes in one pair 
of rotors in such a manner that the rotor forces 
created by these two processes can be partially 
balanced to eliminate the axial forces and reduce 
the radial bearing forces. The disadvantages of 
twin screw compressors for such high pressure 
applications are thereby reduced.  

 

Figure 1 Typical CO2 cycle with throttle valve 

 

Figure 2 CO2 cycle with combined machine 

Analysis of a typical CO2 system, 
schematically given in Figure 1, has shown that in 
an idealised reversible cycle Figure 2, recovery of 
the throttle losses, by controlled expansion, will 
increase the COP by as much as 72%. In a 
practical system, this gain would be reduced by the 
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compression and expansion efficiencies, which 
would reduce the expansion work and increase the 
compression work.  

CFD analysis has been used here to model the 
pressure and temperature changes within the 
machine. This has been developed further to 
estimate how the solid components deform as a 
result of these changes and hence how the fluid-
solid interaction resulting from the deformation 
alters the performance. The results of such 
numerical simulation are presented in the paper. 

 

Background 
Screw compressors are efficient, reliable and 
compact machines and consequently both the 
majority of all positive displacement compressors 
now sold and those currently in operation are of 
this type. One of the main reasons for their success 
is the advance in manufacturing techniques, which 
enable compressor rotors to be manufactured, with 
very small clearances, at an economic cost. 
Internal leakages have thereby been reduced to a 
fraction of their values in earlier designs. However, 
pressure differences across screw compressor 
rotors impose heavy loads on them and create rotor 
deformation, which is of the same order of 
magnitude as the clearances between the rotors and 
the casing. Consequently the working pressure 
differences at which twin screw machines can 
operate reliably and economically are limited. 
Current practice is for a maximum discharge 
pressure of 85 bar and a maximum difference 
between suction and discharge of 35 bar. Rinder, 
[7] , presented a comprehensive analysis of the 
effects of such pressures and Arbon, [1], gave a 
good review of current trends in the design, 
manufacture and use of high pressure screw 
compressors. CO2 (R744) in refrigeration cycles 
requires both maximum pressures and pressure 
differences beyond these limits. Accordingly, 
hitherto screw compressors have not been 
considered for this purpose.  

Other types of positive displacement 
compressors are used today for compression in 
CO2 cycles. Typically, these are single and two-
stage reciprocating compressors. A vane 
compressor study was presented in [4] . In such 
applications the authors concentrate on either the 
thermodynamic aspects of the CO2 cycle or 
mechanical design aspects of its compressors. In 

considering twin screw machines capable of 
operation over the pressure range required in 
CO2 refrigeration systems, the following factors 
must be taken into account 

Both the screw compressor and the expander 
consist essentially of a pair of meshing helical lobe 
rotors contained in a casing, with an open port at 
one end for admission of the working fluid and at 
the other for its expulsion. The rotors and housing 
together form a series of working chambers in 
which the trapped volume changes from zero to a 
maximum as the rotors revolve. Thus, the working 
fluid within them is either compressed or 
expanded, according to the direction of rotation.  

 

 

Figure 3 Screw compressor (a) and Screw 
expander (b) working principles 
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The compression process is shown in Figure 
3a. Here, the suction port is located at the low 
pressure end, where the trapped volume is largest 
while the compressed gas is discharged through the 
high pressure port at a position where the trapped 
volume is reduced in size.  The expulsion of the 
gas is complete when the trapped volume is zero 
since the clearance volume in these machines is 
negligible. 

Reversing the direction of rotation, as shown in 
Figure 3b, causes the direction of fluid flow 
through the machine to reverse.  Gas, then enters 
through the high pressure port and is discharged 
through the low pressure port.  It then acts as an 
expander. The machine will also work as an 
expander when rotating in the same direction as a 
compressor, if the suction and discharge ports are 
positioned in the same axial position but on the 
opposite sides of the casing to those shown, since 
this is effectively the same as reversing the 
direction of rotation relative to the ports.  

If the rotor profiles are generated to form a 
seal on both contacting surfaces, then expansion 
and compression can be performed with equal 
efficiency in a single pair of rotors rotating in the 
same direction, simultaneously in one machine, by 
correct positioning of the appropriate inlet and exit 
ports along the length of the casing.. There are two 
methods by which this may be achieved. The first, 

which is cheaper but more limited in scope, is to 
carry out both functions in a single chamber, 
containing only three ports, as shown in Figure 4a. 
The second is to use separate inlet and exit ports 
for each function, as shown in Figure 4b, with a 
division in the casing between the expander and 
compressor chambers. The common feature of 
both these arrangements is that the rotors and the 
casing for both functions can be each machined or 
ground in a single manufacturing operation. 

Both the three port arrangement, as shown in 
Figure 4(a) and the four port arrangement shown in 
Figure 4(b) have the advantage that with 
approximately equal pressures on each end of the 
rotors, the axial forces on them are more or less 
balanced out. However, there is an important 
additional feature of the arrangement shown in 
Figure 4.  This is the location of the high pressure 
ports, facing each other, in the centre of the casing.  
By this means the radial loads on the rotors, due to 
the pressure difference along them, are also 
partially balanced.  This leads to reduced bearing 
loads and hence, to the ability to design such 
machines to withstand higher differential pressures 
than if the expander and compressor were designed 
and built as separate machines.  It also results in 
smaller mechanical friction losses. 

 

Figure 4 Combined compressor-expander with single chamber (a) and with split chambers (b) 
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This is of particular importance when 
considering the design of refrigeration 
compressors for use with natural refrigerants such 
as CO2, where the permitted sustainable bearing 
load limits the maximum operating pressure 
difference. 

A large mass, but negligible volume, of oil is 
injected into the casing to seal and lubricate the 
rotors and also to reduce the temperature rise of 
the working fluid and hence that of the rotors. 
Thus thermal distortion of the rotors is small. The 
net result of reduced axial and radial loading and 
thermal distortion of the rotors, in the combined 
machine, is that the range of pressure differences 
for which it can be used is increased.  This makes 
it possible to consider such a machine for use in 
CO2 refrigeration applications. 

 

3-D CCM Calculation 

Improvements in both, computational speed 
and numerical methods over the last thirty years 
have greatly increased the scope and power of 
Computational Fluid Dynamics (CFD), and 
Computational Continuum Mechanics (CCM), in 
engineering design. Consequently, vendors of 
CFD and CCM software packages have developed 
facilities for their use in a wide range of 
engineering applications. Because none of the 
standard packages were capable of analysing the 
complex geometry and processes within screw 
machines, designers of them have hitherto made 
little or no use of them. 

A CCM method simultaneously enables 
calculation of the fluid flow and structure 
behaviour to determine the effects of changes in 
the compressor geometry on internal heat and 
fluid flow and vice versa. Such an approach can 
produce reliable predictions only if calculated 
over a substantial number of grid points on a 
sliding and stretching moving mesh.  

 
Grid Generation 

The authors have developed an automatic 
numerical mapping method for arbitrary screw 
compressor geometry, as explained in [5] , which 
was later used for the analysis of the processes in 
screw compressors. This method took advantage 
of the work done by Peric and Demirdzic, [3]  and 

[2] , who showed that by the use of moving frames 
on structured and unstructured grids, a common 
numerical method could be used for the 
simultaneous solution of fluid flow and structural 
analysis. On that basis, the authors have 
developed an interface program called SCORG 
(Screw COmpressor Rotor Geometry Grid 
generator), which also enables a grid, generated 
by the program, to be directly transferred to a 
commercial CFD or CCM code through its own 
pre-processor. A number of commercial 
numerical solvers are currently available, of 
which the authors decided to employ Star CD’s 
COMET for screw machine calculations. That 
code offers the possibility to calculate both the 
fluid flow and its effects on the solid structure 
simultaneously by the application of CCM. 

The interface employs a novel procedure to 
discretise rotor profiles and to adapt boundary 
points for each particular application. An 
analytical transfinite interpolation method with 
adaptive meshing is used to obtain a fully 
structured 3-D numerical mesh, which is directly 
transferable to a CFD code. This is required to 
overcome problems associated with moving, 
stretching and sliding rotor domains and to allow 
robust calculations in domains with significantly 
different ranges of geometry features. 

 
Governing Equations 

The compressor flow and the structure of the 
compressor parts is fully described by the mass 
averaged conservation equations of continuity, 
momentum, energy and space, which are 
accompanied by turbulence model equations and 
an equation of state, as shown in [3].  The latter is 
required to take account of temperature and 
pressure changes in the screw machines, which 
alter the working fluid density.  In the case of 
multiphase flow, where oil is injected in the 
working chamber, a concentration equation is 
added to the system. The numerical solution of 
such a system of partial differential equations is 
then made by inclusion of constitutive relations in 
the form of Stoke’s, Fick’s and Fourier’s law for 
the fluid momentum, concentration and energy 
equations respectively and Hooke’s law for the 
momentum equations of a thermo-elastic solid 
body.  

All these equations are conveniently written in the 
form of the following generic transport equation:  
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(1) 

Here �I stands for the transported variable, e.g. 
Cartesian components of the velocity vector in 
fluids vi, enthalpy h, etc. �*�I is diffusion coefficient. 
The meaning of source terms, q�IS and q�IV in all 
transport equations is given in  
Table 1.  

The resulting system of partial differential 
equations is discretised by means of a finite 
volume method in the general Cartesian coordinate 
frame. This method enhances the conservation of 
the governing equations while at the same time 
enables a coupled system of equations for both 
solid and fluid regions to be solved simultaneously.  
 
 
Boundary Conditions 

This mathematical scheme is accompanied by 
boundary conditions for both the solid and fluid 
parts. A novel treatment of the compressor fluid 
boundaries was introduced in the numerical 
calculation, as presented in [6]. The compressor 

was positioned between two relatively small 
suction and discharge receivers. By this means, the 
compressor system becomes separated from the 
surroundings by adiabatic walls only. It 
communicates with its surroundings through the 
mass and energy sources or sinks placed in these 
receivers to maintain constant suction and 
discharge pressures. The mass source, which exists 
in the pressure correction equation, is calculated as 
the difference between the cell pressure p from the 
previous iteration and the prescribed pressure in 
the receiver, prec as: 
 

rec
add

p const rec

m
dt p t

p pdm V�U

� 

�  � |� ¨ � ¸ �'� © � ¹
��

��� § � ·
 (2) 

The volume source for the receiver cells which 
exists in the energy equation is calculated from 
the mass source as: 

add add add add
p const

Q h m h
dt � 

�  �  � ¨ � ¸
� © � ¹

�� ��
dm� § � ·

 (3) 

 

The enthalpy of the fluid added to or 
subtracted from a cell is calculated on the basis 
of the thermodynamic property values achieved 
in the previous iteration.  

 
Table 1 Terms in the generic transport equation (1) 

Equation �I�� �*�I�� q�IS q�IV 

Fluid 
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v v I i  

b,if  

Solid 
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grad div 3 iK T� K � O� D� ª � º�� � ' � ˜� ¬ � ¼u u - I i  b,if  
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v
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The solid part of the system is constrained 
by both Dirichlet and Neuman boundary 
conditions through zero displacement in the 
restraints and zero traction elsewhere. The 
connections between the solid and fluid parts are 
explicitly determined if the temperature and 
displacement from the solid body surface are 
boundary conditions for the fluid flow and vice 
versa. 

Presentation and Discussion of the Results 

A personal computer, with an Athlon 1800 
MHz processor and 1.5 GB memory was used for 
the calculation. The compressor operation was 
simulated through 24 time steps for one interlobe 
rotation giving an overall number of 120 time steps 
for one full rotation of the male rotor. The time 
step length was synchronised with a compressor 
speed of 5000 rpm. An error reduction of 4 orders 
of magnitude was obtained after approximately 50 
outer iterations at each time step, which took 
approximately 10 minutes of computer running 
time. The overall compressor parameters such as 
the torque, volume flow, forces, efficiencies and 
compressor specific power were then calculated. 
Additionally, pressure-time diagrams of the 
compression process, the flow and pressure 
patterns in the compressor chambers and the rotor 
deformation are provided. 

 A balanced rotor two-chamber combined 
compressor expander is considered here for a high 
pressure CO2 application. Gears are not used to 
synchronize the rotors since a fair amount of oil is 
injected in the system to seal and lubricate the 
rotors and cool the gas. The oil also maintains the 
temperature of the rotors at a similar level to that 
of the main fluid. 

As already explained, the two chamber porting 
arrangement, shown in Figure 4, results in the 
balancing of the axial load on the compressor 
rotors, as shown Figure 5. Also, since the radial 
loads on the compressor and expander sections are 
located almost opposite each other near the centre 
of the rotors, the radial loads on the bearings are 
thereby reduced as shown in Figure 6. 

Hence the mechanical friction losses become 
smaller. The reduction of the bearing load is of 
particular importance when considering the design 
of CO2 since it is the value of the sustainable 
bearing load which limits the maximum 
permissible operating pressure difference.  

 

 

 

Figure 5 Radial and axial forces for compressor, 
expander and combined compressor-expander 

Additionally, in the combined machine, the 
deformation of the rotors is substantially smaller 
than in the case of only compressor or the 
expander, as can be seen from Figure 7. 
Deformations presented in this figure are 
magnified 5000 times. Together, the reduced rotor 
deformations and the rotor profile used, which 
results in a stronger female rotor, increase the 
range of pressure for which a screw machine can 
be used for CO2 refrigeration applications. 
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Figure 6 Position of radial and axial forces for  
compressor, expander and combined compressor-expander 

 
Figure 7 Deformations of the compressor rotors (left) and  

combined compressor-expander rotors (right)  

Conclusions 
The ability to use a single pair of screw rotors 

for simultaneous compression and expansion in  
separate chambers of the same casing makes it 
possible to use such machines in vapour 
compression refrigeration and air conditioning 
systems with CO2 as the working fluid. 

 A full 3-D CFD fluid flow and structure 
simulation has been carried out to determine how 
pressure and temperature change during the 
process and how these influence the internal 
distortion within high pressure screw compressor-
expanders. Preliminary results show a reduction in 
both the radial and the axial forces and thereby a 
reduction in the mechanical losses. In addition the 
system efficiency is increased due to partial 
recovery of the energy in the expander section of 
the machine. 
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Abstract
 The construction of explicit fractional-rational methods for numerical treatment of stiff

systems of dynamic processes is discussed. The new formulas of A-stable and L-stable rational
approaches are used for one-step (multistep) methods of arbitrary order of accuracy and stability
properties are investigated. The results of numerical testing on stiff systems of ODEs are
presented.
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Nomenclature
A - positively constant matrix
D - domain of existing solution

)(�VpD -operator function

E - identity matrix
f - function of a right-hand part of system
h - step
x - independent variable

)(xy - solution of problem

i�O- corresponding eigenvalue
�/ - diagonal matrix

Introduction
The mathematical models of dynamic processes in
different physical objects have been described by
system of ordinary differential equations (ODEs)
and formulated as.  Modern linear numerical
methods for solution Cauchy’s problem are share
on explicit and implicit methods [1-4]. With
opening the stiff phenomena for the systems of
ODEs [1] became not effective an explicit
numerical methods. In this connection an implicit
numerical methods have been widely developed as
single-step Runge-Kutta and Rozenbroc – type
methods and multistep methods. All these methods
based on the repeated solution of nonlinear
algebraic equations that is one of the main

restrictions for applications of implicit methods.
Theoretically these methods under the determinate
conditions have posses stability properties, but
during their practical realization this properties can
be looses. .
The most wide development on today has Gear’s
implicit multistep methods [3,4]. However, for
them Dahlquist’s barrier takes place [1], which
means that A- stable multistep methods cannot
have higher than second order.  Except for that the
characteristic equations have ‘parasitic’ roots,
which influence on the stability domain of
methods.
 The new directions in construction of numerical
methods for investigation of stiff systems we can
find in Wambecq A. [5,6]. He used the Pade
transformation for construction nonlinear
fractional-rational numerical methods. However,
their distributions were impossible due to
operations of division on vector systems of ODEs
on vector. But Sottas G. [8] has been shown, that
Wambecq’s methods are unstable for stiff systems
of ODEs.
The resulted brief analysis of the modern
numerical methods of solution stiff systems of
ODEs has shown the urgency of construction new
types and more effective numerical methods.
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Structure of fractional-rational
approaches for stiff problem

We consider system of the ordinary differential
equations

),( yxfy � �c   ,                          (1)

where NNN RRfRy �o�• ��1:, , on an interval

],0[ kxx�•  with initial conditions

0)0( yy � .                             (2)
We assume existence of continuous and multiple
differentiated unique solution of the problem
(1),(2) in domain

�^ �`
NR

DDDk
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� �f�����d�d� 
          (3)

We divided an interval of argument change x  on

some parts ).,0(],,[ 1 knn Nnxx � ��

Firstly we consider a scalar problem (1), (2) at
1� N  and assuming that  the following

inequalities take place
0)(,)( ���c���c DD

yfMyf .               (4)

We also assume that we know the solution of a
problem in grid nodenx . Let construct an approach
of the solution )( hxy n ��  in vicinity of a point nx

by the help of fractional-rational function
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where ii cb ,  - independent coefficients from

nxxh ��� .
Coefficients ii cb ,  we shall define from
corresponding conditions
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We present the relation (5) as
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and take p  derivatives  of (7) on argument x .

Then the k-derivative ( pk ,0� ) can be written  as
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where j
kC  - number of combinations from k
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Using (6) and having entered a
designation )()( )( k

nn
k yxy � ) we can receive

coefficients kb  from (9)
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The system (10) defines linkage between unknown
coefficients ib  and ic , that is necessary for
performance of condition (6).
For obtain approaching of the solution in the grid
node 1��nx  we use the value of fractional-rational
function )(xzp  at nn xxh ��� ��1  and  designate it as
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The formula (11) has 22 ��p  unknown coefficients,
overwise the system (10) contains only 1��p

equations. That’s why, for obtain unknown
coefficients ib  and ic  it is necessary to accept

1��p  free parameters in (10). Depending on a
choice of separate coefficients for free parameters
and their values from (11) and (10) it is possible to
receive various formulas of approaches the
solutions possessing certain properties of a
adjusting and stability.
We now fix as free parameters ic  for accept from

(10) coefficients ib and then after their substitution

in (11) we can receive following expression of
fractional-rational approaches formed as a result of
a choice of free parameters
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where njpT ,��  - is a partial )( jp ��  Taylor's sum

concerning in grid node nx .
The formula (12) includes all partial Taylor’s sums
from p to the zero order, where nn yT � ,0 .

Therefore, if we input designation
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than  formula (12) may be rewrite as
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It is possible to consider it in the certain sense
averaging with weight coefficients of Teylor’s
approaches from zero up to p order of accuracy.

Definition1.  The approach (12) is adjusted with
p - order if for a difference between the Taylor’s

formula p -order of accuracy npT ,  and fractional-

rational approach takes place the following relation

0,)( 1][
1, �o� �� ��

�� hhOyT pp
nnp .     (16)
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After simple transformations of (17) we  obtain
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That means the theorem is prooved.

For constructing of solution of system’s ODEs we
use the structure of relations (11) and (12). In this
case the vector-function and Teylor's approaches
also are vectors. Therefore coefficients ib  are
vectors of dimensionN , and parameters ic  -
square matrixes of the size NN �u , where N -
dimension of system (1). In (12) division is
considered as product of an inverse matrix of a
denominator (it is supposed it nonsingular) on
vector - numerator.
In (12) ][

1
p

ny ��  and nkT ,  are N - dimension vectors

and ic - square matrixes of dimension NN �u .
Further we shall accept, that Ec � 0  , where E - an
identity matrix of dimension NN �u .

Stability of fractional-rational
approaches
The development of numerical methods of the
solution of stiff systems has included the stability
investigations [8-13]. We consider the selection of
values of matrix coefficients ic  for maintenance of
required type of stability approaching.
It is known [14], that in vicinity of the solution

),( 0yxy  , the system (1) is well approximated by
linearized system with Jacobi matrix of the right-
hand-side of system. Therefore, Jacobi matrix is an
important characteristic of system’s behavior.
From these reasons, matrix coefficients ic  we set
as
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It is necessary to choose the values of parameters

i�D ),1( pi �  for maintenance the stability of
approaches (20).
The stability we shall investigate on model system

0� ���c AYY                             (21)
where A - positively determined constant matrix.
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An approach (20), which is the solutions of system
(21) after simple transformations taken form
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where E� 0�D .

By using (22) we will estimated the stability of
approach (20).
Let for matrix A  exists such matrix B , that

�/� �� ABB 1 , where �/ - is a diagonal matrix. Then
by substitution

BZY �                      (23)
we obtain N  independent the equations
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where i�O- i -eigenvalue of a matrix A . Every
eigenvalue we shall consider  as complex number.
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Thus, stability of approach (20) can be investigated
by the scalar equation

yy �O��� �c                      (25)

with complex value of parameter �O .
Taking into account (22), we can write down an
approach of the solution (25) as
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where  1, 0 � � �D�O�V h .

The stability domain of method is completely
define by the operator function )(�VpD .

We enter the designation

�¦
� ��

��� 
j

i
i

j
j ij0 )!(

1
)1( �D�E , ),1( pj �  ,         (28)

and rewrite (27) as

�¦

�¦

� 

� 

����

��

� 
p

i

i
i

i

p

j

j
j

pD

0

1

)1(1

1

)(

�V�D

�V�E

�V .          (29)
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system of the algebraic equations from (28) with
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The approaches (31) of higher than 2-nd order of
adjusting are )(�DA  stable and they are expedient
on stiff systems with nonoscillating solutions.
For construction approaches of oscillating
solutions it is necessary to use A-stable formulas.
For operator function )(�VpD  of A-stable

approaches in complex plane )Re(�V , )Im(�V  must

satisfy a condition: 1)( ���VD  on half-plane

0)Re( �!�V  and 1)( � �VD  on an imaginary axis.

It is easy to prove, that operator function of such
approaches can be presented as
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where �¦
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p

k

k
kp aQ

1

1)( �V�V , ka - positive

numbers.
For reception from (28) operator function of the
specified structure (32) it is necessary to satisfy the
following conditions

0,0, 122 ���!� ��kkjj �D�D�D�E .       (33)

Using (28) and (33), we can received system of the
linear equations, after solving which we shall
determine values of parameters i�D  for construction
�: -stable approaching (20) . Note, that it is possible
to build the �: -stable fractional-rational approaches
of various orders of adjusting with identical
denominators.
For example, approaches of 2-4 order of adjusting
we can represent as

252

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



22

,0
22

,1,2]2[
1

12
1

2
1

12
1

2
1

nn

nnnnn

n
JhhJE

TJhThJT
y

����

����
� ��

 ,    (34)

22

,1
22

,2,3]3[
1

12
1

2
1

12
1

2
1

nn

nnnnn

n
JhhJE

TJhThJT
y

����

����
� ��

 , (35)

22

,2
22

,3,4]4[
1

12
1

2
1

12
1

2
1

nn

nnnnn

n
JhhJE

TJhThJT
y

����

����
� ��

 ,     (36)
which  has the common operator function

2

2

12
1

2
1

1

12
1

2
1

1
)(

�V�V

�V�V
�V

����

����
� D

    .                (37)
Similarly we can to construct the �: -stable
approaches of higher orders.
Except of �: -stable approaches, the important
group is consist the L-stable approaches.  We shall
notice, if an operator function of method has
coincide with elements of one of two main under-
diagonals of Pade’s table of approximation
exhibitors [1] that satisfy L-stable methods. It is
possible to build L-stable approaches.

For example, L-stable approaches of 2-3 nd
orders are present as
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with common operator function
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They are especially suitable for research stiffly-
oscillating problem.
Similarly, it is possible to build and other formulas
of higher orders approaches, possessing set types
of stability. For realization of concrete approaches
formulas, it is necessary to specify a way of
calculation of partial Teylor’s sums nkT , and values

of Jacobi matrix in the net units.
If for calculation of the specified sums we take an
explicit Runga-Kutta methods and formulas of
fractional-rational approaches then it is possible to
build single-step fractional-rational numerical
methods. If for approximation of the partial
Taylor’s sums we use explicit linear multistep
numerical methods, we can construct the multistep
fractional-rational numerical methods.  

Test Problem 
We compute the following nonlinear

system of the equations :
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Initial conditions 5.1)0(,1)0( 21 � � yy   on an

interval of argument change 200 �d�dx  and
condition for 0,0 ���� ba  . 
The system of the equations (41) has an exact
solution
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In an index point x=0 eigenvalues 1�O and 2�O of
the Jacobi matrix for system (41) has accept values

4

)(8)( 22

2,1

bababa �������r��
� �O   (43)

         
During the problem’s solution we yields the
limiting values a21 �o�O  and b22 �o�O .
The system (41) has been investigated numerically
by proposed rational methods and implemented in
BASIC computer codes (Program “RROSM”) with
different accuracy E-02, E-04, E-06 at values

50000��� a  and 5.0��� b . In this case the
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eigenlavues at x=0 are 832.499991 ��� �O ,

582.249992 � �O  and then aspire to limiting

values 1000001 ��� �O and 12 ��� �O .
 All received results do not exceed the set
allowable error on all an interval of integration.
Experimental researches of other various stiff test
problems also have confirmed efficiency of
fractional-rational suggested methods. 

Conclusions
As the results of paper we obtained:
�x Developed theory fundamentals of stable

fractional-rational approaches for numerical
methods of the stiff systems ODEs;

�x The type of approaches depends on
coefficients of Taylor’s sums. Their
approximation technique based on one-step
and multistep linear numerical methods;

�x Realization of proposed methodology for
solving the stiff problem convincible
implemented in computer code and tested by
several examples.
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Abstract 
 
The filling process of a fuel oil storage tank containing a higher temperature fuel oil is numerically 
analysed. The effect of inlet position on  transient turbulent flow in a fuel oil tank is investigated by a 
two-dimensional �H��k  model. A transient stream function-vorticity formulation is used for predicting 
streamlines and temperature distributions. Streamlines, temperature distributions and transient average 
temperature variations are presented for four different inlet port locations and for two different aspect 
ratios. Finally, the effect of aspect ratios on transient average temperature variations in the tank is 
discussed.     
Keywords: numerical, turbulent flow, high viscosity, fuel oil tank    
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Nomenclature 

 
B  width of tank [m] 

�P,20,3,1C  constants 

d  depth from the fuel oil surface [m] 
E  dimensionless rate of dissipation of 

turbulence kinetic energy 
g  gravity acceleration [m/s2] 
Gr  Grashof number 
h  height of inlet port [m] 
H  distance from the inlet port to the fluid 

surface [m] 
k  turbulence kinetic energy [m2/s2] 
K  dimensionless turbulence kinetic energy 
L  height of tank [m] 
Pr  Prandtl number 
Re Reynold number 

*Re  Reynold number based on eddy viscosity 

FR  flux Richardson number 

 
 
 
 
 
S turbulence kinetic energy due to Reynold 

shear stress 
t  time [s] 
T  temperature [K] 

T�'  0TTi ��  

vu,  horizontal and vertical velocity 
components [m/s] 

VU,  dimensionless horizontal and vertical 
velocity components 

yx,  horizontal and vertical coordinates 

YX,  dimensionless horizontal and vertical 
coordinates 

�D thermal diffusivity [m2/s] 
�E volumetric coefficient of expansion 
�H rate of dissipation of turbulence kinetic 

energy [s3/m2] 
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�K kinematic viscosity [m2/s] 

�J start-up function 
�T dimensionless temperature 

k,�H�V  constants 

�W dimensionless time 

0�W dimensionless startup time 
*�W dimensionless time 

�Z vorticity [1/s] 
�:  dimensionless vorticity 
�<  dimensionless stream function 
 
Subscripts 
 
0  inflow 
i  initial 
t turbulent 
 
 

Introduction  
 
The low grade heavy fuel oil used in Diesel engines 
on board ships and in power stations include sludge 
contents, catfines and other harmful solid particles. 
There is an increased demand for efficient cleaning 
in order to achieve reliable and economical 
operation of Diesel engines. The fuel treatment 
systems include heaters, filters, separators, pumps 
and settling and daily service tanks. The main 
purpose of using of settling tanks from cleaning 
aspects is to act as a buffer tank, to provide a 
constant temperature and to settle and drain gross 
water contaminant.   
 
According to the classification societies a special 
fuel supply is to be provided for the prime movers of 
the emergency source of electrical power, for 
example the motors driving emergency fire pumps. 
By the arrangement of the fuel oil tank, the 
emergency diesel equipment must be kept in a state 
of readiness when the outside temperature is low [1]. 
On the other hand the temperature in a tank should 
not be below 50-60 oC, otherwise the fuel oil may 
not be pumpable [2]. Because of that it is important 
to maintain a constant  temperature and a 
temperature control system should be installed to 
minimise the temperature fluctuations in a tank. Due 
to the potential risk of thermal stratification problem 
in a tank and too low temperature at suction point 
for a feed pump the position  of inlet port of a tank is 
very important [3]. 
 

The stratification of two fluids at different 
temperature is an important consideration in the 
design of thermal storage tanks. In recent years 
considerable research efforts have been devoted to 
the study of thermal behaviour of the stratified 
fluids in thermal storage tanks especially in solar 
energy domain. Gari and Loehrke [4], Baines et 
al. [5], Abu-Hamdan et al. [6] and Nakos [7] 
investigated the  flow conditions into tanks. 
Homan and Soo [8, 9] modelled the transient 
stratified flow into a chilled-water storage tank for 
laminar flow conditions. Mo an Miyatake [10] 
numerically analysed the transient turbulent flow 
field in thermally stratified water tank. Cai and 
Stewart [11] investigated the mixing process that 
occurs when a cold fluid flows in to a two 
dimensional tank containing a warmer fluid. A 
few studies have been reported for the case of 
different fluids such as liquid natural gas or oil 
[12-14]. Vardar [15] numerically analysed the 
filling process of a fuel oil storage tank with an 
inlet port close to the bottom of the tank and 
presented  streamlines, isotherms and transient 
average temperature variations for three different 
inflow velocities and for three different cases of 
heating.  
 
The purpose of this present work is to investigate 
the effect of  inlet position and  aspect ratios, L/B, 
on the transient turbulent flow field and on the 
temperature distribution in a fuel oil storage tank. 
 
Mathematical model    
 
A simplified two-dimensional tank geometry is 
shown in Fig.1. The height and the width of the 
tank are L and B respectively. The height of the 
inlet is h and the distance from the inlet port to the 
fluid surface  is H.  
 
 
                                         
                                  y              d   
              H                          
                                     x                             L     
                                     B                                                                 
                             
                             U0 ,T0                                                                    

                 h                                                  
 
Figure 1: Geometry and coordinates of the tank 
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It is assumed that the side and bottom walls and 
fluid surface are thermally insulated and that the  
tank is filled with hot fuel oil at an initial 
temperature. Cold fuel oil, which is at a lower 
temperature than the fuel oil in the tank, enters from 
the inlet port at the left hand side of the tank. 
                 
The governing equations describing transient and 
turbulent flow of viscous and incompressible fluid in 
the tank are continuity, momentum, energy, 
turbulent kinetic energy and dissipation rate of the 
turbulent kinetic energy equations. A more detailed 
explanation about the mathematical model can be 
found in a previous study of the author [15]. 
Dimensionless equations in stream function-vorticity 
formulation are given as follows. 
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Eqs. �:  �T K  E  

a 1 Pr  1 1 
b 1 

tPr  k�V  �H�V  

 
Table 1: Definitions for a and b in Eq. (7) 
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Eqs. (1)-(8)  are written in terms of the following 
dimensionless variables : 
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The turbulent viscosity t�K in Eq. (12) is expressed 

as follows:  
 

�H
�K �P

2k
Ct � , 
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50/Re1

5.2
exp0

t

CC �P�P
          (13) 

 
*Re  is the Reynold number based on eddy 

viscosity [16]. tPr  is the turbulent Prandtl number 

[17] , dimensionless factors 2C  and �PC   are 

functions of turbulent Reynold number, tRe [18]. 
 

�> �@2
202 Reexp3.00.1 tCC ����� , 

E
K

t

2

ReRe �           (14) 

The values of the numerical constants appearing 
in the above equations are given in Table 2.  
 

1C  3C  20C  0�PC  k�V  �H�V  

1.44 0.8 1.92 0.09 1.0 1.3 

 
Table 2 : Values of the numerical constants 

 
Initial and boundary conditions 
 
The initial conditions: 
 

0� �<� �:� � � � EKVU  and 1� �T           (15)  
 
At the inlet [11]: 
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At the left hand wall of the tank a start-up function, 
�Jis used for ramping the inlet boundary condition 
on velocity from its initial condition to its steady-
state value over a dimensionless time period of 

2.00 � �W , which is defined as follows [8,9]:  
 

� � � �0,�W�W�J� �<   (0 �dH �dH ) 
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All of the other walls of the tank are assumed to be 
no-slip, impermeable and adiabatic. 
 
At the fluid surface: 
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Numerical method 
 
The mathematical model is solved by a finite 
differences  procedure which is developed for 
turbulent flow [15]. The procedure is developed by 
modifying a method which is described for laminar 
flow by Chow [19]. At any time instant the vorticity, 
the temperature, the turbulent kinetic energy and 
dissipation distributions are obtained from 
conditions at the previous time step. Upwind and 
central differencing scheme is used to approximate 
the time derivatives.  Stream function is computed 
based on vorticity distribution by solving Eq. (5) 
with successive over relaxation method. Velocity 
components are calculated from the known stream 
functions. 
The two-dimensional computational region as shown 
in Fig. 1 is an open top rectangular tank and it has a 
height of 20 times the dimension of the inlet 
opening. For the simulations 21X41and 41X41 
uniform grid sizes are chosen for two different tank 
sizes (L/B=2 and L/B=1) after performing the grid 
independency tests. During the transient process grid 
size effect is evident but not too significant. The 
maximum deviations between average temperatures 
in the tank depending on time is less than 1.3 % 
even for the grid size of 21X41/51X101.  
For the validation of the method the results of the 
present study are compared with the results of the 

previous studies and they are found to be in good 
agreement. [11, 15].   
 
Results and discussion 
 
The tank is assumed to be filled with stagnant fuel 
oil at 60 oC. The fuel oil entering into the tank is 
40 oC during the process. Kinematic viscosity of 
the fuel oil is 3.75X10-4 m2/s and Prandtl number 
is 10400 at inflow temperature. The inlet height is 
0.1 m. Because the inflow velocity into the fuel 
oil tanks should not be higher than 1.0 m/s [3], the 
inflow velocity is assumed to be  0.5 m/s. Reynold 
number related to inflow velocity which is 
calculated according to Eq. (12) is 133. The value 
of the parameter of Gr/Re2, which is an important 
parameter for the transient turbulent flow in 
thermal storage tanks, is determined to be 0.055 
by the Eq. (11). 
 
The dimensionless time step is chosen to be 0.05. 
In order to examine the effect of the inlet position 
and aspect ratios on the transient thermal 
behaviour of the tank, the average temperatures 
are calculated at three different depths of the tank 
and at the surface. The average temperature at a 
horizontal plane at any depth of the tank is 
defined as follows : 
 

�³� 
hB

ave dx
hB

/

0/
1

�T�T                           (19) 

In order to investigate the thermal behaviours of 
the tank the dimensionless transient average 
temperatures are plotted versus a new 
dimensionless time:  
 

2
0

*

hBLhuBL
t �W

�W � �                           (20) 

 
When this new dimensionless time, *�W, is equal to 
1.0, it means that the fuel oil in the tank is 
completely replaced by the fuel oil entering the 
tank [10, 16]. 
 
Effect of inlet position on the transient average 
temperature variations 
 
In order to see the thermal behaviours of the tank 
the dimensionless average temperatures are 
plotted versus the dimensionless time. The 
variations of average temperatures in three depths 
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of the tank (d/L=0.25, d/L=0.5, d/L=0.75) and on the 
fluid surface (d/L=1) for the aspect ratio of L/B=2 
and for four different inlet positions (H/h=19, 14, 9 
and 4) are shown in Figs. 2-5. For each inlet position 
the average temperatures at each depth decrease 
from 1.0 (dimensionless hot fluid temperature) to a 
lower temperature after a lag time that depends on 
inlet position. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 : Transient average temperature variations 
at  four depths for L/B=2, H/h=19 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure  3  :Transient average temperature variations 
at four depths for L/B=2, H/h=14 
 
As shown in Fig. 2, the lag time at d/L=0.25 is less 
than 0.1 and as soon as the lag time ends, the 
transient average temperature decreases rapidly     
from 1 to 0.37. The lag times are 0.37 for d/L=0.5 
and 0.56 for d/L=0.75, and the average temperatures 
for these two depths decrease to 0.56 and to 0.85 
respectively at 1* � �W . The average temperature at 

the fluid surface stays constant at initial 
temperature till 95.0* � �W and then begins to 
decrease slightly. As can be seen from Fig. 2 the 
transient average temperatures at each depth are 
rather different from each other. As can be seen 
from Fig. 3  the transient average temperatures at 
d/L=0.75 and d/L=1.0 remain constant at the 
initial temperature till 6.0* � �W  and then they 
begin to decrease rapidly to the temperature 
values of 0.18 and 0.33 respectively. For the case 
of  d/L=0.25 the  average temperature values 
almost regularly decrease from 0.87 to 0.11. The  
average temperature values for the case of  
d/L=0.5 remain constant till *�W=0.12. After that 
point on they  begin to decrease to a temperature 
value of  0.18 at *�W=1.  
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
Figure 4 :Transient average temperature variations 
at four depths for L/B=2, H/h=9 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5 :Transient average temperature variations 
at four depths for L/B=2, H/h=4 
 

Dimensionless time *�W 

Dimensionless time *�W 
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As can be seen from Fig. 4 the transient average 
temperatures at each depth of the tank decrease to 
the values between  0.55 and 0.3 beginning from 

*�W=0 and almost a homogeneous temperature 
distribution occurs in the tank at  *�W=1. As shown in 
Fig. 5 the average temperatures for d/L=1 drop a 
little at the beginning of the process and remain 
constant at a value of 0.87 till *�W =1.  The average 
temperatures for d/L=0.25 decrease slightly to a 
value of 0.69 after the lag time. The average 
temperatures for the other two depths (d/L=0.75 and 
d/L=0.5) are almost the same as each other after 

*�W=0.25 and they  decrease rapidly to the 
dimensionless average temperature value of 0.25 at 

*�W=1. Therefore the average temperatures at the 
region close to the middle of the  tank are quite 
different from those at the bottom and top regions of 
the tank.  
 
Transient flow and temperature fields 
 
For Re=133 and Gr/Re2=0.055 the computed results 
for different inlet positions are presented as 
streamlines and temperature fields at *�W=1 in Figs. 
6-9.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6 : Streamlines and temperature fields at 
L/B=2, H/h=19 
 
As can be seen from Fig. 6 cold fuel oil enters into 
the tank from lower corner of the left-hand wall of 
the tank, then it impinges upon the right-hand wall 
and changes its direction to the left-hand wall. After 
arriving the left-hand wall it returns to right-hand 
wall and a second vortex forms in the tank. It can be 
seen that the temperature values decrease in the 
lower region of the tank and the dimensionless 

temperature values are more than 0.8 in the upper 
region of the tank. Above a temperature value of 
0.8 the streamlines indicate that the flow is nearly 
uniform while the region below is filled with 
recirculation cells.      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7 : Streamlines and temperature fields at 
L/B=2, H/h=14 
 
As can be seen from Fig. 7 cold fuel oil enters into 
the tank from an inlet upper than the bottom of the 
tank. Two vortices form in the tank separated with 
a streamline  just below the inlet level. An 
examination of the temperature results leads to the 
conclusion that the flow is relatively well-mixed 
in this case (H/h=14) compared to the first case 
(H/h=19). On the other hand,  a stabilizing 
temperature gradient exists in a large portion of 
the tank  in spite of the existence of  low 
temperature values. This result is found to be 
compatible with the results shown in Fig. 3. 
 
 
.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8 : Streamlines and temperature fields at 
L/B=2, H/h=9 
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The streamlines and temperature field in the case of 
H/h=9 are shown in Fig. 8. In this case a large vortex 
forms and the dimensionless temperature values are  
between  0.0 and 0.50 in the lower half portion of 
the tank. In the region above the inlet the flow does 
not seem to be a regular type and the dimensionless 
temperature variations are relatively higher than 
those in the lower half portion of the tank.     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9 : Streamlines and temperature fields at 
L/B=2, H/h=9 
 
As can be seen from Fig. 9 two large vortices form 
in almost whole of the tank in this case and the 
temperature field clearly seems to be irregular. The 
dimensionless temperature values at the top and at 
the bottom of the tank are higher than 0.6 while the 
dimensionless temperature values at the middle 
region of the tank are lower than 0.25.     
 
Effect of aspect ratios on the transient average 
temperature variations 
 
In order to investigate the effect of the aspect ratio 
on  thermal behaviour of the tank the dimensionless 
transient average temperatures are plotted versus the 
dimensionless time, *�W. For this aim the aspect ratio 
of the tank is now assumed to be L/B=1. The 
transient average temperature values for this type of 
tank are calculated for the same depths  as the tank 
with the aspect ratio of L/B=2. The results for this 
case are given only for the cases of H/h=19 and 
H/h=14. As shown in Fig. 10 the transient average 
temperatures decrease slightly as soon as the lag 
time ends and then begin to increase slowly again 
for all depths. After *�W= 0.78 the dimensionless 
average temperature values remain nearly constant 
at 0.87.       

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10 : Transient average temperature 
variations at four depths for L/B=1, H/h=19 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11 : Transient average temperature 
variations at four depths for L/B=1, H/h=14 
 
In the case of H/h=14 the dimensionless average 
temperature variations at four depths of the tank 
are shown in Fig. 11.  The lag time at d/L=0.25 is 
less than 0.005 and as soon as the lag time ends, 
the transient average temperature decreases 
rapidly     from 1 to 0.4 at *�W=0.4. The lag time is 
0.15 for d/L=0.5 and the average temperatures for 
this depth decrease to 0.67 at *�W=0.45. Then the 
average temperatures for these two depths begin 
to rise rapidly and after *�W=0.8 they remain 
constant at 0.89. The average temperatures at  the 
other two depths (d/L=0.75 and d/L=1) slightly 
decrease to 0.89 till *�W=0.8 and then remain 
constant at this temperature level. 
 

Dimensionless time *�W 

Dimensionless time *�W 
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Conclusion 
 
The effect of inlet position on  transient turbulent 
flow in a fuel oil tank is investigated by a two-
dimensional �H��k  model. The flow and temperature 
fields and the transient average temperature 
variations are presented for three different depths 
(d/L=0.25, d/L=0.5 and d/L=0.75) and fluid surface 
(d/L=1) in a tank with an aspect ratio of L/B=2. The 
average temperature values are found to be nearly 
homogenous at a dimensionless time of *�W=1 when 
the inlet positions are H/h=14 and H/h=9 in the case 
of L/B=2. The streamlines and the temperature 
distributions are presented for four different inlet 
port locations in the case of L/B=2. Finally, the 
effect of aspect ratios on transient average 
temperatures in the tank are also investigated. The 
average temperature variations in three depths and 
fluid surface of a tank with an aspect ratio of L/B=1 
are plotted versus the dimensionless times for two 
different inlet positions (H/h=19 and H/h=14).   
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Abstract 
A mathematical model was developed for the analysis of noise in ventilating and air-
conditioning system. The model produces a static noise analysis, calculating sound level at an 
observer located in the room, considering the sound power created by a fan and the attenuation 
of this sound power through the system. Comparing the sound level with the maximum noise 
level allowed in the room, the amount of additional attenuation can be calculated.  
 
Keywords: Noise Analysis; Computer software; Air Conditioning system. 
 

 
Introduction 
The air-conditioning system serving a room or 
space is frequently the major determinant of 
noise levels in a room [2, 3]. That is why a  
suitable acoustical environment is as important 
for human comfort as other environmental 
factors such as temperature and relative 
humidity. Finding an appropriate sound level 
for all activities rather than the lowest possible 
level is the goal of this research [1].   
Doing this the system noise level first must be 
evaluated and then controlled to achieve a 
satisfactory acoustical environment in a room. 
Several paths are exist  by which system noise 
reaches a listener. They are including airborne 
transmission of equipment noise to adjacent 
areas through the mechanical room 
construction; structure borne transmission of 
equipment vibration through the building 
structure; and duct borne noise created and 
transmitted by air-handling systems and their 
components. 
 
 
 
 
 
 
* Corresponding author: Tel/Fax: (+98) 131- 
3232204 , E-Mail: naghash@guilan.ac.ir 

Mathematical Model for  Noise 
Analysis 
The method of calculation for acoustic analysis 
in ventilating systems is described in various 
publications e.g. the ASRHAE guide [4], the 
CIBSE guide [5], or the “Design for Sound” [6]  
published  by Woods of  Colchester. The 
method described in each publication is 
essentially the same and is the method that will 
be applied throughout this project. 
 
 

Objectives 
The objectives of the project are therefore to 
produce a well  structured model which can 
allow the user to input relevant details of fan, 
room, and connecting duct system to describe a 
particular section of air-conditioning or 
ventilating system. 
 
Noise Calculations 
The most reliable method of determining the 
amount of acoustic energy fed into the duct 
system is to get the fan manufacturer to provide 
sound power levels in each octave band of 
frequency. The levels should have been 
determined by a standard test method, 
preferably British Standard 848, Part2. If this 
data is available then it can be entered into the 

265

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



program using the user input option from the 
Fan Menu. 
An estimate of sound power generated can be 
made by using one of three empirical formulae, 
originally developed by Beranek [2]: 

 
hMSWL 1010 log10log1067 �����                    (1) 
hVSWL 1010 log20log1040 �����                    (2) 
VMSWL 1010 log10log2095 �����                    (3) 

 
Where: 
       SWL = overall sound power level (dB) 
       V      = delivered volume (l/s) 
       h      = rated fan motor power (KW)   

 
Any of three equations may be used, depending 
upon which details of the system are known.  
 
Attenuation in the duct system 
The following section will describe the attenuation 
calculation for the various duct elements. 
 
Plain duct runs 
The attenuation of lined ducts can be computed 
from a formula developed by Sabine [3]: 

4.1.. al
A
P

IL �                                                 (4) 

 
where: 

 
IL = insertion loss (dB) 
P  = perimeter of lined duct (m) 
A  = free cross sectional area of duct (m2) 
l   = length of lined duct (m) 

   a = random incidence absorption coefficient 
of lining material when fixed to a rigid   
backing 

 
Branches/Junctions 
For most typical duct branches it can be 
assumed that the energy divides between the 
main and take-off ducts in the same way as the 
airflow does. That is, the total acoustic energy 
remains constant but is divided amongst the 
branches so that, in any one branch, the 
acoustic energy is less than that in the approach 
duct. The attenuation in any one branch is 
therefore given by: 

flow2
flow1

log.10 10                                              (5) 

where: 
flow 1 = vol. flow of air in branch considered   
(l/h) 
  flow 2 = vol. flow of air up to branch (l/s) 
 
Duct terminations 
Noise of wavelengths that are long with respect 
to the dimension of the duct outlet tend to be 
reflected back within the duct rather than path 
into the room. Equations, for the relevant 
octave bands are given as: 
 
63 Hz   : AIL 10log46.773.3 ���                     (6) 

125Hz: AIL 10log92.627.0 ���                       (7) 

250Hz: AIL 10log20.561.1 �����                     (8) 

500Hz: AIL 10log38.2���                                (9) 

1000Hz: AIL 10log81.043.0 ���                    (10) 

where: 
       IL  = insertion loss (dB) 
       A   = outlet area (m2) 
 
At higher frequencies i.e. above 1000 Hz, there 
is negligible end reflection and so it is assumed 
that there is zero attenuation.   
 
Plenum chambers 
In a room (as shown in Fig.1), the sound 
pressure level at the outlet point (and hence the 
sound power leaving) will compromise of the 
energy radiated to that point from the inlet, and 
the reverberant energy in the chamber. 
The appropriate loss in sound power across the 
plenum is given by the equation: 
 

�¸�¸
�¹

�·
�¨�¨
�©

�§
��� ��

cRdPI
p

SSWLSWL
1

2
cos

log.10
221021 (11)   

where: 
 
   SWL1 = sound power level entering chamber 

(dB) 
    SWL2 = sound power level leaving chamber 

(dB) 
    d        = slant distance from centre of inlet to 

centre of outlet (m) 
    p=angle d makes with the inlet axis (degrees) 
   Rc= “room constant” of plenum (m2) 
 
Rc is defined by the equation: 
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A
AS

R mT
c ��

� 
1

.
                                                 (12) 

 
where: 
   ST  = total surface area of the plenum, 

including inlet and outlet areas (m2) 
   Am  = average absorption coefficient of the 

internal surfaces of the plenum 
 
Am  is defined as: 
 

T

T
m S

SSSA
A 21. ����

�                                   (13) 

where : 
    S1  = inlet area 
    S2  = outlet area 
    SL  = Lined wall area 
    SU  = Unlined wall area 
    ST  = Total wall area = S1 + S2 + SL + SU  
 

 
Figure 1: Plenum chamber Room sound           
                     Calculations 
 
The relationship between the sound power level 
(SWL) of a source in an enclosed space whose 
acoustic properties are dictated by the room 
constant Rc , and the sound pressure level (SPL) 
at a point distance r and angle Q from the 
source is given by [2] : 

�¸�¸
�¹

�·
�¨�¨
�©

�§
����� 

c

Q

Rr

D
SWLSPL

4
4

log.10
2�S

         (14) 

 
Direct room sound pressure level 
The direct sound pressure level is obtained from 
the first term in the bracket of equation (14): 
 

11)(log20 10 ������� QDISWLSPL r
D        (15) 

 

where: 
    SWL  =  sound power level at the duct outlet 
(dB) 
    r      = dist. of the observation point in the 

room    from the centre of the duct 
termination (m) 

   DI(Q) = directivity index for angle Q  
between r and the duct axis.(= 

QD
10log10 ) dB 

  QD      = the directivity factor at angle Q 

 
Reverberant room sound pressure level 
The reverberant sound pressure level is 
obtained from the second term in the bracket of 
equation (14): 
 

6log10 10 ����� cR RSWLSPL                    (16) 

 
where: 
     SWL = the sound power level at the duct 

outlet (dB) 
      Rc   = room constant, defined as:  

 
A
AS

RC ��
� 

1
.

 (m2)                                     (17) 

      S    = total surface area of the room (m2) 
      A   = average absorption coefficient of the 

room and is defined as; 
 

     
S

etc...332211 ��������
� 

ASASAS
A         (18) 

 
Resultant room sound pressure level 
The resultant room sound pressure level (SWLT) 
is the logarithmically combined direct sound 
pressure level and direct sound pressure level, 
and is obtained from: 
 

�� ��1010
10 1010log10 RD SPLSPL

TSWL ���       (19) 

 
where: 
       SPLD  = direct room sound pressure level 
(dB) 
       SPLR  = reverberant room sound pressure 

level (dB) 
 
Maximum sound power  level per  terminal 
The need for attenuation is normally assessed 
on whether the sound power level at a duct 
terminal will meet a specified noise rating in 
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the room. Permissible sound power at the 
terminals (SWLt) is defined as: 
 

effectroom��� NRSWLt                          (20) 

 
where: 
     NR  = noise rating set for the room 
    Room effect = SWL leaving outlet – total 

room SPL 
 
If there are a number of terminals in the room 
this gives the total sound power level from all 
the terminals. the maximum permissible sound 
power output for a single terminal (SWLm) is 
equal to: 
 

ttm NSWLSWL 10log10���                        (21) 

where: 
      Nt      = number of terminals in room 
      SWLt = permissible terminal sound power 
level 
 
Required attenuation 
The attenuation required in the system is 
defined as; 
 
Attenuation = SWLO - SWLm                         (22) 
 
where: 
      SWLO   = sound power level at outlet (dB) 
      SWLm =maximum sound power level per 

terminal (dB) 
 

Ver ification Problem 
In order to ensure that the Noise analysis 
program functions correctly and the 
subprograms interact correctly, an example 
calculation has been run through the program as 
well as being solved manually by the method 
described in previous part. 
Figure 2 shows the ventilating system on which 
the sample calculations are to be based. The 
system is designed to distribute 5.1 l/s of air, at 
which volume flow the resistance of the system 
is expected to amount to 266 Pa. The laboratory 
is assumed to have a NR 45 noise rating and the 
distance to the nearest listener is 1.5m. The duct 
outlet area is 0.09m2. the room volume is 308 
m2 and the reverberation time is taken as 1.75s. 
 
 
 

Results 
The results from the solution produced by the 
Noise Analysis model are shown in table 1 and 
2. Figures 3 to 5 and Table 3 compare the 
calculations from the manual and mathematical 
analysis of  Fan SWL leaving diffuser F, 
Reverberant SPL, Direct SPL, Resultant SPL, 
NR 45, Allowed SWL at terminal and 
Attenuation required in each octave band, that 
each solution has produced. 
The results compare very well, thus verifying 
the mathematical model for noise analysis in 
ventilating system. By comparing the sound 
level values throughout the analysis with the 
corresponding values in the mathematical 
model, a very good match is found. These 
results verify that the “Noise Analysis model” 
data handling procedure and calculation 
procedure as well as the interaction between the 
various subprograms to be functioning 
correctly. 
 

Conclusion 
The research has involved developing a 
mathematical model to analyses noise in 
ventilating and air-conditioning systems. The 
first stage was to formulate a method of 
calculation by examining existing design 
procedures. The next stage  was to set up a 
series of data bases. The mathematical model 
was based on a computer program. Finally the 
main stage was to write the actual Noise 
Analysis program. The main program consists 
of a series of separate program modules, each 
being responsible for the separate stages of 
noise analysis. Because of this modular 
structure the program can be easily modified 
and extended, which was one of the project 
objectives. 
To verify that the program functions correctly, 
a verification problem was solved manually, 
using the calculation described. The problem 
was then solved using the “Noise Analysis 
Program”. The results of each solution 
compared very well. this indicates that the 
program functions correctly with respect to data 
entry/storage and calculation procedures. 
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Tables 
                                    Octave Band (Hz) 
  63 125 250 500 1000 2000 4000 8000 
Straight duct run (A-B) 80.6 78.6 81.8 82.4 81.4 78.4 73.4 71.4 
Branch (B) 76.7 74.7 76.9 70.5 70.5 70.5 66.5 64.5 
Straight duct run (B-C) 75.5 73.5 76.0 69.9 70.1 70.1 66.1 64.1 
Junction ( C ) 72.5 70.5 73.0 65.9 59.1 60.1 59.1 58.1 
Straight duct run (C-D) 70.5 68.5 71.5 64.9 58.1 59.1 58.1 57.1 
Elbow (D) 70.5 68.5 71.5 63.9 50.1 52.1 54.1 54.1 
Junction (E) 67.5 65.5 68.5 59.9 39.0 42.0 47.0 48.0 
Straight duct run (E-F) 65.9 63.9 67.3 59.1 38.3 41.3 46.3 47.3 
Duct termination (Diffuser F) 54.3 56.4 63.5 56.6 38.3 41.3 46.3 47.3 

Table 1: Noise levels leaving each duct section (dB) 
 
 
  Octave Band (Hz) 
  63 125 250 500 1000 2000 4000 8000 
Input SWL from fan 83.0 81.0 83.0 83.0 82.0 79.0 74.0 72.0 
Fan SWL at outlet 54.3 56.4 63.5 56.6 38.3 41.3 46.3 47.3 

Reverberant room SPL 47.7 49.7 56.8 50.0 31.6 34.6 39.6 40.6 
Direct room SPL 43.8 45.8 54.9 49.1 31.7 35.7 40.7 41.7 
Resultant room SPL 49.2 51.2 59.0 52.5 34.7 38.2 43.2 44.2 
NR 45 requirements 70.0 61.0 54.0 48.0 45.0 42.0 40.0 38.0 
Allowed terminal SWL 76.0 66.0 58.0 52.0 49.0 45.0 43.0 41.0 
Attenuation required 0.0 0.0 5.5 4.6 0.0 0.0 3.3 6.3 

Table 2: Noise levels resulting in room (dB) 
 
 
 

                                    Octave Band (Hz) 
  63.0 125 250 500 1000 2000 4000 8000 
Computer analysis 0.0 0.0 5.5 4.6 0.0 0.0 3.3 6.3 
Manual analysis 0 0 5.2 4.5 0 0 2.8 5.8 

Table 3: Compar ison the results of resultant attenuation required 
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Figures and Graphs 
 

 
 

Figure 2: Example ventilating system 
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Figure 3: Compar ison the results of Reverberant SPL and Fan SWL leaving diffuser  
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Abstract 

The mechanical stability of open single wall carbon nanotubes (SWCNT) under axial stress 
(compression and tension) and twist has been re-examined in a search of specific tube-length and 
load scaling. SWCNT with different chiralities and lengths have been simulated with a classical 
molecular dynamics method employing the many-body empirical Tersoff-Brenner potential. 
Stress has been achieved by enforcing constant linear velocity on the edge atoms from both sides 
of the SWCNT as suggested by Srivastava and Barnard. We have found opposite length scaling 
at fast (1/10 of vs the sound velocity in carbon tubes) and slow (1/20 vs) loading of (10, 0) tubes. 
Another finding is that at fast loading short zigzag (10, 0) tubes transform from elastic to plastic 
states before they break in the middle, while tubes, longer than 13 nm, break-up directly in the 
elastic state. Thus, short tubes behave like metals or ionic solids, while long tubes resemble 
ceramics or glasses under the conditions studied. All tubes form spiral-like structures when 
twisted. Standing waves, generated under specific conditions, determine the different behavior of 
tubes with various lengths and chiralities. 
Keywords: Molecular Dynamics simulations, elasticity and inelasticity, single-wall carbon 
nanotubes, nanoscale pattern formation, constant-composition solid-solid phase transformations 
 
PACS: 02.70.Ns, 81.30.Hd, 81.40.Jj, 81.40.Vw 

 
Introduction 
 
Since their discovery [1], single-wall carbon 
nanotubes (SWCNT) have been considered as 
members of the fullerene family [2], having a high 
aspect ratio, a few defects, and unique mechanical 
and electronic properties. Their mechanical 
properties, reviewed in [3], are closely related to 
both electron conductivity [4] and adsorption [5]. 
Hence, mechanical loads on SWCNTs can be used 
to design a good dynamical chiller, based on 
adsorption–de-sorption of water molecules. This 
possibility of engineering justifies new simulations 
of loading, including twist of tubes, which is 
motivated by a possible application of nanotubes 
as shafts in nano-electromechanical devices. 

Nanotubes are quasi-3D cylindrical objects made 
of rolled-up graphite sheets, Fig.1. The vector Ch = 

na1 + ma2 �  (n, m); n, m - integers, connects 
crystallographically equivalent sites on the sheet. 
The angle �  between Ch and the zigzag line (n,0) 

specify the tube type: (2n,n) is chiral, (n,n) is 
armchair, (n,0) is zigzag. The tube diameter is 
computed as follows: d=0.078 (n2 + m2 + nm) 1/2 
nm. The tube curvature and chirality determine the 
SWCNT conductivity. The zigzag (n,0) SWNTs 
should have two distinct types of behaviour: 
the tubes will be metals when n/3 is an integer, 
and otherwise semiconductors. However, the 
tube (5,0) with d < 4 �  is metallic, which should 
be related to the band-gap change due to the 
curvature [6]. 
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This article presents evidences for different 
responses of tubes with different lengths to applied 
stress and twist: short (l < 13 nm) zigzag (10,0) 
tubes sustain a large amount of compression and 
recover their initial shape when the external force 
is set to zero. The longer tubes fold irreversibly 
under the same force (strain energy per atom).  
We simulate the behavior of open-ended SWCNTs 
(no periodic boundary conditions) under heavy 
loading. We consider zigzag (10,0), armchair (6,6), 
and (10,10) tubes with lengths between 8,63 nm 
and 54,3 nm.  The aim is to answer the following 
questions: What is the amount of stress (twist) 
necessary to break bonds, i.e. elastic-to-plastic 
transformation of a SWCNT with a given length 
and chirality? What is the change of the potential 
energy surface (PES) under such extreme loading? 
 
 

 
 
Fig.1 Rolled-up graphite sheets make tubes. 
 
The first question arises in relation of elastic-to- 
plastic transition to the internal atomic response to 
an externally applied stress. The carbon atoms in 
tubes are covalently bonded - the stiffest bond that 
determines the exclusive mechanical stiffness of 
carbon nanotubes. However, a given material has 
two kinds of stiffness: one for a fast loading, when 
there is too little time for relaxation, ‘unrelaxed’ 
process, and another for slow loading which allows 

relaxation to occur, relaxed process. In solids with 
dense packing these two do not differ much. Here 
we show how carbon nanotubes behave under fast 
and slow loading. 
The second question is related to physisorption: a 
PES with many local minima is a better adsorbent 
than an even one. Broken bonds, due to high stress, 
facilitate creation of adsorbing areas in PES. 
Up to our knowledge, the scaling of tension 
induced plasticity of carbon nanotubes is studied 
here for the first time. 
 
Model for mechanical loading 
 
To model formation of carbon tubes, we solve the 
Newtonian equation of motion bii Etm

irr -Ñ=)(�� , 

with bE being a simplified form of the Brenner-
Tersoff potential [7]: 
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 ,                       (1) 

 i and j run over all atomic sites; ijr  is the distance 

between i-th and j-atom; the repulsive term VR  is 
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and the attractive terms VA is  
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with )(e

ijD , ijS , ijb  and )(e
ijR  -  parameters given in  

Table 1.The function fij , which restricts the pair 
potentials VR and VA to  nearest neighbors is: 
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function; each of the averaged terms has the form: 
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For carbon atoms (index ‘C’), the function GC is: 

( ) ( )[ ]{ }22
0

2
0

2
0

2
00 cos1//1 ff ++-+= dcdcaGC   

f  is the angle between the lines, connecting  i-th 
with j-th atom and  i-th with  k-th atom. The 
potential parameters have been adjusted [7] to 
reproduce the bonding structure of graphite, 
diamond, carbon nanotubes and small hydrocarbon 
molecules. 
 
Parameter Value Parameter Value 

)(e
ijR  1.39 �  )1(

ijR  1.7 �  

)(e
ijD  6.0 eV )2(

ijR  2.0 �  

ijb  2.1 � -1 

0a  0,00020813 

ijS  1.22 2
0c  3302 

ijd  0.5 2
0d  3.52 

a  0.0   
 
Table 1:  Potential parameters used in simulations. 
 
We use the Molecular Dynamics (MD) method [8], 
which is a numerical technique for integration of 
ordinary differential equations.  In the presence of 
an external field F (stress or twist) applied to a 
collection of atoms, the Newton’s second law is: 
 )()( tEtm extbii i

Fr r +-Ñ=�� ,                             (1) 

im  is the i-th atom mass. Integration is performed 
with the velocity Verlet algorithm [8], which 
advances in time the particle positions and 
velocities as follows: 
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where dt is the time step (0.2 fs in our simulations). 
The dt value satisfies two requirements: a) energy 
conservation �  dt must be small; b) reversibility 
of the classical trajectory if dt �  - dt, �  dt must 
be large enough to reduce the round-off errors 
accumulated in very long runs needed for a very 

small step. The value of dt =0.2 fs ensures the 
energy conservation (in a constant energy run, no 
external field) up to 10-5 eV/atom. The cell linked-
list method and the Verlet neighboring list [8] have 
been combined to speed-up the calculations [9]. 
The tube starting configurations – zigzag, chiral, or 
armchair - are generated with the Mintmire’s code 
[10] and consequently relaxed (optimized) by a 
power quench in a MD run [11]. In the power 
quench, each velocity component is set to zero if it 
is opposite to the corresponding force of that 
component. This affects atomic velocities, or unit-
cell velocities (for cell shape optimizations).  
The stress is simulated by changing at each time 
step only the positions {r} of the edge atoms of the 
open-end tube, {r } � { r ± � r } [12].  Hence, the 
edge atoms do not move according to the classical 
equation of motion, while positions and momenta 
of the rest of the atoms are computed from  Eq. 1. 
The coordinate system is centered in the middle of 
the tube with the z axis along the tube length. Thus, 
for compression the sign is (+) for the left side 
atoms and (-) – for the right side atoms. For 
tension, the signs are altered. Various values of 
constant velocity of the edge atoms have been 
tested to check the nanotube responses to fast and 
slow loading. Here we report results for 500 and 
1000 m/s, e.g. 1/20 and 1/10 of the sound of 
velocity in carbon. The stress waves, 
corresponding to these velocities, cause (or not) a 
generation of standing waves depending on the 
tube length. Due to the standing waves and 
beating, some atoms of the tube do not displace 
while vibrate with maximum amplitudes, which 
produce bond-breaks.  
To be exact, the stress �  at a point is determined by  

A
P

A D
D

= ®D 0lims , where � P is the load being 

carried by a particular cross section � A. In general, 
the stress may vary from point to point as it is in 
the case of non-equilibrated tubes we study. The 
stress has two components, one in the plane of the 
area A, the shear stress, and one perpendicular, the 
normal stress. It is always possible to transform 
the co-ordinates on the body into a set in which the 
shear stress vanishes. We consider the remaining 
normal stresses called the principal stresses.  The 
stress cannot be measured directly but is usually 
inferred from measurements of strain, i.e. a change 
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in size and/or shape. Stretch is the change in 

length:
0l
l

e
D

= ,  where � l is the change in length 

and 0l  is the original undeformed length. In 
tension e>0, i.e. the body has been lengthened; e<0 
in compression. 
The twist is realized as follows: at every time step 
we rotate in the opposite directions the edge atoms 
around the tube axes at angles between 0.001 and 
0.00001 rad/s. Depending on the velocity of 
rotation standing waves again appear.  
To study the effect of the standing and reflected 
waves we applied the external force at times 0, � , 
2� ,…:  

         )()(
0

, tEtm ext
n

ntbii i
Fr r �

=

+-Ñ= td�� ,         (2) 

where td nt, is the Kronecker delta. For large values 

of �  (>2 ps), the tubes have time to relax between 
the successive loads and obey the Hook’s law. 
 
Results 

Defect formation (bond breaking, vacancy), energy 
accumulation, and shear of the tubes have been 
monitored during the calculations.  

 
 
Figure 2: A short tube, (10,0) 12.98 nm, bends 
under compression.  

Our results for uniaxial stress are consistent with 
the data published [12] for (10, 10) tubes with 
different lengths. Short tubes (up to 13 nm) sustain 
large amount of compression (~ 30%) without 
breaking and almost completely recovered their 
initial shape when the external force is set to zero. 
Under compression several atoms reside off-plane 
Fig.2 and can only break one or two bonds. Less 
bounded atoms (lower binding energy) are green in 
the Figure 2. The red atoms are ‘hot’ and 
occasionally sublimate. If the compression time is 
short, the pressure is below 100 GPa, the tube 
completely restores its initial shape when released; 
otherwise it buckles. Salvetat and co-workers [3] 
have already shown in their experiments that the 
tubes are elastic for low loads. The elastic regime 
is proper for periodic adsorption/de-sorption of 
noble gases, which do not form a chemical bond 
with the dangling bonds. However, the rate of 
adsorption is too low because the number of 
defects created in compression is small – green-
yellow spots in the figure.  
 

 
Figure 3: In tension two kinks of the curves are 
seen for short tubes; one kink - for long tubes. The 
maximum of the curves in all cases correspond to 
the break of tubes. The strain energy per atom 
rapidly reduces after the break. 
 
Tension of the tubes, Figure 3, generates more 
defects then compression. Under tension, the tubes 
break for 42-44% extension of the different tubes 
studied here. This high percentage of extension is 
due to the covalent bonding of the carbon atoms 
and hexagonal structure of the graphene sheets. 
Inspecting the curve slopes, we notice two kinks 
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for (10,0)  tubes with lengths less than 26.03 nm 
(2400 atoms). We identify the first kink as 
transition between the elastic and plastic states 
with broken bonds that do not re-connect when the 
external force is set to zero. These dangling bonds 
fluctuate slowly and attract noble gases.  
We relate the second kink with the appearance of a 
‘bridging’ area in the middle of tubes shorter than 
26,03 nm like in the Figure 4. The tube is in a 
plastic state. We call a state ‘plastic’ if the system 
does not restore its initial shape after the force is 
set to zero. 
Bonds break when enough energy is accumulated 
under tension. The time t (in ps), needed for a tube 
to gain energy for elastic-to-plastic transition, 
depends linearly on the tube length. The slow 
tension is given with t(N)   = 0,0102 N – 1,6626  
and the fast tension is  t(N) = 0.0045 N  + 0.2612; 
N is the number of carbon atoms. The different 
slopes point to different redistribution of the 
energy in slow and fast processes. 
 
 

1600 atom SWCNT (l= 17, 3 nm) 

 
 
Figure 4: Broken bonds in the middle of the tube – 
a plastic state, corresponding to the second kink of 
the curve in the Figure 2. 
 
Long tubes form ‘bridges’ nearby the two ends, 
Figure 5, and break directly from the elastic state.  
 

3000 atom SWCNT (l= 30,4 nm) 

 
 
Figure 5: Long tubes break in the elastic state: no 
elastic-to-plastic transition occur. 
 

These results indicate a size effect: under tension, 
short tubes behave like metals, while long tubes 
resemble ceramics under mechanical loads. The 
reason is the energy distribution along the tube axis 
and the stress wave propagation, which we study in 
detail for fast and slow processes. 
We report here different responses of the tubes to 
slow and fast tension: the longer the tube the larger 
extension before break-up under low speeds, while 
at the faster velocity, the length scaling is opposite. 
 

zigzag No. of 
atoms 

Tension 
velocity 

Tension 
time 

% 
stretch 

(10,0) 1200 500m/s 10,36ps 43,8 
(10,0) 1200 1000m/s 5,60  ps 43,1  
(10,0) 1600 500 m/s 15,28ps 44,1  
(10,0) 1600 1000m/s 7,52 ps 43,4  
(10,0) 2000 500 m/s 18,20ps 44,2  
(10,0) 2000 1000m/s 9,40 ps 43,3  
(10,0) 3000 500 m/s 29,00ps 44,5  
(10,0) 3000 1000m/s 13,76ps 42,3  

 
Table 2: Fast and slow tension scale oppositely. 
 
Fast loading, i.e. unrelaxed stress process, causes 
elastic-to-plastic transition in short tubes before 
they break. Slow loading does not initiate elastic-
to-plastic transition for any tube length studied 
here. We explain this with the tube- and the stress-
wave lengths becoming incommensurate. 
 

 
 
Figure 6: The red and yellow atoms are less bound 
in a twisted (10,0) tube with l= 12,9 nm. 
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The scale in the Figure 6 corresponds to the 
difference between the initial energy and the 
current energy of every atom. The snapshot 
corresponds to 3,4 ps duration of twist. When off-
line atoms occur, the twisted tube can not restore 
its original shape even if the external force is set to 
zero. We have periodically applied and released 
the twisting external force on the tube to study the 
process of energy accumulation and standing wave 
formation as a function of the period � , Figure 7. 

 
 
Figure 7: Accumulation of strain energy in a tube 
as a function of the period �  in Eq.2. Beating is 
well seen for �  =2000 steps = 0.4 ps: at 6, 10, 14, 
18 ps. 
 
The standing wave (beating) is a result of 
modulation of the stress-wave by reflected waves. 
In order to monitor the motion of each atom due to 
 

 
 
Figure 8: Beating is clearly seen in the Fourier 
spectrum of the kinetic energy of a single atom, 3th 
ring from the edge atoms. 

the standing wave, we perform Fourier transform 
of the atom kinetic energy. The Figure 8 shows a 
typical pattern of beating (~1.8 1013 Hz) observed 
for a single atom located near the tube end. The 
pictures for atoms, located at different sites of the 
tube, are similar, although the peaks positions 
could be shifted due to the resonance conditions. 
 
IV. Conclusions and comments 
 
This study shows that a relatively small number of 
dynamical defects can be created in an initially 
perfect SWCNT before it breaks-up. This is 
discouraging for the producers of defected 
nanotubes considered more interesting for nano-
electronic applications. The good news is that once 
created, these defects do not migrate: a detailed 
study of defect formation and diffusion will be 
published in [15]. The atoms, surrounding a defect, 
vibrate and might become dynamical adsorption 
centers, which will be studied with the code based 
on the density-functional theory [13]. Our current 
calculations are limited as they are based on 
classical approximations.  
In practice, the SWCNTs grow in ropes or bundles 
hence such computations could be of interest as 
well. However, these computations are expensive 
and require intelligent and new approaches. 
Possible solutions are the usage of clusters of 
computers and/or parallel computations as we have 
already demonstrated [9]. Our algorithm scales 
with the number of atoms N in a system as O(N).  
We show that fast tension causes metal-like 
mechanical behavior of short tubes – they firstly 
transform from elastic to plastic state before break.  
Long tubes resemble ceramics or glasses under fast 
stress, i.e. break directly in the elastic state. This 
result should be remembered when designing nano 
tube devices. 
Under tension, the atoms increase their 
temperature (zero in the beginning of the 
simulations). One could think of temperature 
induced transformations and related the specific 
size effects in mechanical load with the 
temperature-driven solid-solid changes in clusters 
of rigid molecules. These clusters exhibit various 
structural phase changes depending on the 
topography of the potential energy surface (PES) 
and particularly on the distribution of the saddle 
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points on the PES [14]. Special research of the 
potential energy topography of elongated and 
twisted tubes will be performed in the future to 
study unrelaxed processes. 
 
Acknowledgements 
This research was supported by the Ministry of 
Education and Science (Bulgaria) under the grant 
(F-3/2003). H. Iliev acknowledges the support 
from the Edinburgh Parallel Computing Center 
during his visit in 2003 {EC contract No.HPRI-
CT-1999-00026 TRACS-EPCC}. A.P. is very 
grateful to Prof. Jeffery Gordon (Ben-Gurion 
University of the Negev, Israel) and Dr. Chua (the 
University of Singapore) for their valuable ideas, 
inspiring discussions, and stimulating experimental 
work in the field of adsorption of carbon tubes.  
 
References: 
 
[1] Iijima S. Helical microtubules of graphitic 
carbon. Nature 1991;354:56-58. 
 
[2] Dresselhaus MS, Dresselhaus G, Avouris P. 
Carbon Nanotubes: Synthesis, Structure, 
Properties, and Applications. Berlin: Springer, 
2001. 
 
[3] Salvetat-Delmotte J-P, Rubio A. Mechanical 
properties of carbon nanotubes: a fibre digest for 
beginners. Carbon 2002;40:1729-1734. 
 
[4] Adams II TA. Physical Properties of Carbon 
Nanotubes: Equilibrium Structure. 2003. 
http://www.pa.msu.edu/cmp/csc/ntproperties/equili
briumstructure.html 
 
[5] Zhao J, Buldum A, Han J, Lu J.P. Gas 
molecule adsorption in carbon nanotubes and 
nanotube bundles. Nanotechnology 2002;13:195-
200. 
 
[6] Yang L,  Anantram M, J. Han J,  Lu J.P. Band-
gap Change of Carbon Nanotubes: Effect of Small 
Uniaxialand Torsional Strain, Physical Review B 
1999;  60(19): 13874-13878. 
 
[7] Brenner DW. Empirical potential for 
hydrocarbons for use in simulating the chemical 

vapor deposition of diamond films. Phys. Rev. B 
1990;42:9458. 
 
[8] Allen MP, Tildesley DJ. 1986. Computer 
simulation of liquids. Oxford Science Publications. 
 
[9] Iliev H, Proykova A. Applied Nanoscience 
2004 (subm.) 
 
[10] Mintmire J. make_tube.f. 2000; 
www.mse.ncsu.edu/CompMatSci/make_tube.f  
 
[11] Ordejón P, Sánchez-Portal D, Artacho E, 
Soler  JM, García A.1999. SIESTA 0.12.7 USER’S 
GUIDE. http://dipc.ehu.es/arubio/siesta/siesta.html  
 
[12] Srivastava D, Barnard ST. Molecular 
Dynamics Simulation of Large-Scale Carbon 
Nanotubes on a Shared-Memory Architecture. 
Super Computing 97, 1997. Accessed 02.08 2004: 
http://www.nas.nasa.gov/Groups/Nanotechnology/
publications/1997/sc97/INDEX.HTM 
 
[13] Proykova A, Pisov S, Dragieva I, 
Chelikowsky J. 2002. DFT Calculations of 
Optimized Structures of Some Coordination 
Compounds. in Nanoscience & Nanotechnology.; 
3:17-20. eds. E. Balabanova and I. Dragieva. Sofia: 
Heron Press Science Series. 
 
[14] Proykova A. 2002. The Role of Metastable 
States in the Temperature Driven Phase Changes 
of Molecular Nanoclusters.  Vacuum 69:97-104. 
 
[15] Iliev H, Proykova A. Meeting in Physics ed. 
A. Proykova (accepted: v.5, 2004) 
 

279

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



280

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org



Proceedings of SIMS 2004
Copenhagen, Denmark
September 23–24, 2004

281

SIMS 45

Proceedings of SIMS 2004
Copenhagen, Denmark, September 23–24, 2004

www.scansims.org
































































































































































































































































































































	Process Industry and Manufacturing Processes
	A Sim--Serv Test Case in the UK for Simulation of Manufacturing Processes Aldini, Lorenzo; Maccioni, Raffaele
	Simulation of Stress--Strain Behavior for One--dimensional Aluminum Samples Subjected to High Temperature Bellini, Anna; Thorborg, Jesper; Hattel, Jesper
	

	Process Optimization and Diagnostics
	Conditions for Intelligent Process Diagnostics and Optimization in the Future Dahlquist, Erik; Dhak, Janice
	
	
	Methods for Handling Uncertainties in Dynamic Simulation and Optimization: Case TMP Plant Pulkkinen, Petteri; Ritala, Risto

	Energy Systems
	

	

